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Abstract

We examine relations between popular variational methods in image processing and
classical operator splitting methods in convex analysis. We focus on a gradient descent
reprojection algorithm for image denoising and the recently proposed Split Bregman and
alternating Split Bregman methods. By identifying the latter with the so-called Douglas-
Rachford splitting algorithm we can guarantee its convergence. We show that for a special
setting based on Parseval frames the gradient descent reprojection and the alternating
Split Bregman algorithm are equivalent and turn out to be a frame shrinkage method.

1 Introduction

In recent years variational models were successfully applied in image restoration. These
methods came along with various computational algorithms. Interestingly, the roots of many
restoration algorithms can be found in classical algorithms from convex analysis dating back
more than 40 years. It is useful from different points of view to discover these relations:
Classical convergence results carry over to the restoration algorithms at hand and ensure their
convergence. On the other hand, earlier mathematical results have found new applications
and should be acknowledged.

The present paper fits into this context. Our aim is twofold: First, we show that the
Alternating Split Bregman Algorithm proposed by Goldstein and Osher for image restoration
and compressed sensing can be interpreted as a Douglas-Rachford Splitting Algorithm. In
particular, this clarifies the convergence of the algorithm. Second, we consider the following
denoising problem which uses an Ly data-fitting and a Besov-norm regularization term [10]
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We show that for discrete versions of this problem involving Parseval frames the corresponding
alternating Split Bregman Algorithm can be seen as an application of a Forward-Backward
Splitting Algorithm. The latter is also related to the Gradient Descent Reprojection Algorithm,
see Chambolle [5]. Since our methods are based on soft (coupled) frame shrinkage, we also
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establish the relation to the classical wavelet shrinkage scheme. Finally, we consider the
Rudin-Osher-Fatemi model [23]

1
argmin §Hu - fH%2(Q) + )\/ |Vu(z)|dz, (2)
uEBV(Q) Q

which is a successful edge-preserving image restoration method. We apply our findings to
create an efficient frame-based minimization algorithm for the discrete version of this problem.

2 Operator Splitting Methods

Proximation and Soft Shrinkage. We start by considering the proxzimity operator
o1
prox,q(f) = argmin{—u — FIIP + @ (u)} (3)
ueH Y

on a Hilbert space H. If ® : H — R U {400} is proper, convex and lower semi-continuous
(Isc), then for any f € H, there exists a unique minimizer 4 := prox. 4(f) of (3). By Fermat’s
rule, this minimizer is determined by the inclusion

1
0e ;(a — f)+0(u)
& feu+y0d(1) < a=I+~0d)f,
where the set-valued function 0® : H — 2 is the subdifferential of ®. If ® is proper, convex
and lsc, then O® is a maximal monotone operator. For a set-valued function F' : H — 2%,
the operator Jp := (I + F)~! is called the resolvent of F. If I is maximal monotone, then

JF is single-valued and firmly nonexpansive.
In this paper, we are mainly interested in the following two functions ®;, i = 1,2, on H := RM:

i) @1 (u) := [|Aul[; with A := diag();)}L;, A; >0,

) @a(u) = A ul |1 with & = diag(3;)}1, % > 0 and fuli= (Juyll)
for w; := (ujypn)?_f and M = pN.
The corresponding Fenchel conjugate functions are given by
i) ®3(u) == tc(u) with C:={u e RM : |u;| < Nj, j=1,...,M},
ii) ®5(u) := ta(u) with C:={ueR”: |ulla <), j=1,...,N},

where i the indicator function of the set C' (or C), i.e., to(u) := 0 for u € C and 1 (u) := 400
otherwise. A short calculation shows that for any f € R™ we have

proxg, (f) = Ta(f), proxe,(f) = Tx(f),

where T\ denotes the soft shrinkage function given componentwise by

Ty, (fj) = { fi — Ajsgn(f;) if |fj| > /\j'v o
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and TA denotes the coupled shrinkage function, compare [5, 21, 27],
' 0 if 162 < 3y
7= { ¢ _; il < .
AN £; — Nifi/ NIl i (5]l > Ay
Similarly, we obtain
proxe:(f) = f —Ta(f), proxg;(f)=f— T5(f)- (5)
Operator Splittings. Now we consider more general minimization problems of the form

(P)  min {g(w) +2(Du) },

=Fp(u)

where D : Hy — Hj is a bounded linear operator and both functions g : H; — R U {+o0}
and ¢ : Hy — R U {400} are proper, convex and lsc. Furthermore, we assume that 0 €
int(D dom(g) — dom(®)). For g(u) := %Hu — f||* and D = T this is again our proximation
problem. The corresponding dual problem has the form
(D) —min {g"(-D"b) + 2°(b) }.
:=Fp(b)

