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Abstract

We examine the best approximation of componentwise positive vectors or pos-

itive continuous functions f by linear combinations f = Zj ajp; of given vectors

or functions ¢; with respect to functionals @,, 1 < p < oo, involving quotients
max{f/f, f/f} rather than differences |f — f|]. We verify the existence of a best ap-
proximating function under mild conditions on {(;}"!_;. For discrete data, we compute
a best approximating function with respect to @), p = 1,2, 00 by second order cone
programming. Special attention is paid to the (), functional in both the discrete and
the continuous setting. Based on the computation of the subdifferential of our convex
functional Q.. we give an equivalent characterization of the best approximation by
using its extremal set. Then we apply this characterization to prove the uniqueness
of the best ) approximation for Chebyshev sets {(;}_;.

1 Introduction

In various applications, e.g., in query optimization [3, 7] or in the restoration of images
contaminated with multiplicative noise [13, 2] it is useful to involve quotients rather than
differences into the mathematical models and to ask for positive solutions. Moreover,
generalized relative error measures [8, 11, 17] make use of quotients.

In this paper, we consider the approximation of positive discrete or continuous functions
f by linear combinations f = Z;‘L:I aj; such that a certain functional @,, 1 <p < oo, is
minimized. The functional @), resembles the L, norm of the function max{ fIE /=1
for f > 0. More precisely, we are interested in a minimizer of Qp(A-), where A denotes
the linear transform Aq := Z;‘L:I a;p;/f. A simple example is the approximation of a
componentwise positive vector (f (), by data (f(z;))™, lying on a line f(z) = a1 +agx
with respect to the Qo functional. Then we search for coefficients o, as such that

R fla) )
i=1,...m f(fpl), f(xl)

becomes minimal and f(z;) > 0, i = 1,...,m. Of course, due to In(max{f/f, f/f}) =
|In f —1In f | one could minimize ||In f — f ||, and use el as approximation of f. However,
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as demonstrated in our numerical Example 3.1 this is often not a good choice.

This paper is organized as follows: In Section 2, we introduce the quotient functionals
@p, 1 < p < oo, and verify their convexity and continuity. We prove that under mild
conditions on {;}7_; the functional Q(A-) attains a minimum and that the minimizer is
unique for 1 < p < oo if A has nullspace {0}. In Section 3, we deal with discrete data.
We compute a minimizer of Q,(A-), p=1,2,00 by second order cone programming. The
best approximation with respect to the Q. functional is examined in Section 4. Once
we have computed the subdifferential of (), the approach follows basically the lines in
[14], but with all the necessary modifications due to the fact that Q is not a norm. We
give an equivalent characterization of the minimizer of Qo (A-) using its extremal set and
apply this characterization to prove the uniqueness of the minimizer if A is related to a
Chebyshev set. We show the relation of our results to the best approximation with respect
to a generalized relative error.

2 Quotient functionals
Our considerations are based on the ’quotient function’ q : R — [0, 00] given by

x—1 for z €[l,00),
q(z) =< L -1 for z€(0,1), (1)
oo otherwise,

ie., q(z) = max{z — 1,% — 1} for x > 0. The function ¢ is convex and continuous and
dom(q) := {x : q¢(z) < 0o} is open, see also [12, p. 52, 83] and Fig. 1 left.

Let Q be either a (innumerable) compact subset of R? and u the Lebesgue measure on
or a finite subset {x1, ...,z } of R? with point measure p. By X := C(Q) we denote the
space of continuous functions on €2, resp. the space X := R™ and by X the positive
functions in X. Set

flx)—1 for f(x)e€[l,00),
Qx,f) = q(f(x)) = 7 —1 for f(z)€(0,1), 2)

00 otherwise.

Proposition 2.1 The function @ : Q x X — [0,00] in (2) is continuous in z for every
f € X and convex in f for every x € ().

Proof: The continuity of Q(-, f), f € X, follows by the continuity of f and ¢ and the
convexity of Q(x,-), x € Q by the convexity of g. O

We want to concatenate the quotient function with the L, norms

1/p

1l = / f@Pdn) L 1<p<oo ad fla = essuplfa))
Q



For 1 < p < oo, we introduce @, : X — [0, 00] by

00 otherwise.

