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Integrodi erential Equations for Multiscale
Wavelet Shrinkage: The Discrete Case

S. Didas G. SteidlV J. Weickert
July 22, 2008

Abstract

We investigate the relations between wavelet shrinkage andntegrod-
i erential equations for image simpli cation and denoisin g in the discrete
case. Previous investigations in the continuous one-dimesional setting are
transferred to the discrete multidimentional case. The keyobservation is
that a wavelet transform can be understood as derivative opgtor in con-
nection with convolution with a smoothing kernel. In this paper, we extend
these ideas to the practically relevant discrete formulaton with both or-
thogonal and biorthogonal wavelets. In the discrete settirg, the behaviour
of the smoothing kernels for di erent scales is more compliated than in
the continuous setting and of special interest for the undestanding of the
Iters. With the help of tensor product wavelets and special shrinkage
rules, the approach is extended to more than one spatial dimgsion. The
results of wavelet shrinkage and related integrodi erential equations are
compared in terms of quality by numerical experiments.

Keywords: Image Denoising, Wavelet Shrinkage, Integrodi erential guations
AMS subject classi cation: 68U10,45K05,65T60

1 Introduction

Since the beginning of the 1990s, wavelet shrinkage and naehr di usion I-
tering are two established classes of methods for signal aintge simpli cation
and denoising [35, 11, 26, 37].

The idea behind wavelet shrinkage is to denoise an image byrfeeming very sim-
ple pointwise operations in a suitable multiresolution req@sentation of the data
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DISCRETE RELATIONS 2

[35]. This representation is obtained by using the waveletrdansform. Depend-
ing on the application, the use of di erent types of waveletsnight be suitable.
Via the concept of multiresolution analysis [18, 19, 21] thehrinkage technique is
closely related to earlier signal processing methods likéier banks and subband
coding [5, 6, 22, 28, 33, 32].

Nonlinear di usion lItering simpli es and denoises an imag by solving a partial
di erential equation which is typically done without changng the spatial repre-
sentation of the image. In this setting, rst or higher orderderivatives of the
image are used to formalise the desired smoothness and toedttand eliminate
the noise [26, 37, 17, 10].

The close relationship between both methods is emphasisddy example, by
the fact that wavelet shrinkage can also be understood as egg minimisation
[3, 4, 2]. This fact already relates it to the context of scalgpaces [15, 39, 26, 1]
and PDE-based methods. In the discrete setting, translati@lly invariant wavelet
shrinkage on the nest scale is even equivalent to total vaation regularisation
and di usion [29].

The connections between multiscale wavelet shrinkage andreesponding inte-
grodi erential equations in the continuous one-dimensical setting have been the
topic of an earlier publication by the authors [9]. The goal fothis paper is to
transfer the ideas and results from the continuous to the pctically relevant
discrete setting. Since the dilation operation on the wavets can only be ap-
proximated on a discrete grid, the formulation is slightly nore technical here.
Moreover, we will not restrict ourselves to orthogonal wavets, but also have a
look at biorthogonal ones allowing for more general integdoerential equations.
Preliminary results concerning this transfer have been psented at a conference
[8]. In addition, we will transfer the one-dimensional casé two dimensions
using tensor product wavelets and special shrinkage rules increase rotational
invariance. We also discuss in detail the behaviour of the pparing smoothing
kernels at di erent scales. Numerical experiments will ben®wn to compare the
resulting methods in terms of denoising quality.

This paper is organised as follows: Section 2 introduces smmotations used
throughout the paper. Sections 3 and 4 describe classicalvetet shrinkage and
nonlinear di usion Itering in a discrete setting. The factorisation of a discrete
wavelet into a convolution kernel and a derivative approxiration is derived in
Section 5. In Section 6, this idea is used to derive relatiorizetween discrete
wavelet shrinkage and integrodi erential equations. Sewmn 7 shows how these
ideas can be generalised two higher dimensions. Numericgheriments in Section
8 display the behaviour of the presented lters in practiceThe paper is concluded
with a summary in Section 9.
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2 Preliminaries and Notations

Let us start with the notations used

throughout this paper. Letf 2 “2(Z) := f(fo)noz | ﬁ: , f2<1g be areal
signal of in nite length. Then
b3 b3
(1) = foexp( in ) and F(z) = foz " (1)
n=1 n=1

denote the Fourier- and the z-transform of f , respectively. The importance of
the z-transform in this context results from the fact that it allows for an easy
formulation of convolutions as multiplications of formal laurent series. More
precisely, thek-th component of theconvolutiona f given by

X

(a f)k = a,fk j

j2z
corresponds to the coe cient ofz ¥ in A(2)F (2).
In practice, we will work with signals of nite length N and assumeN -periodic

extensions of the signals. Then thk-th component of thecyclic convolutiona f
of the vectorsa;f 2 RN given by

xl
(@ fe:= gk jymod N
i=0

corresponds to the coe cient ofz ¥ in A(z)F (z) mod zN 1. On the other hand,
the cyclic convolution ofa;f 2 RN can be expressed as multiplication df with
the circulant matrix corresponding toa [14]:

