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Abstract. In the standard scale space approach one obtains a scale
space representation u : R? x R* — R of an image f € L2(R%) by means
of an evolution equation on the additive group (R%,+). However, it is
common to apply a wavelet transform (constructed via a representation
U of a Lie-group G and admissible wavelet ) to an image which provides
a detailed overview of the group structure in an image. The result of such
a wavelet transform provides a function g — (Uy®), f)i,x2) on a group G
(rather than (R%, 4)), which we call a score. Since the wavelet transform
is unitary we have stable reconstruction by its adjoint. This allows us to
link operators on images to operators on scores in a robust way. To ensure
U-invariance of the corresponding operator on the image the operator on
the wavelet transform must be left-invariant. Therefore we focus on left-
invariant evolution equations (and their resolvents) on the Lie-group G
generated by a quadratic form @ on left invariant vector fields. These
evolution equations correspond to stochastic processes on GG and their
solution is given by a group convolution with the corresponding Green’s
function, for which we present an explicit derivation in two particular
image analysis applications. In this article we describe a general approach
how the concept of scale space can be extended by replacing the additive
group R? by a Lie-group with more structure

1 Introduction

In the standard scale space approach one obtains a scale space representation
u : R? x Rt — R of a square integrable image f : R — R by means of an
evolution equation on the additive group (R%,+). It follows by the scale space
axioms that the only allowable linear scale space representations are the so-called
a-scale space representations determined by the following linear system

Osu = —(—A)%u, 0<a<l
u(-, s) € La(R?) for all s > 0 and u(-, s) — 0 uniformly as s — oo (1)

U(~, O) =f
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including both Gaussian @ = 1 and Poisson scale space a = é, [6]. By the
translation invariance axiom these scale space representations are obtained via a
convolution on the additive group R%. For example if d = 2, o = 1 the evolution

system () is a diffusion system and the scale space representation is obtained
1 =l

by u(x,s) = (Gs * f)(x) where G4(x) = ,- e~ 4 denotes the Gaussian kernel.

T 4dws
Its resolvent equation (obtained by Laplace transform with respect to scale) is

(~A+yDu=feu=(-A+I)7'f (2)

the solution of which is given by u(x,v) = (Ry * f)(x), where the kernel

1 _
Ry ==, kol ). x e R (3)

equals the Laplace transform of the Gaussian kernel s — G(x) expressed in the
well-known BesselK-function ky. To this end we note that fooo eSAf e ds =
—v(A — yI)~1f. Although this explicit convolution kernel is not common in
image analysis it plays an important mostly implicit role as it occurs in the
minimization of a first order Sobolev norm

Eu) = lullfp ey = llu = FIL, @) + IVulL,@s)-

Indeed by some elementary variational calculus and partial integration one gets
E'(u)w=((yI-A)yu—~f,v) and & (u)v=0 for all v € Lo(R?) iff u=y(yI — A)~1f,
where R, = y(yI — A)716 = v [[Te %26 ds = v [T e77*G, ds. The con-
nection between a linear scale space and its resolvent equation is also relevant
for stochastic interpretation. Consider f as a probability density distribution of
photons. Then its scale space representation evaluated at a point (x,s) in scale
space, u(x, s), corresponds to the probability density of finding a random walker
in a Wiener process at position x at time/scale s > 0. In such a process travel-
ing time is negatively exponentially distributed.Now the probability density of
finding a random walker at position b given the initial distribution f equals

p(b) = / T p(bIT = p(T = 1) di = ~ / TG f) = (] — )

In the remainder of this article we are going to repeat the above results for
other Lie-groups than (RY,+). Just like ordinary convolutions on R? are the
only translation invariant kernel operators, it is easy to show that the only left
invariant operators on a Lie-group G are G-convolutions, which are given by

(K * f)(g) = /G K(h9)f(h) duc(g). (4)

where g is the left invariant haar measure of the group G. However, if the Lie
group G is not commutative it is challenging to compute the analogues of the
Gaussian and corresponding resolvent kernel.
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Definition 1. Let H be a Hilbert space and let G be a group with unit element e.
Let B(H) denote the space of bounded operators on H. Then a mapping R : G —
B(H) given by g — Ry, where Ry is bounded for all g € G, is a representation if
RgRn = Rgn for all g,h € G, with R = 1 . If for every g € G the operator R,
is unitary (so |Rqf|| = || f|| for all f € H) the representation is called unitary.