Qp(f) = { 1QC Pllp it pla: f(z) <0} =0,

For example, we obtain for f(z) := /z on Q := [0,1] that Q;(f) = 1 while Q,(f) = o0
for p > 1. For p = oo we have that

Qoo(f) 1= sup Q(z, f).

zef)

In particular, we see in the case X = R™ that Q,(f) = (ZZZI Q(xi,f)p)l/p, 1<p< o

and Quo(f) = maxi=1,__m Q(zs, f).
The level sets {f € R?: Q,(f) < 1} for p = 1,2,3, 00 are illustrated in Fig. 1 right.

Figure 1: Left: The function ¢. Right: The "unit sphere’ of @, for p =1,2,3,00 in R2.
In the following, we always equip X with the Lo, norm so that it becomes a Banach space.

Proposition 2.2 The functional Q,, 1 < p < 0o has the following properties:
i) Qp is convex on X.
i) Qb is strictly convez on dom @), for 1 < p < cc.
iii) @, is continuous on X.

Proof: i) For f,g € X and X € [0, 1] we have to show that

QA+ (1 =XN)g) S AQp(f) + (1 =NQp(9)-

If one of the values p{z : f(z) < 0} or u{x : g(x) < 0} is positive, then the assertion is
clear. Assume that both values are zero. Then u{z : Af(z) + (1 — A)g(xz) <0} =0 and it
remains to show that

1Q (5 Af + (1 =N)g) llp < AMQC, Hllp + (1 = VIR 9)lp-



By Proposition 2.1, we obtain

and hence

1Q (A + (1 =N)g) [lp < [AQL, H)+(A=NQ( 9y < MQE, Hllp+(A=MQ( 9)lp- (3)

ii) Let f,g € dom @, with f # g and A € (0,1). Then Af + (1 — X\)g € dom @), and since
|15, 1 < p < oo, is strictly convex, we obtain together with (3) that

1Q (A + (A =Ng) [} <[AQe, ) + (1 =N 9y < AQE, NI + (1 =NIQE 9l

iii) Since @), is proper, convex and there exists a non-empty open set of dom (), where
@p is bounded above by a finite constant, it is continuous over the interior of dom @, see
[6, p. 12]. It remains to show for any function f not in the interior of dom @), and any
sequence { fy, tnen with nlLHOlO |f — fulloo = 0 that

liminf Qy(fa) > Qp(f) and  limsup Qy(fa) < Qplf): ()

n—oo

For p = oo a function f not in the interior of dom @+, has to fulfill f(z¢) < 0 for some
xo € . Then the right inequality in (4) follows immediately and the left one by

liminf Qoo(fn) = liminfmax {|[falloc = 1,11/ fnlloc — 1}
> liminf max {fu(z0) — 1,1/ fu(z0) = 1} = 00 = Quo(f).

Let 1 < p < oo. Assume that u(€y) > 0, where Qy := {x : f(x) < 0}. Then it
remains to verify the left inequality in (4). If there exists z¢ € g such that f(z¢) < 0,
then f(x) < —e < 0 in a neighborhood N(zp) of xy and there exists n(¢) such that
fn(z) < —€/2 for x € N(x¢) and n > n(e). But then linnlgf Qp(fn) = oo by definition of
Qp. Hence, we can restrict our attention to f > 0. Since f,, converges uniformly to f, for
any € > 0 there exists n(e) such that |f,| <e on Q. But then Qp(f,) > u()(1/e — 1)
for n > n(e) which goes to infinity as ¢ — 0.

Therefore, it remains to consider the case () = 0 and p{z : f,(z) <0} = 0. Then we
get by Fatou’s lemma [16, p. 17] and since lim, . Q(-, fn) = Q(-, f) a.e. that

QN = [ Quprdn= [ lmin Q. £} du < liminf [ Q.. du = imint QY1)
QN = [ Qe dn= [ timsu Q. fur du = timsup [ Q. £ dp = lmsup QY1)

n—~0o0 n—oo n—oo

This completes the proof. ]

For given f € X-p and p; € X, j = 1,...,n, we want to find a function fe span{yp; :

j=1,...,n} such that Q,( f /f) becomes minimal. In other words, we are interested in
g, Gyt 2



where A : R™ — X denotes the linear mapping

n 0
Ao = o

<~
¥;
onto its range R(A) = span{y; : j =1,...,n}.
Remark 2.3 It seems also natural to consider
G := argmin || In(f) — f|,- (6)

aeR™

For p = oo, this problem is equivalent to

& := argmin Qoo(ef/f)
acR”

The approximation with respect to the L, norm as considered in (6) is well examined, see
[14] and the references therein. For a numerical comparison of (6) for p = oo with our
approach see Example 5.1.