0 1
Ao a a2 il an 1
ay 1 Q@ & ii any 2
A = ay 2 ay 1 Q9 i an 3 2 RNN
a Ao az ... do
Each circulant matrix can be written as
0 1

01 0
X 1 0 01 0

A = aCl;  where C :=

0

o
— O
oot
oo
o r

denotes the so-calledbasic circulant permutation matrix Multiplication with C
performs a periodic left-shift of a vector.
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Hi(z )—#2— S —" 2— Gui(2)

+

Ho(z *) |—#2————" 2— Go(2)

Figure 1: Filter bank for wavelet shrinkage on the nest scal.

In the following we will often use some vectoa ZFRN in connection with its cor-
respondg)ngN -dimensional circulant matrix A = szol g C! and its z-transform

A@2)=  [L,'az l. The circulant N N-matrices can be diagonalised by the
same matrix, namely theN -th Fourier matrix. Hence, the multiplication of cir-
culant matrices is commutative.

3 Discrete Wavelet Shrinkage

In this section, we review the three steps of wavelet shringa in the discrete
setting [35]: Figure 1 shows the corresponding Iter bank fovavelet shrinkage
on the nest scale, where thez-transform notation of the lIters is used.

1. Analysis: In the analysis step, the initial signal is transferred to a avelet
coe cient representation. This decomposition is done withthe help of the
analysis lters hg and h; which can be obtained as scaling coe cients of
the corresponding scaling function. The lterhy plays the role of a low-
pass lter, and h; plays the role of the corresponding high-pass lter. In
addition, both channels are sampled down by leaving out allbenponents
with an odd index. This is indicated in the lIter bank with the symbol# 2.

2. Shrinkage: The wavelet coe cients of the signal are shrunken towards
zero in this step while the low-frequency components are KepThis is
modelled as applying a nonlineashrinkage functionS : R! R to each of
the wavelet coe cients.

3. Synthesis: In this step, the resulting signal is synthesised from the walet
coe cients. First an upsampling is used by introducing zers between each
pair of neighbouring signal components. This is written a% 2 here. For
the synthesis, the lIter pair gy and g, is used.

We note that the analysis Iters hg and h; are mirrored in our notation. To
ensure perfect reconstruction of the signal, the analysisi@ the synthesis lters
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Hi(z 1) S G1(2)
Hi(z ) S — Gu(z%)
Ho(z 1)*{ +
Ho(z ?) ------ < Go(z?) H

Figure 2: Filter bank for translational invariant wavelet shrinkage with multiple
scales using the algorithmea trous.

N[

=4 Go(2)

have to satisfy the following properties, [34, 30, 20]:

Go(2)Ho(z 1)+ Gi(2)Hi(z )
Go(z)Ho( z M)+ Gu(2)Hi( 2 )

2; (2)
0 : (3)

For lters of nite length, one can further show (see [34, p. 20] or [20, Theorem
7.9], for example) that there are numbers 6 0 and k 2 Z such that

Go(z) = 2 jun Hi( z 1Y and Gi(z) = 2 jan Ho( z %) @  (4)

For simplicity, we assume without loss of generality that =2 and k = 0. This
gives us the simple relations between analysis and syntledters:

Go(z) = zHi( 2 Y); Gu(2) = zHo( z %) : )
It immediately follows that
Ho(z) = 2Gi( 2 %) : (6)

These equations hold for the general biorthogonal case witters of nite length.
In order to have orthonormal Iters, we have the additional equirement that

Gi(z) = Hi(z) fori2f0;1g )

which allows us to determine all four Iters with one prototype.

To make wavelet methods compatible to PDE approaches we neadranslation
invariant wavelet shrinkage process. This can be obtained Iskipping the down-
and up-sampling procedure as shown in Figure 2. For the symhis, the result
has to be multiplied with 1=2 at each scale. This is also known asgorithme

a trous, cf. Holschneider et al. [13, 20]. We see that the analysisdsynthesis
Iters are widened by inserting zeros into the lters.
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4 Discrete Higher Order Nonlinear Di usion

Next, let us have a look at the discretisations of nonlinearidision which we will
need in this section.
Here we use a discretisation of the nonlinear higher order asion equation

@ =( 1)'@ g (@u)® Qu (8)

with initial condition u( ;0) = f as it has been described in [10], for example.
We restrict our attention to N-periodic signals on the interval [N  1]. To
discretise this equation, we consider the sampled versian2 RN of u at an
equidistant gridfjh : j =0;:::;N 1g with spatial step sizeh = 1.