We assume that solutions @& and b of the primal and dual problems, respectively, exist and
that the duality gap is zero. In other words, we suppose that there is a pair (ﬁ,CZ) which
satisfies the Karush-Kuhn- Tucker conditions 0 € dg(i) + D*b, 0 € —Di + 9®*(b). Then @ is
a solution of (P) if and only if

0 € 0Fp(u) = dg(t) + (P o D)(w).
Similarly, a solution b of the dual problem is characterized by
0 € 0Fp(b) = 0(g" o (—D"))(b) + 99" (b).
In both primal and dual problem, one finally has to solve an inclusion of the form
0€ A(p) + B(D). (6)

Various splitting techniques make use of this additive structure. In this paper, we restrict our
attention to the forward-backward splitting (FBS) and the Douglas-Rachford splitting (DRS).
The inclusion (6) can be rewritten as fixed point equation

p—nBp) €p+nAp) & peJypall—nB)p, 1n>0 (7)

and the FBS algorithm is just the corresponding iteration. For the following convergence
result and generalizations of the algorithm we refer to [20, 25, 7, 8.

Theorem 2.1 (FBS) Let A: H — 2" be a mazimal monotone and 3B : H — H be firmly
nonexpansive for some 3 > 0. Furthermore, assume that a solution of (6) exists. Then, for
any p©) and any n € (0,20) the following FBS algorithm converges weakly to such a solution
of (6)

p*F) = Joa(I —nB)ph). (8)



To introduce the DRS, we rewrite the right-hand side of (7) as

p+nBp € Jpa(I =nB)p+nBp < pe Jyp(Jpall —nB)p+nBp)

=t

The DRS algorithm [12] is the corresponding iteration, where we use t) = pk) 4 an(k).
For the following convergence result, which in contrast to the FBS algorithm holds also for
set-valued operators B, see [20, 7].

Theorem 2.2 (DRS) Let A, B : H — 2/ be mazimal monotone operators and assume that
a solution of (6) exists. Then, for any initial elements t© and p© and any n > 0, the
following DRS algorithm converges weakly to an element t:

(D = g (2p®) — ) 4 ) ),
p®FD = g (kD).

Furthermore, it holds that p := Jyp (t) satisfies 0 € A(p) + B(p). If H is finite-dimensional,

then the sequence (p(k))keN converges to p.

3 Bregman Methods

For a function ¢ : H — RU {+o0}, the Bregman distance Ds(pp)

DP) (u,v) = p(u) — p(v) — (p,u — v),

is defined as

with p € dp(v), cp. [2]. Given an arbitrary initial value u(®) and a parameter v > 0, the
Bregman proximal point algorithm (BPP) applied to (P) has the form [13, 19, 15]

ukH) = argmln{fyD )( uy + Fp(u)}, p*+Y e dp(uttD). 9)
ueHy

For conditions on ¢ such that (u(¥)),cn converges to a minimizer of (P), see [19] and the
references therein. For ¢ := 3| - |13, we recover the classical prozimal point algorithm (PP)
for (P) which can be written as follows, compare [22],

wkt) — proxﬁ/fp(u(k)) = argmin {—Hu —u® |2+ Fp(u (w)} = Jyor (u ),

ueHy
Under our assumptions on g, ® and D, the weak convergence of the PP algorithm is guaranteed
for any initial point u(?), see [3]. In the same way, we can define the PP algorithm for (D)

plk+1) — PTOX»ya]-'D(b(k)) = argmin {—Hb o k)H% + Fp(b } Jyorp( b( )

be Ho
and the same convergence result holds true. It is well-known that the PP algorithm applied to
(D) is equivalent to the augmented Lagrangian method (AL) for the primal problem, see, e.g.,
[22, 15]. To define this algorithm we first transform (P) into the constrained minimization

problem

min  E(u,d) s.t. Du=d, (10)
uEHl,dEHQ



where E(u,d) := g(u) + ®(d). This formulation goes back to [26]. The corresponding AL
algorithm for (P) is then defined as

(k+D,d®+0) = argmin {B(u,d) + (6F, Du— d) + || Du— d|3)
weH, ,deHy 2y
p+D) k) o E(Du(lﬁl) — dk+h)y, (11)
Y