Definition 2. An operator on Lo(G) is left invariant if it commutes with the left
regular representation given by (L,U)(h) = U(g~'h), U € Ly(G),h,g €G.
So an operator @ on Lo (G) is left invariant if Lyo P = Po L, for all g € G.

The motivation for our generalization of scale space theory to arbitrary Lie-
groups comes from wavelet-theory applications where one applies a wavelet trans-
form Wy, : La(R?) — La(G) to the original image f € La(RY) to provide more
insight in the group structure of an image. Such a transform is usually given by

Wy f)(9) = Ugt; [La e (®)

where the wavelet 1 is admissibld] and a unitary representation U : G —
B(L2(R%)) of a certain Lie-group G. Provided that 1 is admissible such wavelet
transform is an isometry from Ly(R%) into Lo(G) and thereby we have perfectly
stable reconstruction by the adjoint wavelet transformation; f = Wj, Wy f), al-
lowing us to link scale operators on images and their scores Uy := Wy f in a
stable manner. We must consider left invariant operators on Uy, see figure[Il

2 Scale Spaces on Lie-Groups: The General Recipe

In this section we provide a general recipe for scale spaces on Lie-groups. In con-
trast to other work on scale spaces via Lie-groups we consider the left-invariant
vector fields on the Lie-group itself, rather than infinitesimal generatorsﬁ of the
representation U on Ly (R9), [15]. The main advantage over the infinitesimal gen-
erators is that these vector fields are defined on the group manifold G rather
than R%. Moreover, they give rise to left-invariant evolution equations on Ly (G).

First we compute the left-invariant vector-fields on a Lie-group. By definition
those are vector fields on G, with unit element e, such that

ng:Xe(fOLg)v (6)

for all f € C*°(£2,) defined on some open neighborhood 2, of g € G, where we
note that L,h = gh denotes the left multiplication on the Lie-group. Note that
by (@) the restriction X, of a left invariant vector field X is always connected by
its restriction to the unity element X.. Consequently such left invariant vector

? this is a condition on 1 to ensure that | Wy fllL,(c) = | fllL,@ay for all f € Lo(R?).

3 The left invariant vector fields are obtained via the Lie-algebra T.(G) = {A1,... A,}
by means of the derivative of the right-regular representation on Lg(G) by
{dR(A:)}i=1, whereas the infinitesimal generators are obtained by the derivative
of some representation U on L2(R?) by {dif(A:)}i=;.
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Image We Score
f € L2(R?) Us € C¢ C La(G)
T P
Processed Image Processed Score
Y[f] = Wj[@[Uy]] (e (U] € L2(@)

Fig. 1. The complete scheme; for admissible vectors 1 the linear map W, is unitary
from Lo (RR?) onto a closed subspace V of L2(G). So we can uniquely link a transfor-
mation @ : V. — V on the wavelet domain to a transformation in the image domain
T = (W) o® oW, € B(L2(R%)), where (W},)**" is the extension of the adjoint
to Lo(G) given by (W)U = [, Uyp U(g)duc(g), U € La(G). It is easily verified
that Wy olUy = Ly oW, for all g € G. As a result the net operator on the image
domain 7 is invariant under & (which is highly desirable) if and only if the opera-
tor in the wavelet domain is left invariant, i.e. Y oldy = Uy o T for all g € G if and
only if o L, = L, 0@ for all g € G. For more details see [4]Thm. 21 p.153. In our
applications [8],[5], ] we usually take & as a concatenation of non-linear invertible
grey-value transformations and linear left invariant (anisotropic) scale space opera-
tors, for example ®(Us) = v*P((Q(A) — 1)~ (U;)? (Q(A) —~I) = (U;)?)"/?, for some
sign-preserving power with exponent p > 0. A nice alternative, however, are non-linear
adaptive scale spaces on Lie-groups as explored for the special case G = R? x T in [a].

fields are isomorphic to the tangent space T.(G) at the unity element e € G, also
known as the Lie-Algebra of G. The isomorphism between T, (G) and the space
of left invariant vector fields £(G) on G (considered as differential operators) is