Since R(A) is a finite dimensional linear subspace of X it is closed. By N(A) we denote
the nullspace of A. By the following proposition, @,(A-) attains its minimum under mild
assumptions on A.

Proposition 2.4 Let R(A)Ndom @, # 0. Then Qp(A-), 1 < p < oo attains its minimum.
If N(A) = {0}, then, for 1 < p < oo, the functional Q,(A-) has a unique minimizer.

Proof: The restriction Qplgr4) of @, onto the reflexive Banach space (R(A), || - [|oo)
is a proper, convex, lower semi-continuous functional which is in addition coercive since
lf =1, < Qp(f). Thus, @, attains its minimum on R(A). By definition of R(A) a
corresponding minimizer has the form A& for some & € R™ and this is also a minimizer of
Qp(A).

For 1 < p < oo, the minimizers of @, and Q) coincide. Since @} is strictly convex on
dom @, it has a unique minimizer ¢ € R(A) and since N'(A) = {0} this implies that there
exists a unique & € R™ such that © = A&. This completes the proof. ]

3 Minimization by second order cone programming

In this section, we deal with the discrete setting, i.e., we consider Q := {x1,...,z,,} and
X :=R"™. Then for f := (f(x;))~, € RZ, the linear mapping A can be represented by
the matrix A == (p;(zi)/ f(2:));Z,. We suppose that n < m and that A has full range n

so that N (A) = {0}. Then, for p = 1,2 and oo, the problems

& = argmin QP (Aa), resp., & = argmin Q(Aa) (7)
acR? acRn?



can be simply solved by second order cone programming (SOCP). In general, SOCP can
be applied for solving problems of the form

m%l (c,x) subjectto Mz+be K (8)
zeR?

where ¢ € R, b € R, M € R%® and K is the product of convex cones of the form RZ,,

{0} or

L™ :={@" z.)" = (z1,...,2:)" : [|Z|]2 <z}
L] := {(ET,xT_l,:ET)T = (z1,...,2.)"  |Z|3 < 22712, Tro1 > 0}.

Software packages like MOSEK [1] provide efficient large scale solvers for problems of this
kind. For details on SOCP we refer to [9]. It remains to rewrite (7) into the form (8).
For p = oo, problem (7) is equivalent to the constraint problem

min Qoo (u) subject to Aa=wu
uER™ acR"™

which can be rewritten as

SH N

min a—1 subject to Aa=wu, 1<a, — < u<a, (9)

a€R,uceR™ acR”

where the inequalities are meant componentwise. The first two constraints and u < a are
cone constraints with K = {0} or R% . The remaining constraints 1 < au; are equivalent

to /224 (a —u;)?2 <w;+a,i=1,...,m and can therefore be reformulated as

0 0 o 2
-1 1 <>+ 0| e L%
11 a 0

For p =1, problem (7) can be rewritten as

m

min E
uER™ aeR™ 4 1
1=

and in SOCP—form as

max{u(x;),

}—1‘ subject to Aa=u, 0 <u

1
u(;)

m
1
min Zai—m subject to Aa=u, 1<a, — <u<a
a,u€R™ acR™ =1 a
For p = 2, problem (7) is equivalent to
m 2
min Z max{u(z;), L} -1 subject to Aa=u, 0 <u
uER™ qeR™ i1 u(:z:l)
and further to
= 1
min Zci subject to Aa=wu, 1<a, — <u<a, b=a—1, b*<ec.
a,b,c,ucR™, aeR™ =1 a

6



As in the previous problem these are second order cone constraints, where the fifth con-
dition is related to a rotated second order cone with (b;,c;,1/2)* € L3, i=1,...,m.

We finish this section by an example. Since our original motivation to deal with this topic
comes from query optimization in relational database management systems we give an
example with data from this area.