Indeed, it has been shown that for the same initial value b©) the sequence (b*)),cy coincides
with the one produced by the PP algorithm applied to (D), see [22]. Moreover, if (b()),cx
converges strongly then every strong cluster point of (u)),ey is a solution of (P), cf. [18].
To solve the constrained optimization problem (10), Goldstein and Osher [17] proposed to
use the Bregman distance

Dg(k))(u, d,u® d®y = E(u,d) — Eu®,d®)) — (p*) o — u®)y — (p&k), d—d®)y

and the term %HDU — d||3 instead of Fp in (9). This results in the algorithm

(u(k+1), d(kﬂ)) = argmin {Dg(k))(u, d, u(k),d(k)) + iHDu — dH%}, (12)
ue€H,,deHs 2y
1 1
D) = ) = 2D (DU — ) ) ) L (DulbD — i),

~
where we have used that (12) implies
0 € 9Bt a®+D) - (pP p)
+ (lD*(Du(kH) — d(k“)), _l(Du(kH) _ d(k+1)))’
v gl

_ aE(u(k-i-l)’d(k—i-l)) _ (p&k+l)7p£lk+1))7

so that (p(uk),pék)) € E?E(u(k),d(k)). Setting pq(Lk) = —%D*b(k) and pék) = %b(k) for all k > 0
and regarding that for a bounded linear operator D,
1
DY) (uyd, ), dW) 4+ | Du — d}§ = E(u,d) — E@®),d®)
g

b

1 1
b, Du— Du®y — Z(p®) g — d®y + —||Du — d||3,
,Y< ) ,Y< ) 27“ 12

Goldstein and Osher obtained the Split Bregman method [17]

(w1 d*+1y = argmin {E(u,d) + iHb(k) + Du—d|3},
u€H,deHo 2'7
b(k+1) — b(k) + Du(k'H) o d(k+1). (13)

As already discovered in [28], the Split Bregman algorithm (13) is just the AL algorithm

(11) with the only difference that in (13) the iterates b(*) are scaled by ~. Hence, we can

conclude that the sequence (%b(k))keN generated by the Split Bregman method (13) converges



to solutions of the dual problem. The same holds true for the sequence (pglk)) ren we get from
(12). To summarize:

PP for (D) ‘ = ‘ AL for (P) ‘ = ‘ Split Bregman Alg. ‘

Since the minimization problem in (13) is hard to solve, Goldstein and Osher [17] proposed
the following alternating Split Bregman algorithm without a convergence proof:

w1 = argmin {g(u) + iHb(k) + Du — d(k)H%}, (14)
ueHy 2,7

d**D = argmin {®(d) + i||b(k) + DulFth) — dH%}’ (15)
deH> 2y

b = pR) o Dy D) (kD). (16)

The next theorem identifies this alternating Split Bregman method as a special case of a DRS.

‘ DRS for (D) ‘:‘ Alternating Split Bregman Alg.

If H1 and Hs are finite-dimensional it therefore provides us with a convergence result for the
sequence (b*))en of this algorithm.

Theorem 3.1 The alternating Split Bregman algorithm coincides with the DRS algorithm
applied to (D) with A := 9(g* o (—D*)) and B := 0®*, where n = 1/~ and

0 = p(p® 4 g®)y, p® = pp® g >0, (17)

Proof: 1. First, we show that for a proper, convex, Isc function h : Hy — R U {+o0} and a
bounded linear operator K : Hy — Hy the following relation holds true:

p=argmin { 2| Kp— g+ h(p)} = (K- q) = Jpooxop(-—na).  (18)
pEHy 2

The first equality is equivalent to
0€nK*(Kp—q)+0h(p) < peon(—nK(Kp-q)).
Applying —nK on both sides and adding —nq implies

—nKp € —nKOoh*(—nK*(Kp—q)) = nd(h* o (—K"))(n(Kp—q))
—ng € (I+nd(h*o(=K*))(n(Kp—q))

which is by the definition of the resolvent equivalent to the right equality in (18).
2. Applying (18) to (14) with h := g, K := D and ¢ := d®) — b(*) we get

n(b® + Dy — qk)y = JnA(n(b(k) —dRy).

Assume that the alternating Split Bregman iterates and the DRS iterates coincide with the
identification (17) up to some k € N. Using this induction hypothesis it follows that

77(b(k) + Du(k+1)) - JnA(n(b(k) _ d(k))) 4+ opd® = kD) (19)
2p(k) —¢ (k) (k) —p(k)
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By definition of b*+1) in (16) we see that n(b*+1) 4 d*+1)) = t(k+1) Next we apply (18) to
(15) with h:= ®, K := I and ¢ := b®) + Dul**1) which gives together with (19),

W(b(k) + Du(k-i—l) _ d(k-i-l)) _ JnB(n(b(k) + Du(k-‘rl))) _ p(k-i-l)'

t(k+1)

Again by the formula (16) for b*+1) we obtain nb*+1) = p(*+1) which completes the proof. W

A similar result was shown in [14, 16].