T.(G) 5 A— Ac L(G) & Ayzp=A(h— ¢(gh)), for all p € C*(£2,). (7)

The Lie-product on T.(G) is given by [A, B] = ltifg a(t)b(t)(a(t))tz_l(b(t))_lfe , where

t +— a(t) resp. t — b(t) are any smooth curves in G with a(0) = b(0) = e
and a’(0) = A and b'(0) = B, whereas the Lie-product on £(G) is given by
[A,B] = AB — BA. The mapping () is an isomorphism between T,(G) and
L(G), so A — Aand B « Bimply [A, B] < [A,B].

Consider a Lie-group G of finite dimension, with Lie-algebra T.(G). Let
{41,...,A,} be a basis within this Lie-algebra. Then we would like to con-
struct the corresponding left invariant vector fields {A;,...,A4,} in a direct
way. This is done by computing the derivative dR of the right-regular represen-
tation R : G — B(LL2(G)). The right regular representation R : G — B(L2(G))
is given by (R,®P)(h) = $(hg), for all & € Ly(G) and almost every h € G. It is
left-invariant and its derivative dR, which maps T.(G) onto L(G), is given by

(dR(A)®)(g) = lim (Rexp(4)P)(g) = 2(9)

lim ; , AeT(G), P €la(G),g € G. (8)

So a basis for L(G) is given by
{Ala AQa v aAn} = {dR(A1)7 dR(A2)7 ce 7dR(An)} (9)
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Now let Q@ = QP2 be some bilinear/quadratic form on £(G), i.e.
QP (A Az, Ag) =D aiAi + Y D AiA;, ai, Dy €R, (10

where we will assume that the matrix D = [D;;] is symmetric and positive
semi-definite, and consider the following evolution equations

W = Q(A1, Az, ..., Ay) W,
lim W(-,5) = Up (), (11)

the solutions of which we call the G-scale space representation of initial condition
Uy (which is the score obtained from image f by Wy[f]). The corresponding G-
Tikhonov regularization due to minimization of

E(u) = ||“||H2-111(G) =||u— f||L2(G) + Z Dig|| Aiul|3, () 1s again obtained by

Laplace transform with respect to scale yielding the following resolvent equations
(*Q(Al,AQ,...,An)Jr’}/I) PW :"yUf, (12)

with P, = vL(s — W(:,s))(y) and where traveling timeof a random walker in
G is assumed to be negatively exponentially distributed with s ~ NE(7).

We distinguish between two types of scale space representations, the cases
where @) is non-degenerate and the cases where @) is degenerate. If ) is non-
degenerate the principal directions in the diffusion span the whole tangent space
in which case it follows that (I]) gives rise to a strongly continuous semi-group,
generated by a hypo-elliptic operator A, [12], such that the left-invariant op-
erators Uy — W(-,s) and Uy — P, are bounded operators on L, (G) for all
v,8 > 0 and by means of the Dunford-Pettis theorem [2] if follows that the
solutions of (1)) and (I2)) are given by G-convolutions with the corresponding
smooth Green’s functions

Wi(g,s) = (Ksx*q Uy)(9), K, € C*(G),s>0 (13)
Py(g) = (Byxc Us)(g), Ry € C(G\{e}),
where K and R, are connected by Laplace transform R, = vL(s — K;)(7).
The most interesting cases, however, arise if () is degenerate. If Q) is degenerate
it follows by the general result by [I1] the solutions of (I1]) and (I3) are still given
by group convolutions ([I3). The question though is whether the convolution
kernels are to be considered in distributional sense only or if they are smooth
functions. If D = 0 the convolution kernels are highly singular and concentrated
at the exponential curves within the Lie-group. If D # 0 is degenerate diffusion

a
takes place only in certain direction(s) and we can write Q(A) = > A? +
=

Ay, d = rank(Q) where Ay is the convection part of Q(A) and where A; are
d-independent directions along which @ is not degenerate. Now it is the question
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whether the non-commutativity of the vector fields results in a smoothing along
the other directions. By employing the results of Hérmander[12] and Hebisch[IT]
we obtain the following necessary and sufficient conditions for smooth scale space
representations of the type (I3]): Among the vector fields

Ajn[“ztjlﬂ"zljz]v"'["len[Ajza[Ajsﬂ"WAjkmu'aji =0,1,...d (14)

there exist n which are linearly independent.