To approximate the spatial derivatives in (8), we use a forwd di erence as
approximation of the rst derivative. It can be expressed inmatrix-vector form
as@ Du, where

0 1
1 1 0
0 1 1 ::: O
D = P = C | 9)
0O ::: O 1 1
1 0O ::: O 1

and in terms of the z-transform asD(z)u(z)mod(zN 1) with D(z)= z * 1.
Then the transposed matrixDT corresponds to thez-transform D'(z) = z 1
and yields an approximation of the negated rst derivative wth a backward
dierence. Further DP and (DT)P serve as approximations op-th derivatives
with appropriate sign. For time discretisation we use a sime Euler forward
scheme. Then the discrete iterative scheme can be written as

ut = f
ukt = Uk (DT)P e (U¥)DPUK; k2N : (10)

The diagonal matrix pe(u¥) := diag g(j(DPuk);j) . stands for the mul-
j= 1

.....

tiplication with the nonlinear di usivity function. In our computations we use
the Perona-Malik function [26] de ned as

2 1

osd) = 1+ (11)

See for example [25] for a list of other possible di usivityuictions.



DISCRETE RELATIONS 7

5 Discrete Wavelets and Convolution Kernels

In this section, we formulate the key idea of factorising disete wavelets into
derivative approximations of smoothing kernels. We make &éhassumption that
the wavelet hasp vanishing moments to relate the wavelet transform to an ap-
proximation of the p-th derivative. In the discrete setting, this condition reals
as: A signalf 2 “?(Z) is said to havep 2 N vanishing momentsf

x X

nNf,=0 forj 2f0;:::;p 1g and nPf,60 : (12)

n=1 n=1
Let us now factorise thez-transform of a wavelet withp vanishing moments such
that we obtain a derivative approximation Iter and a convolution or smoothing
kernel. Since the number of vanishing moments is directly soected with regu-
larity properties, such factorisations are often used in #hdesign of wavelets (see
[7, 30, 20, 16], for example). It should also be noticed thahé number of vanish-
ing moments of the Iter coe cients is the same as the number b(continuous)
vanishing moments of the continuous wavelet function; se2(, Theorem 7.4].

Proposition 5.1 (Wavelet Filter Factorisation)
Let f 2 “2(Z) be a lter of nite length and p vanishing moments. Then its
z-transform can be decomposed as

F(z2) = (z 1)°K(2); K(1)60 ;
whereK is the z-transform of the corresponding Iterk which will be understood
as smoothing kernel.

Although it is standard in wavelet analysis, we attach the snple proof in order
to make the paper more self-contained:

Proof: Sincef has nite length, the Fourier transformf 2 C?! is in nitely many
times di erentiable. The j-th derivative of f* at the point 0 is then

AR
D) = (i) nf, (13)
n=1

which is thej -th moment of f times the nonzero constant (i)!. Our assumption

transform of f is a trigonometric polynomial which has a zero of ordep in 0.
Thus it can be factorised as

() = (exp(i) 1PK(exp(i ) (14)

with a suitable (Laurent-) polynomial K. Replacing exp( ) by z directly yields
the desired factorisationF (z) = (z 1)°K (z) of the z-transform.

With the help of this proposition, we can understand the corslution with a
wavelet as derivative approximation of a presmoothed sighaNe remember that
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z 1 is the z-transform of the nite dierence matrix DT approximating the
negated rst derivative. Thus (z 1)P can be used as approximation of (1)° times
the p-th derivative. This reasoning of understanding the waveleas derivative of
a smoothing kernel is in accordance with the approach in thegvious section and
the continuous considerations in [9]. For details on such dtrisations, see [20,
Section 7.2] for orthogonal wavelets and [20, Section 7 Jf@r the biorthogonal
case, for example. Letp and q be the number of vanishing moments of our
analysis and synthesis highpass Iter$i; and G;. Then Proposition 5.1 allows
us to write the lters as

Hi(z) = (z 1PK"(z) and Gi(2) = (z 1)K®(2) (15)

where K" and K ¢ are the z-transforms of two smoothing kernelk" and k®

of the synthesis and analysis wavelet. For orthogonal waet$, we simply have
KH(z) = K€(z) and p = g. With the two relations (5) and (6) between low- and
highpass we see that for the lowpass lter$ly and Go, the following relations
hold:

( 1D%2z(z *+1)IKS( z Yy (16)
( 1Pz(z *+1)PKH( z Y): (17)

Ho(2)
Go(2)

To make these formulae a bit more intuitive, let us now give see examples of
kernelsK " and K © for commonly used orthogonal wavelets on the nest scale:

Example 5.2 (Discrete Wavelets and Convolution Kernels)
(a) Haar Wavelet:  For the discrete Haar wavelet, we havél1(z) = pl—z(z 1).