Example 3.1 The dots in Fig. 2 show the number of authors for a given number of
citations between 256 and 512 times as extracted from the citeseer top 10.000 cited com-
puter science authors. The solid lines are the approrimations of the data by polynomials
of degree 1,2 and 4 with respect to @, for p = 1,2,00. The dashed lines in the bottom

figures Ashow the approximations by el from problem (6) in Remark 2.3, with p = oo,
where f is again a polynomial of degree 1,2 and 4. The corresponding minimal values of
Qp(f/f) are given in the following table. The last column of the table shows the value

max max{f(xi)/ef(xi) -1, ef(xi)/f(:ni) — 1} for the approximation (6) with p = oc.

degree | G Q2 Qoo | Qoo, cxp
1] 64.3062 | 30.2001 | 1.1606 | 1.1077

2 60.6107 | 25.5951 | 0.9740 1.0448
3 60.5563 | 25.5942 | 0.9700 0.9957
4 60.4704 | 25.5163 | 0.9321 0.9493

4 The (), functional

In this section, we have a closer look at the (J functional. In particular, we are interested
in conditions on A : R™ — X such that the minimizer of Q. (A-) is unique. Let X’ denote
the dual space of X. Of course (R™)" = R™, while the dual space of (C'(2), | - |loo) is the
Banach space M () of regular (signed) Borel measures equipped with the total variation.
Note that we know by the Krein—-Milman theorem and the theorem of Alaoglu [15, Sec.
VIII] that

{pe M(Q): |Ip]| <1} =conv {&,0(z) : |&| =1, = € Q},

where (6(z), f) = v(z) for all f € C'(2) and conv denotes the closure of the convex hull in
the weak* topology of X'.

In the following, we assume that R(A) N dom Qs # () such that a minimizer of Q. (A-)
exists. Note that dom Qo = X~¢. Further, we see that there exists u € R(A) with

Quo(u)=0 & u=1 < 1eR(A),

so that we restrict our attention to the nontrivial case Qoo(u) > 0.
The subdifferential 0Q~ (u) of the proper convex functional Q at u € X~ is defined as

0Qoo(u) == {p € X" : Quo(t) < Quo(v) + (p,u —v) Vv € X}. (10)



Figure 2: Approximation by polynomials of degree 1, 2 and 4 (left to right). Top: with

respect to Q1. Middle: with respect to Q3. Bottom: with respect to Qoo and ef for f
approximated by (6) with p = oo (dashed line).

By Fermat’s rule we know that & is a minimizer of Q := Quo(A:) if and only if
0 € 9Q(&) = A*0Qu0(Ad). (11)

Therefore we are interested in 0Q. We will show that 0Q.(u) is the weak* closure of
certain linear combinations of Dirac measures. To this end, we need the following theorem.
The proof can be found, e.g., in [10, pp. 201].

Theorem 4.1 Let Q) be a compact topological space and let X be a separable locally convex
topological space. Let F(x,u) be a function on  x X which is upper semi—continuous in
x for every u € X and convez in u for every x € Q. Set G(u) = sup,cq F(z,u). If F(x,-)
is continuous at u for any x € ), then

0G(u) =conv {0, F(z,u) :x € Q, F(z,u) = G(u)} .



This theorem can be used to prove the following theorem.
Theorem 4.2 Let u € X+g with Qoc(u) > 0 and let
E=E@):={recQ:Q u)=Qx(u)} (12)
be the extremal set of u. Then the subdifferential of Qo at u is given by
0Quc () = T { (Qu (1) + 1)~ 6,5(a) : x € B}
where 6, := sgn(u(z) —1).

Proof: Let a := Q(u) +1 > 1. By Proposition 2.1 and Theorem 4.1 with F(x,u) :=
Q(z,u) and G := Q it remains to show that

Q) =00 = { _ ) ) 25

Let z € E and p € 0Qy(z,u). Then p has to fulfill
Qz,u) < Qz,v) + (p,u—v) YveX. (13)

Set v := uw=+ h, h € X, where h(z) = 0 so that Q(z,u) = Q(z,v) = a — 1. Then (13)
implies for any h € X with h(z) = 0 that

0<+(p,h) < (ph)=0.

reFk.

Consequently, p is supported on z, i.e., p = ¢d(x).
If a = u(z), then (13) implies

a—1<Q(z,v)+cla—v(x) YveX
and choosing v € X such that v(z) > 1 we obtain

a—1 < o) —=1+c(a—v(2)),
0 < (1—¢)(v(x)—a).
Choosing v € X such that v(z) > a and then such that v(z) < a, this implies that ¢ = 1.
If 1/u(z) = a, then (13) can be rewritten as
1
a—1< Q(a:,v)+c<a —v(m)) Yve X

and for v € X with v(z) < 1 we get

1 1
a—1 < @—1—#0(5—@(1’)),
0 (a+cv(z)) (1 —av(x)).