3 Examples

Spatial-Frequency Enhancement via left invariant scale spaces on
Gabor Transforms: G = Hs, Q(A) = D11(A1)? + D22(A2)?

Consider the Heisenberg group Hag,1 = C% x R with group product:
d
99 = (z,)(z,t") = (z+ 2, t +t' +2TIm{ Y 2;2}}), where z; = z; +iw; €C
j=1

and consider its representations U, ()\x,w,t) on Ly (R9):

U ) (&) = NETTREDNy (e —x), p e Lo(RY), xw ERTAER.
The corresponding wavelet transform is the windowed Fourier/Gabor transform:

x, &)
t_( S ))

Welf)(9) = Us®, Frams) = e [ (e =x)7(€e M@ ag

This is useful in practice as it provides a score of localized frequencies in signal
f. Denote the phase subgroup of Hagq1 by © = {(0,0,t) | t € R}.

Now U* is a unitary, irreducible and square integrable representation with
respect to Hagqy1/6 with invariant measure djup,,,,/6(9) = dwdx. Therefore
by the theory of vector coherent states, [I], we employ that A

//|W¢[f](x,w,0)|2dxdw:0w/ |f(x)]? dx,
Rd JRA R4

for all f € La(RY) and for all ¢ € La(RY). As a result we obtain a perfectly
stable reconstruction by means of the adjoint wavelet transform

Foo= e WiWef = 6, e o Wolll@) Ut dur,,,, je(9), ie.
1€ = clq/, o foa Wy ) (x, 0, ) 6M[(£¢d)+(t/4)*(1/2)(x,w’)]¢(£7X) dx dw,

for almost every & € R? and all f € Ly(R%).

Now that a stable connection between an image f and its Gabor-transform
Wy [f] is set we can think of left invariant scale spaces on the space of Gabor
transforms which is embedded in Lo(Hazq4+1/0). Following the general recipe

- d
* Note that Cy=[44 [z |(U<Ax+iwyo)w,1/1)|2dxdw:<2/\) HwHEQ(Rd)< oo for ally €Lz (R,
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as described in Section 2] we compute the left invariant vector fields from the
2d + 1-dimensional Lie-algebra T, (G) spanned by

T.(G)=({(e:,0,0),(0,e;,0),(0,0,1)}; j=1,...a) = ({A1,..., Aa, Aat1, ..., A2d, A2ay1})
by means of A;1¢p = dR(A;)Y = }iné 1 (R(emi) — I) 1. A straightforward calcu-
lation yields the following basis for £(Hag+1):

.A,' = 8357 + QWiataAd+i = 8% — 2xi8t, for i = 1, ey d7 and A2d+1 = 8t,
the commutators of which are given by
[Ai, A;] = —46ji4a A2dt1, 1,5 =1,...,2d, [A2q41,4;] =0, 5=1,...,2d+ 1. (15)

Here we only consider ([Tl for the case where the quadratic form equals

d
A) =" Dj; (A)? + Datjars (Aar;)>. (16)
j=1
Condition (I is satisfied. In this case the scale space solutions K2, P (I3)
initial condition W(:,-,-,0) = Uy € Lo(Haq+1) of ([l are group convolutions
@) with the corresponding Green’s functions K2 and R.. For d = 1 we get:

WP (z,w,t,s) = (KP %y, Us)(z,w,1)
=[[ [ KP(z—a2w—wit—t'—2(zw'—2'w)) Us (2, ') dtdw'da’
R R R+ (17)

P}/)(x,w t) = (RD sy Up)(z,w,t)

fffRDx rw—wt—t' —2(zw’ —2'w)) Us (2,0, t') dt’dw'da’.
RRR

Next we derive the Green’s functions KP and R.. First we note that in case
Dj;j = Dgtja+; = 5 operator ([[B) coincides with Kohn’s Laplacian, the funda-
mental solution of which is well-known [10]. As there exist several contradicting
formulas for this Green’s function, we summarize (for d = 1) the correct deriva-
tion by Gaveau [I0] which, together with the work of Lévy [13], provides impor-
tant insight in the non-commutativity and the underlying stochastic process.