4 Application to Image Denoising

In the following, we restrict our attention to a discrete setting. We consider digital images
defined on {1,...,n} x {1,...,n} and reshape them columnwise into vectors f € RY with
N = n?. If not stated otherwise the multiplication of vectors, their square root etc. are meant
componentwise.

We will now apply the algorithms defined in Sections 2 and 3 to the discrete denoising
problem of the form

argm1n{—\|u—f||2—|—<1> (Du)}, DeRMYN M >N, (20)
ueRN

where ¢ is deﬁned as in Section 2. Consider the alternating Split Bregman algorithm (14)-

(16) with g(u) := &|lu — f||3. Theorem 3.1 implies the convergence of (b* ))keN and it is not

hard to show that for this special choice of g, the sequence (u(k)) pen converges to a solution
of the primal problem. The quadratic functional in (14) with the above choice of g can simply
be minimized by setting its gradient to zero which results in

utt) = (yI + DTD) 7 (vf + DT (d® — o).

Goldstein and Osher proposed to calculate the inverse (y/+D™D)~! by Gau$-Seidel iterations.
Applying (4) we see that for & = ®; the solution of the proximation problem in (15) is given
by

d(k+1) _ TA/A(b(k) + Du(k-i—l))
The following algorithm shows the case ® = ®;. Observe that in order to better compare
this method to the other algorithms in this section, we have changed the order in which we

compute v**t1) . This is allowed because there are no restrictions on the choice of the starting
values.

Algorithm (Alternating Split Bregman Shrinkage)

Initialization: u©) := f, b
For £k =0,1,... repeat untll a stopping criterion is reached
d*D = T AR + Dub),
pEHD = pR) 4 pyR) gkt
u(k-i-l) — (,VI_‘_ D™D ) (’Vf“‘ DT(d(k+1) _ b(k+1)))

7



For ® = ®, we have to replace the soft shrinkage 7.5 by the coupled shrinkage T’Y[\' Note
that this algorithm can also be used for the deblurring problem which differs from (20) in

having a more general data-fitting term g(u) := 1|[Ku — f||3 with some linear operator K.

In this case one has to invert the matrix yK"K + D™D which can be diagonalized in many
applications by FFT or DCT techniques, e.g., if it is circulant.

The problem (20) can also be solved via its dual problem by 4 = f — DTIS, where
- 1
b= argmin{=||f — D"b|j3 + ®;(b)}, i=1,2 (21)
beRM 2
see, e.g., [4]. Applying the FBS algorithm (8) to the dual problem (21) gives
b(k-l—l) — prox_y(bz‘ (b(k) + ’Y-D(f _ DTb(k))> , 1= 17 27
where 0 < v < 2/|| DT D||2. Using the relation (5) we obtain for ® = &,
b+ = p®) 4 yD(f — DTH®)) — Ty (b +yD(f — DTb®)).

This yields the following algorithm to compute the minimizer of (20) for ® = ®;:

Algorithm (FBS Shrinkage)
Initialization: v := f, b =0

For k= 0,1,... repeat until a stopping criterion is reached
dEtD = Ty (b(k) + yDu(k)),
b+ = pB) Dy R) — gkt D)
ukt) = prplket)

For the functional ®» we have to replace the shrinkage functional by T %+ This algorithm can
also be deduced as a simple gradient descent reprojection algorithm as it was done, e.g., by
Chambolle [5]. Note that this is not the often cited Chambolle algorithm in [4]. A relation of
this method to the Bermidez-Moreno algorithm which also turns out to be an FBS algorithm
was shown in [1]. A connection to min-max duality was established in [29].

4.1 Besov-norm regularization
For a sufficiently smooth orthogonal wavelet basis {1;}icr of L2(Q2) with wavelets of more
than one vanishing moment, problem (1) can be rewritten as

1
§Hd'_c”é +’A”d”ﬁ7

where ¢ := ((f,%;)); and d := ({u,1;));. In the discrete setting, consider the orthogonal
matrix W € RY" having as rows the filters of orthogonal wavelets (and scaling functions)
up to a certain level. Then the minimization problem corresponding to (1) is given by

. .1
@ = argmin {§Hu — fH% + HAWqu}
u€ERN
. 1
= argm1n{§HWu—WfH%+ [AW w1 }. (22)
u€RN



The orthogonality of W yields further @ = W™d, where

- 1
d = argmin { = ||d — c||3 + [|Ad||1 }, c:=Wf, A=Ay (23)
derN 2

and by (4) we obtain the known wavelet shrinkage procedure i = WTT)(W f) consisting of a
wavelet transform W followed by soft shrinkage T of the wavelet coefficients and the inverse
wavelet transform WT.