In the case v(z) < 1/a, this implies that a + cv > 0, i.e., ¢ > —a?. Choosing v € X such
that v(z) > 1/a we conclude that ¢ < —a? so that finally ¢ = —a?. This completes the

proof. O

A

The following theorem characterizes the minimizers & = argmin Qo (A-).



Theorem 4.3 Let A : R" — X be given by Aa := Z?:l a;i, Y € X, where R(A) N
Xoo # 0 and 1 ¢ R(A). Assume that R(A) contains only functions u for which the set
E(u) defined by (12) is finite. Then

& = argmin Qo (Aa) and 4= Ad, a=Qu(Ad) + 1 (14)
acR?
if and only if there exist ANeERL < n+1 with )\ #0,i=1,...,t and &; € E(a),
i=1,...,t such that

t ~
i) 2)\2'1/1]'(332') =0, j=1,...,n,
t ~

iii) if X\ > 0 then u(2;) = a and if A\i <0 then w(z;) = %

Proof: By (11), we have that & is a minimizer of Qo (A-) if and only if there exists
P € 0Qo0(Aé&) such that 0 = A*p = ((p, %))?zl. By Theorem 4.2 we know that p has the
form
p= > i 0,6(x)
z, €E(Q)

with p; >0, >, s = 1. Thus, & is a minimizer of Q. (A-) if and only if

0= Z i dl—GziQIiw]’(wi), j = 17___777“
x,€E(w)

In other words, 0 is a convex combination of the n-dimensional vectors (dl_e%‘ 02,0; (a:,)) "

j=1'
By Carathéodory’s theorem we know that for any subset D C R™, any point of conv(D)
can be expressed as a convex linear combination of ¢ < n 4+ 1 points of D. Consequently,
there exist ¢ < n + 1 points Z; from F () and fi; > 0, Zle fi; = 1 such that
t
0=> a0 9;(2:), j=1,....,n.
i=1 /\T’_

We have that \; 6z, > 0 and Zle [ = Zle \i deji_lt%i — 1. If \; > 0 then 0z, =1 and
(Z;) = a by definition of E(a). Conversely, if A\; < 0 then 6;, = —1 and 4(z;) = 1/a.
This finishes the proof. O

Corollary 4.4 Let the assumptions of Theorem 4.3 be fulfilled. Let
& = argmin Qo (Aar), 1= A&, a=Qx(Ad) + 1

and let ; € E(4), i = 1,...,t denote the points in i) - iii) of Theorem 4.3. Then, any
other minimizer & of Qoo(A-) and 4 = Aa fulfill

A~

a(z;) = a(2;) = ab.

10



Proof: By Theorem 4.3 there exist A € R! such that

t
=1

and 5\29% > 0. Taking this into account we obtain

t
DIl fa% -1
=1

Il
>
—_
>
—~
=
N
|
—_
~—

i=1
t n i

= SN auw@) - 3 A
i=1 j=1 i=1
n t R t R ¢ ~

= Y aY i) - A = =30k
j=1 =1 i=1 =1
t

= Zj\i(ﬂf -1) ZP\!@%@ )= 1).
i=1 i=1

For those &, i = 1,...,t with 03, = sgn(@(d&;) — 1) we have that |a(z;) — 1| < |a%: —1|.
Then we get for the remaining indices in [ :={i =1,...,t: 03, # sgn(a(z;) — 1)} that

Y Ihilfa% =1 < Al b5, (a(@i) — 1) < 0.

iel el

Since the left-hand side is positive, this implies that I is empty and that 4(z;) = a%i. 0

Now we can address the question of the uniqueness of the minimizer.
First, we consider the discrete setting X = R" with

A= (s F @)™ = (W (@), (15)

By spark(A) we denote the smallest number of rows of A which are linearly dependent. In
other words, any spark(A)— 1 rows of A are linearly independent. For the ’spark’ notation
we also refer to [5].

Theorem 4.5 Let A € R™"™, m > n such that spark(A) = n+ 1. Then Qu(A:) has a
unique minimizer which is determined by n + 1 rows of A, i.e., there exists a set E c
{x1,...,2m} of cardinality |E| = n + 1 such that Quo(A-) and Qoo(Alg-) have the same
mianimum and the same minimizer. Here Al denotes the restriction of A to the rows
belonging to E.