For d = 1 the kernel KP can be obtained by the Kohn Green’s function

Di1=13,Dos=

1
K := K 2 by means of a simple rescaling

D
K2 (z,y,t) = \/D11 \/Dzz Y, \/D11D22 t) (18)
K(xwt)—s zKl(\/g Vs S)-

Next we rewrite Kohn’s d-dimensional Laplacian Ay in its fundamental form:

Ag = (8IL)2 + (8%)2 + 4w; 8IL8t — 4x; &diat + 4‘Z¢|2(at)2

I
ﬂ'Mi iy

7

2d+1 B 2d4+12d+1 N 2d [2d+1 2 (19)
Z AighAj= 3 3 AiloTo) A= | X oA |,

=1 i=1 j=1 k=1 \ j=1
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with G = oTg € RGIHIXCAHY) G = [¢1] ¢ = [0M], o € R2¥*(24+1) given by

69 ifi<2d,j < 2d,
o =< 2w, ifi=2p—landj=2d+1, p=1,...,d
—2z, ifi=2pand j=2d+1, p=1,...,d

where we recall that z; = z; + iw;. By ([J) the diffusion increments satisfy
(dx', ..., dx% dw?, ..., dwd, dt) = (dx!,...,dx, dwt, ... dwd)e,

so that dt =2 ijl wjdz; — x;dw;. So in case G = Hyg41 the diffusion system
(D is the stochastic differential equation of the following stochastic process

Z(s) = X(s) +iW(s) = Zo + &5, £ = (&1, 6a), & ~ N(0,1)

d s (20)
T(S) =2 Z ijdX] — deWj, s>0
j=10
so the random variable Z = (Z3,...,Z4) counsists of d-independent Brownian

motions in the complex plane The random variable T'(s) measures the deviation
from a sample path with respect to a straight path Z(s) = Zg + s(Z(s) — Zo) by
d s

means of the stochastic integral T'(s) =2 5. [ W;dX,; — X;dW;.

§=10
To this end we note that foifl s — (z(s),w(s)) € C°(R*,R?) such that the
straight-line from X, to X (s) followed by the inverse path encloses an oriented
surface 2 € R?, we have by Stokes’ theorem that

2u(2) = — /O(S(X’(t)W(t) FXOW () dt +0 = /O WdX — XdW.

Now we compute the Fourier transform F3K; of K (with respect to (z,w,t)):
(FI)(Em ) = b fys e TR (@,0,1) dodwds
T)2
w24a2

= Ao (@) o T B0 X () =0 W (1) =),

where E(e=7T(M) | X (1) = 2, W(1) = w) expresses the expectation of random
variable T'(1), recall (20), given the fact that X (1) = =, W(1) = w. Now by the
result of [13](formula 1.3.4) we have for d = 1

22402 22402
(Fak)(En.m) = o Fo (ww) e ™57 757 30 emlelfreomen) ¢ g

1 1 _ ¢2492 tanh(27)
. e 27
(27‘_)5 cosh(27)

Now since K > 0 we have by ([I8) that ||KS||L1(H3):(27T)3 lirrb(ngl)(O,T) =1

Application of inverse Fourier transform gives

Ki(z,w,t) = 1 / 27 () — i g
1(z,w,t) = (2m)2 Jy sinh(27) cos(tt)e T.

5 A Brownian motion is a.e. not differentiable in the classical sense, nor does the
integral in (20) make sense in classical integration theory.
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Finally identities in (I8]) provide the general scale space kernel on Hj:

2 2

1 2 27 (et e )