The kernel on the nest scale is in this case just a scalar famtK " (z) = pl—é

(b) Daubechies Wavelets:  The Daubechies wavelet [7] withp = 2 is repre-
sented by the lter

p

1 — p
H.(z) = — 3 1+(3

3z 3+ P 32+ (1+ P 3)z° (18)
which can be factorised a#l1(z) = (z 1)°KH(z) leading to
KH(z) = Zp% pé 1+(p§+1)z : (19)

Let us brie y say a few words about the di erences between oudea and previ-
ous approaches to relations between shrinkage on the nestate and nonlinear
di usion. In contrast to the idea in this paper, Weickert et d. [38] have directly
considered the wavelet IterH; as stencil for a derivative approximation. With a
Taylor expansion, one can directly prove that any lter with p vanishing moments
yields an approximation of thep-th derivative up to a constant factor. This works
well as long as only the nest scale is considered, but it do@®t help to explain
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H(z Y s @ [~ 3 —
HY(z Y s 6@ [~ i

I : +
Hi" (2 Y s e |- &

He™ (2 %) M@ = —

Figure 3: Filter bank for translation invariant wavelet shiinkage, written with
multiple channels.

what happens on coarser scales. Here, we try to model coarseales by sep-
arating the derivative approximation from the smoothing kenel which yields a
coarse scale approximation of our signal. In the continuowetting considered in
[9], the smoothing kernel is a function for which the scalingperation is invertible
without loss of information. In contrast to this, the discrée wavelets on coarser
scales treated in this paper can change their appearance digediscretisation
e ects.

Following [34, Section 3.3], we introduceavelets on coarser scalestarting from

the Iters Gy and G; on the nest scale, we de ne the wavelet ltersG{’ and
G(l ) on coarser scales 2 N as

Yl
G (z) = Go(z?) and G{(z) = Gi(z2 )G, (2 ; (20)
r=0

and use the same formulae fad{’ and H{ ’.

The exponents 2 come from the fact that the algorithme a trous inserts the
corresponding number of zeros between two samples of theeitat scaler. In

addition, we have to multiply the z-transforms of all Iters lying on the path from

the input to the middle of the lter bank for H; in Figure 2, or from the middle
to the output for G, i =0; 1.

Having these formulae at hand we can rewrite the Iter bank inFigure 2 with

m + 1 di erent paths as shown in Figure 3. Now we are interestechithe changes
of the shape of the convolution kernels corresponding to thwavelets when the
scale increases. Our starting point are the relations (20and we rstly consider
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the scaling coe cients using the factorisation (17):

Y1 Y1
G2 =  Go?) = ( P2 (z 2 +1)PKM( 2 ?)
r=0 r=0 |
1 'pyl
= ( Pz 1 z' KH( z %) : (21)
r=0 r=0

We see that the scaling Iter on larger scales can be decompdsinto four parts:
The sign given by ( 1)P and the pure shiftz? ) * do not change the shape of
the convolution kernel. This shape is determined by the rigimost two factors:
The second one is a product of the kernelg’! with alternating signs and with
inserted zeros. This is actually the wavelet-dependent parThe rst factor is
independent of the wavelet: It is thep times convolution of a box lter of width

2 with itself. This can be understood as a discretB-spline kernel of orderp.
Let us see how this decomposition looks for the wavelet codents:

Gi'(2) = Guz* )G, ()
= (2 1K 6§ Y
2X1 1 ! q
(z 1) Z K2 )G, Y(2)

r=0

|

2 1 1 - ptq
q ( Dp 2 141 P ! X r

(z 1D 1 z z

r=0

K 6(z2 l)Y KH( z %) :

Let us also analyse the ingredients of this product: The rstactor (z 1)9 tells us
that the wavelet can be understood as approximation of thg-th derivative (with

sign ( 1)%). It is the z-transform of the nite di erence matrix ( DT)9 de ned
above. Again, the sign and the shift do not change the shape tbie convolution
kernel. As for the scaling function, we also nd a spline keel of orderp+ g and
a wavelet-dependent part.

Let us now give some examples of commonly used wavelets tolse® the related
convolution kernels look like:

Example 5.3 (Haar Wavelet on Coarser Scales)
We have already seen that for a Haar wavelet we haye= g = 1 and the kernels

KC(z) = K" (2) = pl—i are just constants. Thus the wavelet on scale can be

seen as |

1 2)(1 1 2

Gi'@ = ( 1 V@ 1) z (22)
2

r=0
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0.08 T — T T T T — T
Wavelet, sigma=8 —— Kernel, sigma=8 ——

0.06 [ ]
0.04 -

0.02

-0.02 -

-0.04 -

-0.06 -

-0.08 : ; s ; s ; ; s ; :
0 50 100 150 200 250 0 50 100 150 200 250
Figure 4: Convolution kernel corresponding to the Haar walet. Left column:

Haar wavelet on scale 8Right column: Corresponding smoothing kernel: a hat
function.

This means that in complete analogy to the continuous casehe discrete Haar
wavelet is the derivative approximation of a hat function. Tis hat is created by
multiplying a box Iter with itself. An example for the scale = 8 is shown in
Figure 4.

