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Optical Flow

Given: images I, € RN
Wanted: displacement vector u € R?N such that pixel /;(x)
corresponds to h(x + u)

Different Constancy Assumptions:

Grey Value:  h(x+u) — h(x) =0
Gradient: Vh(x+u)—Vh(x)=0
Hessian: Hob(x 4+ u) — Hah(x) =0
Laplacian:  Abh(x+u) — Ah(x) =0
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Optical Flow

Minimise an energy functional of the form

E(u) = EData(U) = )\LEL(U)

m data term: Ep,,(u Z Ih(x; 4 u;) — h(x)]?

m smoothness term: E;(u) = Z Z W ((uj — uj) wij
i JEN;

m W(-): penaliser function W(x?) = (x? + ¢2)%45

w; j: weighting function determining the influence pixel j has on
pixel i
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Nonlocal Method

Minimisation
m Linearisation
m Efficient computation

Influence of Parameters

Results
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Nonlocal Regularisation

Energy Functional:

E(u) = EData(u) a4+ )\LEL(U) + /\NEN(U)

m nonlocal regulariser: Z Z \IJ W,J
i j#Ei
m W(-):penaliser function W(x?) = (x? + ¢2)%45
m w;;: weighting function determining the influence pixel j has on
pixel i

Nonlocal Method 5/17



Nonlocal Regularisation

Visualisation of nonlocal weights:
e =il e - CjH2)

w;j = exp (

2 2
204 204

Figure: Higher intensity corresponds to higher weight.
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Minimisation

Z||I2(x,-+u;)—/1(x, ZEAD D (0 uy)?) wy
i i JEN;
+>\NZZ\II uj)?) w;

i i

Minimisation Strategy

m Compute VE(u)
m Solve VE(u) =0

m Difficulties:
m energy functional is not convex nor linear
m normal minimisation techniques are too slow for the nonlocal term

m Eg.:2 and E; easier to handle — only focus on Ep
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Linearisation

En(u) =Y > W ((ui — u)?) wy

i
m Computation of VEp(u):
0
5, En(u) = 23wV ((ui = uj)?) (u; — uj)
’ #i
m Linearisation:
0
S En(u) =2 wyW ((uf = uf?) (u*t = o)
: J#i
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m Resulting Linear Equation: (A + B)u'*! = wg with

At = VEy(u)
Butt —wg = VEgata(u) + VEL(u)

m The entries of A are given by:

Aj = —wyV’ ((u{—u})2) for i # j
Ai = ZWU‘U/ ((”I{—UJ/')2>
J#

m Jacobi-Method:

U,{H’Hl = (Ai+Bi) - | wai — Z (Aj + BU)UJI'+1’k for all i
J#
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Computational Problems

Problem: Each iteration is very expensive due to the following

terms:
Ai = > wyV (u —ujl)z)
J#
_p.2 12
frd Zexp(_HP'ZOEJH _ ”5120%1“ )\Ul ((UII _ U;)Q)
JF#i
I+1,k I+1,k
> A = Y w¥ (- w)) g
J#i J#I
— Z—exp(—”p;gj” ||c,;q|| V4 <(u ) ) Jl+1k
J#i

Idea: Approximate W with Gaussian kernels and perform an
efficient Gaussian convolution.
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Reduction to Gaussian Convolution

Approximation with exponential mixtures

K 2
X
W(Xz) ~ Mw,o'(x2) =T — E Wn exp(__20.2)
n=1 J

X2

K
= 4 2 ~ & -

Minimise

/00 (;Lw,g(x2) — \TJ(XZ))2dX

—00

with truncated penalty function W
in order to optimise the parameters w and o.
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Influence of Parameters: K
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Figure: Penalty function W(x?) = (x? + ¢2)%45 and its Approximation

0.212,
50.211 5 2:57
@ 5
- —
€ 0.210| o
s 3
$ 0.209 5256
0.208; 3 5 1 3
number of kernels number of kernels

Figure: Average endpoint and angular error for varying number of kernels
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Influence of Parameters: o, o, and Ay

. p:||2 12
En(u) = Ay Z Z v ((Ui — uj)z) exp (— ”plzggjll _ Hclzocgjll )
i A
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Figure: top row: endpoint and angular errors for varying o, and Ay
bottom row: endpoint and angular errors for varying o, and Ay
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Figure: top left: first image frame top right: ground truth flow bottom
left: result without nonlocal regularisation bottom right: result with
nonlocal regularisation
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Results

Average Army Mequon Grove Urban ‘Yosemite Teddy
angle (Hidden texturs) (Hidden texture) (Synthetic) (Synthetic) (Synthetic) (Stersa)
error avg.| GT im0 im1 GT im0 iml GT im0 im1 GT im0 im1 GT im0 im1 GT im0 im1

