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Problem C3.1

Draw a segment of prescribed length L orthogonal to the tangent line from each
point of c. The endpoints of this family of segments constitute the graph of the
the level set at distance L.

Problem C3.2

Let φ : U → φ(U) be a local parametrisation of the surface M s.t. U is a
path connected. We already showed in the previous lecture that if all points are
umbilic then κ = κ1 = κ2 is constant. There are two options:

i) If κ = 0, then clearly the surface M is contained in a plane.

ii) If k 6= 0 then define the map Y : U → R3, Y (u, v) = φ(u, v) + 1
κN(u, v)

with N the Gauus map. Then

Yu = φu +
1

κ
DNφu = φu −

1

κ
κφu = 0 (1)

Yv = φv +
1

κ
DNφv = φv −

1

κ
κφv = 0. (2)

Thus Y is constant and |φ−Y |2 = 1
|κ| . This means that φ(U) is in a sphere with

center Y and radius 1
κ . The result follows from the path connectivity of M.

Problem C3.3

First of all, notice that σ(u, v) = A · (u, v, f(u, v))> for the orthogonal matrix
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We call σ̃ = A ◦ σ.

i) σ̃ is a parametrisation for the surface and

σ̃u × σ̃v = (1, 0, fu)> × (0, 1, fv)
> = (−fu,−fv, 1)> 6= (0, 0, 0)>

ii) n = σ̃u×σ̃v

||σ̃u×σ̃v|| = 1√
1+|∇f |2

(−fu,−fv, 1)>

iii) Let u = (u, v). The first fundamental form is

Iu =

[
1 + f2u fufv
fufv 1 + f2v

]
Notice that σ̃u ⊥ n, which implies

∂u(< n, σ̃u >) =< nu, σ̃u > + < n, σ̃uu >= 0,

hence
< σ̃u, nu >= − < σ̃uu, n > .

From similar considerations we obtain that

IIu =

[
nσ̃uu nσ̃uv
nσ̃uv nσ̃vv

]
thus

IIu =
1√

1 + |∇f |2

[
fuu fuv
fuv fvv

]
iv) Using the fact that Sp = I−1u IIu and

K = detSp H = tr(Sp)

the result follows.
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