Example 5.4 (Daubechies Wavelets on Coarser Scales)

For some representatives of the family of Daubechies waus|¢7], we display the
corresponding kernels obtained by numerical calculations Figure 5. One can
see that the smoothing kernels have a shape similar to a Gaiasskernel with a
perturbation at the right side where they even change the sig Daubechies has
proven that the Haar wavelets are the only symmetric or antisnmetric orthonor-
mal wavelets with compact support [7], and so it is clear thathe corresponding
kernels of Daubechies wavelets of higher order can not be systric.

The following two examples consider the convolution kerrelcorresponding to
biorthogonal Iter pairs. These Iters can be symmetric or antisymmetric with
compact support. Hence, the convolution kernels can be symtnc.

Example 5.5 (Compactly Supported Spline Wavelets)

Figure 6 presents the compactly supported spline wavelettdrs h; and g; with
3 and 7 vanishing moments. Details on these Iters can be fodnn [20, p. 271],
for example. We see that the corresponding kernel to has negative parts while
the kernel derived fromg; is positive and resembles a Gaussian kernel.

Example 5.6 (Perfect Reconstruction Filters of Most Similar Length)

These biorthogonal lIters are displayed in Figure 7 and deiks can be found in
[20, p. 273], for example. The Iter corresponding t@; has some small negative
parts.
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0.2 T —— T T
Kernel, order 4, sigma=2 ——

Daubechies Wavelét, order ‘4, sigmé:Z —

0 2 4 6 8 10 12 0 2 4 6 8 10 12

100

Daubechies Wa{velet, order 4, sigmé\:S [N }‘(ernel,‘order 21, sigmé:S [

0
-100
-200
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-0.1 s s s s s s s -600 s s s s s s s
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! ‘Daub‘echie‘swavélet, drderé,sigrﬁa:Z J— 18 ‘ KaneI,drderé, sigm‘azz;
0.8 J
0.6
0.4
0.2 |
0
-0.2 -
0.4 |
0.6 —_— -0.2 S —
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
60000

Daubechies Wavelet, order 6, siéma:8 [E— Kernel, order 6, sig‘ma=8 [E—

50000 r
40000 -
30000 -
20000 r

10000

-0.1

. . . . . -10000 . . . . .
0 200 400 600 800 1000 0 200 400 600 800 1000

Figure 5: Convolution kernels corresponding to Daubechiegavelets on larger
scales. Left column: Daubechies wavelets of orders 4 and 6 on scales 2 and 8.
Right column: Corresponding smoothing kernels. The scaling comes frometh
fact that wavelets are normalised with respect to thé2-norm.
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200 400 600 800 1000 1200 1400 1600 1800
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Figure 6: Convolution kernels corresponding to compactlyupported spline
wavelets on scale 8Top left: Filter h; with 3 vanishing moments. Bottom left:
Filter g with 7 vanishing moments. Right column: Corresponding smoothing
kernels.
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V\‘/avelet‘, sigmé:8 —

Kernel, sigmé=8 —

0 200 400 600 800 1000 1200 1400 1600
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0 200 400 600 800 1000 1200 1400 1600 1800 0 200 400 600 800 1000 1200 1400 1600 1800

14

Figure 7: Convolution kernels corresponding to perfect renstruction Iters of
most similar length on scale 8Left column: Analysis and synthesis lIter. Right

column: Corresponding smoothing kernels.
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Regardless the shape of the convolution kernels, it will benportant for our
considerations in the next section that we can write the angsis and the synthesis
wavelet as

Gl (z) =1 2K%(z) and H{'(z) = (@ 2PK"HO(2): (23)

We use the notionsK ¢() and K () to denote the corresponding convolution
kernels on scale . With the nite di erence matrices introduced in (9), we can
rewrite (23) in matrix notation as

G{) = (DN K®) and H{’) = (DP)" KM : (24)

We will use these equations in the next section to rewrite itated wavelet shrink-
age as discretisation of an integrodi erential equation.

6 Relations Between Both Methods

In this section, letf;u 2 RN be vectors and—li( );Gi( ) i=0;1denote theN N
circulant matrices corresponding to the ItersHi( )(z); Gi( )(z) modulo zN 1.
Then we can rewrite wavelet shrinkage according to Figure 3a
X1 T 1 T
u= 2—6(1’8 H ) f o+ Z—meg’“) HM™ f (25)
=1
The analysis matrices are transposed to re ect the fact thate have use;(z 1)
for i = 0;1 for the analysis part of our Iter banks in Figures 1, 2, and 3 The
function S is meant to act componentwise on the vector entries.
Without shrinking the coe cients, the Iter bank will allow for a perfect recon-
struction, which means that
X1 T 1 T
f = 2—G§> HOO f o+ Z_megm H™ (26)