K? (1‘7 W, t) = / . J COS T e 2tanh(2272) d7.7 (21)
(27s)? Jg sinh(27) sv/D11Das

which can be approximated with a one dimensional discrete cosine transform.
The corresponding resolvent kernel R, (z,w,7)=" [, KP(z,w,7)e 7 ds which
is again a probability kernel, i.e. R, >0 and || R, ||v, (m,) = 1, is given by

vy Toor
Ry (z,w,z) = / Re
w2 g sinh2r

s 22, w2\ 2irt
k1 (2\/"f\/tan112'r (D11 JrD22) \/DUDQQ)] d (22)
T

27 z2 +u2 _ 2iTt
tanh 27 \ Dy7 | Dag VD11D22

with ki the 1st order BesselK-function.Formulae (22) and (2I)) are nasty for
computation. The resolvent kernel with infinite lifetime is much simpler:

lim v 'R, (z,w,t) = /K?(x,w,t) ds = ! ! , (23)
R+

0 - 2
y— 21 o2 N 2 N /2
D1 ' Da2 D11 D22

which follows by taking the limit v — 0 in ([22)) and substitution v = cosh(27).
It provides us the following left invariant metric dP : Hy x Hy — R* given by

d®(g,h) = \/(D1_11 (z—a')2 + Dy (cufcu’)Q)2 + (D11 Da2) = (t—t' —2(zw’ —2'w)?)?,

with g = (z,w,t),h = (2/,w’,t’). Since [22)) is not suitable for practical purposes
if v < 0o and since R?ZOO decays slowly at infinity we propose to use

~ Ary exp{—(*ydD((x,w,t),e))Q}

RP(z,w,t) = . e=(0,0,0), 24
’Y( ) TI'gDuDQQ dD((m7wat)7e) ( ) ( )

instead. Note that lir% YR, = lirrb YR, R, >0, ||R'VI|IL2(H3) =1 for all v > 0.
y— y—

Contour completion and enhancement via left invariant scale spaces
on Orientation Scores: G = SE(2).

Consider the Euclidean motion group G = SE(2) = R? x T with group product
(g7g/) _ (Rgb/ _|_b7ei(0+9’)>7 g= (b781‘0)7g/ — (b,ew/) cC— R2 % T,
which is (isomorphic to) the group of rotations and translations in R?. Then the
tangent space at e= (0, 0, ¢°) is spanned by {e., e,, e} ={(1,0,0), (0,1,0), (0,0,1)}

and again by the general recipe ([@) we get the following basis for L(SE(2)):
{A1, Az, A3} = {09, 0¢, 0y} = {0, cos0 0y +sin 0 d,, —sinh 9, +cos 0 9, }, (25)

with € = x cosf + y sinf, n = —x sinf + y cos¥.
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The wavelet transform that maps an image f € La(R?) to a so-called orientation

score, [, [E],[8] is given by
Wa)0) = Uyt oy = [ 9085 =) F¥) dy, 0 € La®2)L1(B2),

where 1) is a suitable line-detecting wavelet in Lo(R?) and with representation
U : SE(2) — B(LL2(R?)) given by

Uyb(y) = TyRotb(x) = (R, ' (x — y)), with Ry = (
e € T and Royp(x) =v(R, 'x), Tyh(x) =9 (x —y).

Now U is reducible and the standard wavelet reconstruction theorems do not
apply, nevertheless for proper choice of wavelets one can still obtain quadratic
norm preservation. For details, see [§], [4] p.107-146. Now the wavelet transform
maps f to a so-called invertible orientation score Uy, which provides the initial
condition Uy € Lo(SE(2)) for our left invariant scale space representations on
SE(2) given by (), generated by (), which are computed by G-convolutions

cos ) —sin 6
sinf cos @

) € S0(2)

WDa m .0, S f]R2 2m KD a( i(0—0") R— ( /),ei(976/>)Uf(X/,eiGI)deldX/ (26)
P’P a(m y79) _f]R2 271' RDa i(0—0") R ( /),ei(G—O’))Uf(xl,ew’)deldx/‘

For explicit formulae of our recently discovered exact convolution kernels
KDP® RDP2 € Li(SE(2)) we refer to our earlier work [7], with in particular
the cases:

1. Q(A) = D11(A1)? + Az, where the corresponding scale space representation
is the Forward Kolmogorov equation of the direction process proposed by
Mumford, [I4] as a stochastic model for contour completion.

2. Q(A) = D11(A1)?+ Daa(Asz)?, where the corresponding scale space represen-
tation is the forward Kolmogorov equation of (up to scaling) the stochastic
model for perceptual completion (contour enhancement) by Citti et al. [3].