rank| gl disc untet| al disc untext| 2l disc untext| al disc untewt| gl disc uned| all  disc unted
NN-field [73] 492893 8138 2411|2103 7.154 1.775| 2352 3.053 1.601|1.891 5201 1.371|2.4326 37025 1.8520| 1.011 2251 0531
nLayers [57] 832801 7421 220327115 7.245 2.5533) 2301 3.021 1.702| 262 22919 34613 1.8917| 1.388 3.0611 1.298
MDP-Flow2 [70] | 9.3|3.2319 7.935 2.6012| 1.921 6.641 1.521|2.7712 3509 2.1612| 2.867 8587 2.7012| 2.009 35018 1.593| 1.285 2675 0.893
ADF [67] 11.9| 298¢ 8.3211 2.284| 2275 8.3511 1.817| 2,649 3.5510 1.814| 3.028 9.080 2.386|2.29193.48152.0723| 1.346 3.039 1.114
FC-Layers-FF [77] 129| 3023 7.874 26113|2.72169.35182.2921| 2494 3.194 2.0310|3.3919 8928 2.8321(2.8341 3.9237 28039| 1.254 2574 1.206
Layers++ [37] 140| 3119 8229 27923| 2430 7.023 22417) 2352 3.021 1965 (38127 11.4233.2231|27437 40122 23529|1.4510 3.0510 1.7918
Efficent-NL [60] | 14.6| 2987 8.23 10 2.284|2.72 15 8.9515 2.25 19| 2,617 3.488 1.96¢|3.3115 8.335 2.5910|2.60%1 3.7527 2.5435| 1,60 14 3.02¢ 1.6613
LME [72] 14831513 8.047 2.317| 1.952 6.652 1.593|2.85133.61132.4223(3.4722 12,828 3.1728|2.1213 35321 1.7311| 1.345 2756 1.185
ALD-Flow [68] 15.3| 2822 7.863 2.162|2.8421 10.122 1.8610|2.69103.6012 1.855 | 2796 11.322 2.325 |2.0710 3.255 3.1054|2.0825 5.1125 1.9420
FESL [75] 15.4| 2965 7.702 2.5410|3.2637 10.424 2.5634| 2576 3.407 2.1211| 2604 7.653 2.304 |2.6435 42247 2.4732(1.75133.4915 1.7115
IROF 2+ [58] 15.9|3.17 15 8.69 15 2.6113|2.79 13 9.6110 2.3322| 27411 3.57 11 2.1913|3.2013 9.70 15 2.71 15| 1.968 3.4512 1.225[1.8019 4.0620 2.5028
SCR [74] 162|312108481225911|2.9527 10424 2.3523| 28114 36414 2.3015| 3.028 8292 2393 2774037930 28947| 1399 2857 16012
Sparse-NonSparse [56] | 17.4|3.1412 5.75 17 2.76 22| 3.0230 10.627 2.4327| 2.85 18 3.7519 2.3317|3.28 14 9.4012 2.73 16| 2.4225 3.316 2.6937|1.47 11 3.0712 1.6613
TC-Flow [46] 17.7| 2914 8.006 2348 2182 87712 1.521|2.78123.7318 1.966 |3.0810 11.423 2,66 11| 1.946 3.4311 3.2054|3.0631 7.0430 4.0851
LSM [39] 18.7|3.1210 8.6214 2.7521|3.00 29 10,526 2.44 25| 2.82 15 3.68 15 2,36 13|3.3818 9.41 13 2.81 13| 2.60.36 3.52 19 2.8442|1.59 13 3.3815 1.8013
Ramp [62] 19.3|3.1817 8.83 12 2.7320|2.8924 10.122 2.44 23| 2.82 15 3.69 17 2.29 14|3.37 17 9.31 11 2.9322|2.6233 33810 3.1957(1.54 12 3.21 13 2.24 24
COFM [59] 20.0[3.17159.9033 2.460| 2413 8.3410 1.92 11|3.0824 3.9223 3.2547|3.8328 10.912 3.1527|2.20 17 3.357 2.9150(1.62 15 2.563 2.0921
PMF [76] 20.1|3.6123 9.0720 26215 2406 8.057 1.838| 2545 3275 1.713|3.5925 11.1213.4634|4.07646.1871 4.0285| 1.062 2.382 1.257
Classic+NL [31] 21.6/3.2018 8.7216 2.8124 30 10,627 2.44 28| 2.83 17 3.66 15 2.31 16|3.4020 9.09 10 2.76 13| 2.87 43 3.6232 2.86 45| 1.67 17 3.53 17 2.26 26

TVLI-MCT[64] |216[218128481227119 204
SimplcFlow [49]  |23.7|8.3521 9.2021 2.9823|3.1834 10.731 2.71 40| 2.01 20 3.7920 2.47 24 |3.6925 9.4 14 2.9923|2.3021 3.46 13 2.2425(1.60 14 3.56 12 1.57 10

Nirect ZACCIRRL |22 712 ANz RaR1a 2 7nmloar 1102147 130l a2 1 aaau oRnnalagnas 1arar1anlo R A RA23 2 nasal 1 aRo1 4 7003 1 ARy

=

33 10.834 2.6032| 2.84 21 3.7920 2.6332 35023 9.75 16 3.0625[2.08 11 3.357 2.2027(1.95223.89 19 271 31

cu|cu|cu
o I3 I3

Figure: Screenshot of the current Middlebury benchmark ranking
[http://vision.middlebury.edu/flow/eval/results/results-al.php]
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m Use a nonlocal smoothness term in addition to the commonly used
local one

m Approximate the penalty function with Gaussian kernels and use a
fast Gaussian convolution method

m Can be computed very efficiently
m Nonlocality improves the results of this optical flow method

m Can maybe even improve the best method there currently is?
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Approximation of Charbonnier penalizer for K = 3
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Average endpoint and angular error
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endpoint and angular errors for o, and Ay
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endpoint and angular errors for o, and Ay
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first image frame

22/17



ground truth flow
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result without nonlocal regularisation
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result with nonlocal regularisation
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