=1
for all f 2 RN. Similar to [25, 9] we use
S(x) = (1 g(ixi)x (27)

to rewrite our shrinkage function with the help of a functiong which will play
the role of a di usivity later on. This leads to pairs of shrirkage functions and
di usivities which are studied in detail in [25]. Plugging @7) into (25) we obtain

X1 T 1 T
u = =12—G(1) H) f + oo GgY He™ (28)
X T T
~Gc)  HY o oHD) 1
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where is a diagonal matrix such that ( v) :=diag g(jv;j?) oy By property
j
(26) the rst part is just the reconstruction of the initial signal f , and we obtain

N
u= f Z—G(l) HOY f RHE) f (29)
=1
for one multilevel shrinkage step. Iterating these multileel shrinkage steps leads
to the scheme

.
Ukt =k 5 G HD U HD U k2N (30)

=1

which has a similar structure as the discretisation of the minear di usion equa-
tion (10). Using (24), the iteration rule can be written as
uk+1 - uk
xXn
1 (DHTKS)  ppP KHO Tyk pp gHO Tk . (31)

=1 2

A continuous equivalent, the integrodi erential equation
1
d
ul =gk (1Pt P@ g P@T (@ U
0
with a smoothing kernel and its mirrored version™ has been derived in [9]. It
becomes evident that (31) can be considered as discrete 1@mnsof this integrod-
i erential equation. As in the continuous case, we see also our discrete setting
two di erences between discrete wavelet shrinkage (31) anmtbnlinear di usion
Itering (10), namely all derivatives are presmoothed and & sum over all scales
. In contrast to the continuous considerations, we have woekl with two di er-

ent kernels to allow for biorthogonal wavelets. This can lebto partial di erential
equations with di erent orders of the inner and the outer dewvative.
In the PDE-based image processing context, similar ideasutowithout pres-
moothing, have been used in the Iters of Tumblin and Turk [31and Wei [36].
They proposed to use evolution equations of the form

Ug = div g(m)r u

where m is the squared gradient norm or the squared Frobenius norm dfe
Hessian matrix ofu. In this respect these approaches even go one step further:
They do not only allow the derivative orders in front of the nalinear function
and behind to be di erent, but the argument can also be a thirdorder one, while

m depends on rst or second order derivatives. By the constrtion (31) this is
not included in our framework since the argument of the di uwity is always the
same as its multiplier.
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Remark 6.1 (Orthogonal Wavelets)
In the case of orthogonal wavelets, (31) simpli es to

k+1:uk
xq

- (DP)TKHO)  pp KHO Ty pp gHO) Tk (32)

u

=1

Besides the smoothing kernels and the sum over all scalesstls identical to an
explicit discretisation of a higher order nonlinear di uson equation. Since the
outer matrices are the adjoints of the inner ones, this appach can be understood
as arising from an energy function of the form

X 1 X
E(u) = (ui ) + >

i2J =1 i2J

DPKH Oy ? (33)

with  {s?) = g(s?). Continuous analoga to this equation can be found in [9, 4],
for example. For biorthogonal wavelets such a formulationaks not exist.

7 Generalisation to Higher Dimensions

So far, the ideas in this paper have been considered in one tsgdadimension
only. Let us turn to the two-dimensional case. For one singlecale of Haar
wavelet shrinkage, relations to nonlinear di usion equatins have been discussed
by Miazek and Weickert [24]. Here we follow the strategy skehed in [24], but
apply it not only to one scale of Haar wavelet shrinkage, butat multiple ones
with general biorthogonal lters.

It is common to use tensor product wavelets for the procesgiof two-dimensional
images; see [20, Subsections 7.7.2 and 7.7.3] or [12, Secli®], for example.
With the one-dimensional analysis scaling coe cient$, and wavelet coe cients
h;, the tensor product analysis Itershg; hy;hy, and hg in 2-D read as

hs(i;j) = ho(i)ho(j);  ha(i;i) = ha(i)ho(j);
hy(i;j) = ho(i)ha(i);  ha(i;j) = ha(i)he(j):

Here, the subscripts stands for scaling function,h for the horizontal, v for the
vertical, and d for the diagonal wavelet. The same de nition applies for the
synthesis coe cients with g instead ofh. It is a classical result that these lters
on multiple scales yield a biorthogonal family in 2-D. In anlagy to (26), the
perfect reconstruction property form scales in 2-D can be formulated as

X1 X T 1
N G HO f o+ G HM Tt (39
=1 2f h;v;dg
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Then one step of shrinkage reads as
X X T
u=" X s HO f 4+ =g M T (35)
4m S S
=1 2f h;v;dg

with the shrinkage functionsS"; SV, and S® applied to the corresponding wavelet
coe cients.