Proof: Let F := {Z;:i=1,...,t}, t <n-+1 denote the points in Theorem 4.3. Then we
have by i) of Theorem 4.3 that (A|E)*;\ = 0. If ¢t < n, this implies by spark(4) =n +1
the contradiction \ = 0. Thus, t = n + 1. In particular, if m = n + 1, then z; and Z;,
1=1,...,n+ 1 coincide.

11



Assume now that there exist two different minimizers & and & of Qx(A:). Then we
conclude by Corollary 4.4 that A|;(& — &) = 0. Since A|; € R™*1" has full rank this is
only possible if & = a.

Similarly, if 3 is a minimizer of Quo (A|z-), then Corollary 4.4 implies that Az (& — B) =0,
ie., &= B and we are done. ]

Remark 4.6 In general the condition spark(A) = n + 1 is not necessary for Qs (A-) to
have a unique minimizer. However, if A € R™1™ and R(A)NRY{T # 0, then spark(A) =
n+ 1 is also necessary for Qso(A-) to have a unique minimizer.

Next, we consider the continuous setting with

Aa:= ) o)/ f(z),  f>0. (16)
j=1
A set of continuous functions ¢; : @ — R, j = 1,...,n is called a Chebyshev set or a

Haar set, if every non-trivial linear combination of these functions has at most n — 1
zeros in 2. In other words, for any collection of n pairwise distinct points x; € €2, the
matrix (¢;(2;)); ;- and the matrix diag(1/f(2:))iey (05(2:)); =, = (wi(z)/f(@i)} -
is invertible. In particular, in this case the matrix (15) fulfills spark(4) = n + 1. Of
course, depending on the points x;, the condition spark(A) = n + 1 can be also fulfilled
if {¢; : j = 1,...,n} is not a Chebyshev set. For an interval Q = I C R, the set of
polynomials ¢;(z) = 2°~%, i = 1,...,n forms a Chebyshev set. Unfortunately, for Q C RY,
d > 2 there does not exist a Chebyshev set of n > 1 continuous functions.

Theorem 4.7 Let the functions ¢; : I — R, j = 1,...,n form a Chebyshev set and let
A be defined by (16). Then the minimizer of Quo(A-) is unique and is determined by the
solution of the corresponding discrete problem at n + 1 points of I.

Proof: Let £ := {#; :i=1,...,t} denote the points in Theorem 4.3. Then we have by
i) of Theorem 4.3 that (A| E)*S\ = 0. Since {¢;}7_; is a Chebyshev set, this implies for
¢t < n the contradiction A = 0. Thus, ¢ = n + 1 and the rest of the proof follows as in the
proof of Theorem 4.5. O

Similarly as the best approximating function from the span of a Chebyshev set with respect
t0 || + ||oo, the minimizing function & = A& of Qo (A-) shows an alternating behavior in
the n 4+ 1 points ;.

Theorem 4.8 Let p;j: I — R, j=1,...,n form a Chebyshev set and let &1 < ... < Zp41
denote a set of points fulfilling i) - iii) of Theorem 4.3. Let A be defined by (15) or (16).
Then the components of the corresponding vector A € R have alternating signs. In other
words, the values 0(i;) = f(2:)/f(&) coincide alternatingly with & := ming Queo(Aa) + 1
and 1/a.

12



Conversely, if there exists ¢ > 0 and & € R™ such that
j=1
then max{c,1/c} = a and & = argmin,, Qo (Ax).

Using Theorem 4.3 the proof follows similarly as for the || - ||oo approximation, see [14].
We add the proof for convenience.

Proof: Let ® € R"t1" and A € R be defined by

o1 aj

= (p;(2 ))nH o : and A := diag (l/f(ji))?ill e =

Ppt1 D U1
By ®;, A; € R™" we denote the matrices obtained from ®, A by cancelling their i-th row.
By Theorem 4.3 i) we know that
0=A"A=0" D\ & O (i, [in)" = —fin+10ni1- (18)
fi
Since f > 0 the components of ji have the same signs as those of \. Then it follows by
Cramer’s rule that

(—1)"~idet B,
det @n+1

~

1 N N
i = mdet((bla---a¢i—17_ﬂn+1¢n+l7¢i+la"'7¢n) = —fint1

Because {¢;}; is a Chebyshev set, sgn (det ®;) coincides for all i = 1,...,n+ 1, see [14,
p. 55] and we obtain the first assertion.
Conversely, assume that (17) is fulfilled. Then we have that