Condition ([I4)) is satisfied, since span{dy,[Dg,0¢], (s, [0p,0c]]} = span
{09,0,,—0:} = L(G). Although our exact solutions in [7], are simple, they
consist of Mathieu-functions with disadvantages concerning computation time.
Therefore it is worthwhile to replace the left invariant vector fields of SE(2) (25)
by the vector fields {Al, Ay, Ad} = {09, 0y + 00, —00, + 0y }. This leads to the
following approxnnatlonsﬁ in case of contour completion, cf. [4]p.166-167 (for
alternatives see [7]):

3(x0—2y)2 422 (0—rga)?

KPwa=l(z,y.0) = 8(x — ), V2 e 123D,
R ’ 3(x0—2y)2 +22(0—rga)?
Rf?“’“l:l(x, y,0) =« 2D‘1/1‘3m2 e~ e 423D1y 5 (1 + sign(x)).

% Note that the approximation KP1°91  in contrast to the exact solu-
tion(s) in [7], has singular behavior because of the violation of ([4) as:
span{0y[0s, Oz + 00y, [0s, [0, 0= + 00,]]} =span{ds, 9y } which has dimension 2< 3.
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The case of contour enhancement with Q(A) = Dn(fll)z —‘y—ng(Az)z requires
a different approach. Here we apply a coordinates transformation

0 2(y—%)

KPP (0, ,0) = Rola! !, )= Ko (o i i

) where we note

s KP1P22 = (D110 + D22 (8, + 00,)%) KP11:P22

B,KP10P22 = 1 (8, — 20'8,)2 + (B + 20'0yy)2) KP11:P22 = L A RP11-D2

2

f—axis

X—axis

Fig.2. A comparison between the exact Green’s function of the resolvent diffusion
process (D11.A% + Do A3 — 7])_165, v = 4. D11 = 0.1, Dyy = 0.5 which we explicitly
derived in [7] and the approximate Green’s function of the resolvent process with
infinite lifetime lim~_o 'y_l(Du/l? + Dgp A3 — AI)"'8e, D1y = 0.1, Dyy = 0.5 given by
@7). Top row: a 3D view on a stack of spacial iso-contours with a 3D-iso-contour
of the exact Green’s function (right) and the approximate Green’s function (left).
Bottom-left; a close up on the same stacks of iso-contours but now viewed along the
negative f-axis, with the approximation on top and the exact Green’s function below.
Bottom-right; an iso-contour-plot of the xy-marginal (i.e. Green’s function integrated
over ) of the exact Green’s function with on top the corresponding iso-contours of
the approximation in dashed lines. Note that the Green’s functions nicely reflect the
curvature of the Cartan-connection on SE(2). The stochastic process corresponding
to the approximation of the contour enhancement process is given by X (s) +:60(s) =
X(0) +iO(0) + v/s(ex +i€g), where e ~ N(0,2D11), eg ~ N(0,2D22) and, by 0),
Y(s)= X L1 *odx — Xdo = [ O(t) — 6(0)dt.
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which is exactly the evolution equation on Hj3 generated by Kohn’s Laplacian
considered in the previous example ! As a result we havdd

0
(- D11,D22 _ 1 - Hg z 0 2(y—%")
K (z,9,0) = 2D11 D22 K, V2D11’ v/2D11’ /D11 Dag
172 + 92 .
z6 s Do " s D1y
_ 1 27 2= - tanh(27)
= 8Dy1Doon2s2 ]1{ sinh(2r) €08 (s\/DHDQQ dr (27)

. —1p _ 1 1
lim v~ Ry(z,9,0) = ;. p, D, o
Yoo 1 ( 22 4 02 )2+<y—219)
16 \ D22 ' D11 Di11D22

See Figure

4

Conclusion

We derived a unifying framework for scale spaces (related to stochastic processes)
on Lie-groups. These scale spaces are directly linked to operators on images by
means of unitary wavelet transforms. To obtain proper invariance of these op-
erators, the scale spaces must be left-invariant and thereby its solutions are
G-convolutions with Green’s functions. As this framework lead to fruitful ap-
plications on contour completion, contour enhancement and adaptive non-linear
diffusion, see [9], [§], [B], in the special case G = SE(2), this theory can be
further employed for other groups, such as the Heisenberg group, G = Hagy1.
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