To give a motivation for using di erent shrinkage functionsS in the three direc-
tions, we have a look at the approximation properties of the avelet coe cients in
2-D. Convolution of an image with the lters given above can lso be understood
as derivative approximation with presmoothing where the devative order and
the smoothing kernel depend or, and hy. For example, letp be the number
of vanishing moments oth,;. Convolution of a discrete imageau with h, and h,
approximates presmootheg-th derivatives of u in x- and y-direction. The Iter
hq yields the approximation of the derivative @@u with additional smoothing.
That means this derivative in diagonal direction has twice lie order than the
other ones. This fact suggests to follow the shrinkage ruleescribed in [23] to
improve rotational invariance. Inspired by nonlinear di usion ltering, it is sug-
gested in [23] to couple the horizontal and vertical coe ciets in the argument of
the shrinkage function and not to shrink the diagonal ones all. Let wy,; w,, and
wy Stand for the wavelet coe cients in horizontal, vertical ard diagonal direction
at a given scale and position. The corresponding shrinkagenttions applied to
the horizontal, vertical and diagonal coe cients can be wiiten as:

S"(Winywy) = wh(l g(wh + w))); (36)
S'(Wnywy) = wg(l g(Wh + wg)); (37)
Sdwg) = wy:

In contrast to [23] we avoid the additional factor 4 in front d the function g here.
This factor can be explained as compensation of the factérappearing in (34)
and (35) together with the fact that only the nest scale is cosidered in [23].
We avoid the factor here since we work on multiple scales andefer to use the
same shrinkage function on all scales.

With these shrinkage functions and the perfect reconstruicn property (34),
wavelet shrinkage (35) can be transformed into

X1 T
us=f & Gy HY f+Gc) O HOTE o (38)
=1

Here, ﬁ) and {’ represent the pointwise multiplication of the wavelet coe-
cients in horizontal and vertical direction on scale with di usivity gin (36) and
(37). Note that this di usivity depends on the squared sum othe horizontal and
vertical wavelet coe cients at the corresponding positionand scale. Understood
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as discretisation of an integrodi erential equation, one wuld use it iteratively
yielding

xXq

k+1 _— k

= u —

4
1

T T
u G O HD uk+ el O HO Uk (39)

This is a 2-D analogue of (31).

Example 7.1 (Orthogonal Wavelets in 2-D)

Let us consider the case of orthogonal wavelets, i.&;, = H, and G, = H,,
with p vanishing moments. If we neglect the presmoothing introded by the
wavelets, the shrinkage process is obviously connected t@@tinuous equation
of the form

@ = ( D' @ 9(i@ui*+ i@ui*) Qu
+ @ 9(Qui*+ j@uj*) Qu (40)

which only considers the derivatives with respect to the codinate axes. For
p = 1, this is the classical Perona-Malik equation. For highederivative orders
p > 1, it only involves the derivatives of orderp in coordinate directions and no
mixed derivatives.

8 Numerical Experiments

In this section we want to investigate experimentally the derences between non-
linear di usion ltering and our discrete version of the integrodi erential equa-
tions related to wavelet shrinkage described in this paperin 1-D, we perform
detailed qualitative comparisons for the denoising of a sigl with additive Gaus-
sian noise. Experiments for image simpli cation in 2-D showhat the same e ects
appear for higher spatial dimensions. All implementationbave been written in
C

Let us rst describe our experiments in 1-D: Figure 8 shows ouest signal
piecepoly taken from the Wavelab library' and its noisy version with additive
Gaussian noise of standard deviation 20.

In our rst experiment, we compare the quality of presmoothé iterative denoising
methods at a single scale given by the equation

uel = gk (DP)TKEO pP KEO Tk pp O Tk (a1

In our experiments, we have used the ordgr= 1 and the hat function as kernel
in the matrices KH. As we have seen in Section 5, this corresponds to Haar

lwavelab is available under the addressttp://www-stat.stanford.edu/~wavelab/.
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Figure 8: Test signals.Left: Piecewise polynomials signal with 1024 pixelRight:
With additive Gaussian noise, standard deviation 20.

Table 1: Error norms for denoising results with presmoothedi usion and one
single scale.

Scale “Lerror per pixel “2-error per pixel
error iterations | error iterations
1 2.740 1.02 4593 | 0.141 1.67 1265
2 5.087 0.10 247000 0.227 0.10 233000
3 6.515 0.10 351000 0.285 0.10 263000

wavelets. The kernel length id =2 . Moreover, we have applied the Perona-
Malik di usivity in the diagonal matrix . Notice that = 1 corresponds to the
classical di usion ltering. We have used one single scal®if presmoothing, and
thus in contrast to (32), there is no sum and no weight factormthe right-hand
side. The parameters have been optimised in order to obtainimmal errors
in both the “!- and “?-norms. The optimal parameters and the corresponding
mimimal error measures can be found in Table 1. We see that thminimal
errors are obtained for classical nonlinear di usion Ites without presmoothing.
To visualise the di erences some of the corresponding sidgeaare displayed in
Figure 9. It is clearly visible that using single-scale presoothing kernels for all
derivatives leads to artefacts. The process is not able tomeve the noise on
the small scales which leads to oscillations. Only the gemishape of the signal
is restored for larger scales. This is in accordance with thesults reported by
Scherzer and Weickert [27].