However, for image processing tasks like denoising or segmentation, ordinary orthogonal
wavelets are not suited due to their lack of translational invariance which leads to visible
artefacts. Nevertheless, without the usual subsampling, the method becomes translationally
invariant and the results can be improved. But then W € RN M = pN, where p is
three times the decomposition level plus one for the rows belonging to the scaling function
filters on the coarsest scale. We still have WT™W = Iy, but of course WWT £ I, i.e., the
rows of W form a discrete Parseval frame on RY but not a basis. For the design of such
frames see, e.g., [9, 11]. Equality (22) is still true for Parseval frames, but the problem is no
longer equivalent to (23). Instead we can apply FBS shrinkage or alternating Split Bregman
shrinkage with D = W and ® = ®;. Note that in order to use the FBS algorithm, v has to
fulfill 0 < v < 2/||WTW||y. Now WTW = I, thus we have to choose v in (0,2) and v = 1
is an admissible choice. It was shown in [24] that both algorithms coincide for D = W with
WTW = Iy and v = 1:

Alternating Split FBS
Bregman Shrinkage Shrinkage

Moreover, the third step of both algorithms can be simplified to the frame synthesis step

u(k"‘rl) _ WTd(k+1). (24)

4.2 ROF regularization

In this section, we apply the algorithms presented so far to the discrete ROF denoising method.
We use an appropriate discretization of the absolute value of the gradient. Let hg := %[1 1] and
hi = %[1 — 1] be the filters of the Haar wavelet. For convenience of notation, we use periodic
boundary conditions and the corresponding circulant matrices are denoted by Hy € R™" and
Hy; € R™™. Then the following matrix fulfills WTW = Iy but W™W # I4n

Hoy® Hy Ho
L Hy® Hy .
W= H; ® Hy - Hy
H, ® Hy

[

In [21, 27] it was shown that (((Ho ® Hy) u)2 + ((Hy ® Hp) u)2 + ((Hy @ Hy) u)2> * is a con-
sistent finite difference discretization of |Vu|. Using this gradient discretization, the discrete
version of the ROF functional in (2) reads

.l -
argmin {§Hu — fII3 + [|A Haul |1} A= My. (25)
ueRN

9



Observe that if we use the alternating Split Bregman algorithm with D = H; for this problem
we have to solve a linear system of equations in the third step of each iteration. This problem
can be avoided by using that H; is part of a Parseval frame, cp. [24]. To this end we define
the proper, convex and lsc functional ®5 which differs from @5 in that the first part of the
input vector is neglected, i.e.,

Dy(c) = [[Aler| |1, for e = (co,c1) € RY x R3Y,
Now we can rewrite (25) as follows
.l =
argmin {§Hu — flI3 + ®2(Wu)}.
ueRN

Applying the alternating Split Bregman algorithm, or equivalently the FBS method, with
~v =1 and (24) we obtain the following algorithm.

Initialization: v := f, b0 := 0.

For £ =0,1,... repeat until a stopping criterion is reached
g = (wu®),
k ~
dFD = Ty (0P 4 (Wu®)),),
b(k+1) — b(k) + (Wu(k))l - d§k+1)7
d(k+1)

WD = T ( PESNE (26)

1

where (Wu)p := Hou and (Wu); := Hyu. Note that starting with b((]o) := 0 all iterates b((]k)
remain zero vectors. We also obtain algorithm (26) if we apply FBS shrinkage directly to (25)
with D = H; and v = 1.

We now give a numerical example for these two algorithms. The computations were
performed in MATLAB. In Fig. 1 we see the result of applying the two algorithms to a
noisy image. Note that we only show the resulting image for algorithm (26) here, since the
difference to the alternating Split Bregman method with D = H; is marginal. We also found
that the two algorithms need nearly the same number of iterations. However, algorithm (26)
is extremely fast and does not require solving a linear system of equations as the alternating
Split Bregman shrinkage does. Moreover, v = 1 seems to be a very good parameter choice. For
the above numerical experiment we used periodic boundary conditions, concerning Neumann
boundary conditions, see, e.g., [6].
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