St ey Q= am_lAnJrl (c(_l)i>:;1. On the other hand, we obtain by (18) that

~ ~

Ag-ﬁ-l(j‘l? ey )\n)T = —Apt1lpit,
ALy dn) = _5\n+1ag+1A;i17
Aty A A = al AL

so that
e 1. A o /21 [n/2]
c =3 +1()\1, S An) (c )i:1 - Z At
n n =1 n+1 =1

However, ¢ > 0 is uniquely determined by this equation which is also fulfilled by a or 1/a.
The rest of the assertion follows by the uniqueness of the minimizer. O
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Let x1,...,2,4+1 € I be pairwise distinct points. To find the unique polynomial f €
I, 1 =span{x’~!:i=1,...,n} with the property that

fla) 1)

= , i=1,...,n+1
f(zi)
for some ¢ > 0, Dahmen [4] proposed the following method, compare [14, p. 79] for
the ordinary || - ||« approximation: compute the interpolating polynomials p,q € II,

corresponding to the knots (z;, f(z;)), i = 1,...,n+ 1 and (x;,9(x;)), i = 1,...,n+ 1,
resp., where g(z;) := (—1)""! f(=;). The leading coefficients a,, of p and b, of ¢ are the
divided differences a,, = f[x1,...,zp4+1] and b, = g[x1,...,2y4+1]. We know that b, # 0,
since there doesn’t exist a polynomial in II,,_; with n zeros. It is not hard to show that
|an| # |bnl. If @, = 0 we are done and f = p. If |a,| < |bn|, we set

fi= (p—eq)/V1—¢e%2 where e:=a,/b, € (—1,1).
By construction we have that f € II,_; and f(x;) = f(x;)(1 4 (=1)%)/V1 — €2, i.e.

fa) Vi—(Cpe ¢ 0 “TV1—¢&

If |a,| > |bn|, we change to roles of p and gq.
This method can be generalized for other Chebyshev sets but is less efficient if we have no
analog to fast polynomial interpolation methods.

Based on the computation of the best (), approximation with respect to n+ 1 points (by
the above method or SOCP) we can modify known methods from ordinary best || - ||oo
approximation to find the overall best (0, approximation. We have only to be careful with
negative function evaluations which may appear in the algorithm. They can be handled
by ideas from the following remark. In the discrete case, an ascending (or descending)
algorithm can be applied and in the continuous case Remes-type algorithms, see [14] or
also the algorithm in [8].

Remark 4.9 In [8], the univariate best approximation with respect to the generalized
relative error

1(f = )/ max{If], 1f 1} loc (19)

for linear combinations f of a Chebyshev set was considered and a linear Remes-type
algorithm was proposed. The algorithm is based on an alternation theorem which was
announced to be in a submitted paper. To the best of our knowledge, this paper has never
been published. In contrast to our functional which reads

Imax{f/f, f/f} = oo = I(f = )/ min{f, fHlo, f,f>0 (20)
the functional in (19) is not convex in f. Using quotients with y = f(x)/f(x) the point
evaluations in (19) read

L (1—y forlyl <1,
qly) = { 1— % for |y| > 1 (21)



instead of (1). Note that 4(y) > 1 for y < 0. For f > 0 both functionals (19) and
(20) have the same minimizer which can be seen as follows: the function f minimizes our
functional

lmax{f/f, f/f oo = |11/ min{f/f.f/f oo, f>0

if and and only if it minimizes

I(f = )/ max{f, fHlo = |1 —min{f/f,f/F}]oo

as long as the minimizer of (19) is indeed positive. This is always the case by the following
argument: Let f > 0 be the minimizer of our functional (20) and a := Qoo(f) + 1.
Then 1 — min{ f(z)/f(z), f(x)/f(z)} <1 —1/a for all x € I. Assume that there exists
a minimizer f of (19) with f(Z) < 0 for some & € I. But then, by (21), we have
1£(&) — f(@)|/ max{|f(@)|,|f(®)|} > 1 such that f cannot be a minimizer. Thus, for
f >0, any minimizer of (19) is automatically positive.

Since for f > 0 both functionals (19) and (20) have the same minimizer, our convex
approach proves also the alternation theorem for the best approximation with respect to
the generalized relative error. Conversely, for computations one can alternatively use the

error measure (19).
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