In our second experiment, we do not only Iter with one largescale, but involve

sponding optimal error measures are shown in Table 2. We hawsed a time step
size =1=2. We see that involving larger scales does not in uence theimmal

error as severly as in the rst experiment. For the !-error, it is even possible to
obtain better values by usingk = 2. We notice that using only the nest scale
requires half the number of iterations than in the rst expeiment: This is caused
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Figure 9: Denoising results with presmoothed di usion and ree single scale .
Left column: Results with optimal “*-error. Right column: Results with optimal
“2-error. Top row: = 1. Middle row: =2. Bottom row: = 3.
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Table 2: Error norms for denoising results using presmootti@li usion on dyadic
scales.

Largest scale “L-error per pixel “2-error per pixel

= 2k error iterations | error iterations
k=0 2.740 1.02 9197 0.140 1.67 2604
k=1 2.824 1.47 1904 0.142 2.11 677
k=2 2.717 2.39 495 | 145.03 3.57 200
k=3 2.791 4.02 153 0.143 4.95 95
k=4 3.000 6.36 53 0.146 5.84 61
k=5 3.184 8.95 271 0.150 6.47 48

by the additional factor % in (32) on the nest scale which was not present in
the last experiment. The necessary number of iterations rades by two orders of
magnitude by involving larger scales. This can be understdas approximative

numerical method for speeding up the process. The corresplorg signals are
shown in Figure 10. We see that for larger scales, some smadigefacts appear.
Nevertheless, it seems that the presence of smaller scalesha right-hand side

can help to suppress most of them.

In our 2-D experiment, we also display results for smoothingn one larger scale
and on all dyadic scales. For one larger scale, we use the rlte

;
L SE R KO O KO gk kO O kO Tgk o 42

This corresponds to (39) where the factor and the sum on theght-hand side are
left out. We usep =1 and hat functions in the directions of the derivative and
box Iters in the other direction which implements tensor poduct Haar wavelets.
Figure 11 shows the resulting images if we x all parametersnd only vary the

scale. We see that using larger scales only introduces aatetf in the image which
can be compared to those appearing also in the 1-D case.

For involving all scales we directly use (39). Some resultsrfinvolving all dyadic

scales up to a certain order are displayed in Figure 12. Heres\gee that more
and more small details are removed by using the larger scalekile the artefacts
are suppressed.

9 Summary

In this paper, we have investigated the relation between disete multiscale wavelet
shrinkage on the one hand and discretised nonlinear di usio lters of arbitrary
order and their variational counterparts on the other hand.To this end we ex-
ploited the fact that the wavelet transform using wavelets wh a nite number
of vanishing moments represents smoothed derivative optyes. The resulting
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Figure 10: Denoising results with presmoothed di usion andyadic scale up to

= 2k, Left column: Results with optimal **-error. Right column: Results with
optimal “2-error. Top row: k = 0. Second row:k = 1. Third row: k = 2. Bottom
row: k =5.
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Figure 11: Image simpli cation results with presmoothed dusion and one single
scale , Perona-Malik di usivity g(s?) =1=(1+s?= ?) with =10, and stopping
time t =5. Top left: Original image, 512 512 pixels.Top right: =1. Bottom
left: =2. Bottom right: = 3.



DISCRETE RELATIONS 25

Figure 12: Image simpli cation results with presmoothed diusion, g(s?) = (1 +
s?=2) 1for =10, stopping time t = 20, and dyadic scales up to = 2. Top
left: Original image, 512 512 pixels. Top right: k = 0. Bottom left: k = 1.
Bottom right: k = 5.
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discrete integrodi erential equations di er from their nonlinear di usion counter-
parts by the additional presmoothing of derivatives and irggration over a larger
number of scales. The shape of the corresponding convolatikernels changes for
coarser scales in the discrete setting due to sampling. Wevieaextended the con-
siderations from orthogonal to biorthogonal wavelets: Her the corresponding
discrete versions of integrodi erential equations are nmhger related to di usion
equations, but to more general PDE models like the methods bBlumblin and
Turk [31] or Wei [36]. Using tensor product wavelets and spiet shrinkage rules
to improve the rotation invariance, the relations have beenarried over to the 2-D
setting. Numerical experiments have shown that presmoottienonlinear di usion
on one single larger scale gives worse results than cladsiwanlinear di usion.
However, involving all dyadic scales up to a certain ordersat is done in wavelet
shrinkage, almost keeps the good quality and signi cantlyeduces the number
of required iterations. In this sense, discrete multiscalvavelet shrinkage can be
understood as numerical method for discrete integrodi ergial equations.
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