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Problem C1.1

i) Strictly convex = strictly monotone v:

Let ¢ be strictly convex, then v is monotone. Assume there exists s; < so with
v(c(s1)) = v(c(s2)). Then v(c(s)) = v(c(sy)), for s;1 < s < s9 and ¢ would be a
segment between s; and s, contradicting the strict convexity.

ii) Strictly monotone v = strictly convex:

Let v be strictly monotone, then c is convex. If ¢ is not strictly convex it would
contain a segment ¢ and v would be constant in that segment contradicting the
strict monotonicity.

Problem C1.2

i) Let ¢(p) = (z(p), y(p)) € R2 and &(p) = Ac(p) + b with A = (a;;) € R2*2 and
det A = 1. Then
¢p = Acp(p),  Cpp(p) = Acpp(p)
and
g = det(&p, pp) = det(Aé,, Acpp)

= (@11022TpYpp + Q12021 TppYp) — 0120122, Ypp — YpTppGa2ai1 )

= (CL111122 - a21a12)$pypp - (a11a22 - azlalz)ypfcpp

= det(A)(TpYpp — YpTpp) = det(cp, cpp) = g
ii) We have

§:peé'ré7'1/37':pe e (1), Aé, (T))Y/3 dr
) /0<dt<p< ), epp(T) V3 d /0<dt<Ap< ), Adpp(7))3 d
= (det A)1/3 / " (det(cp (), cpp(r)) V3 dr = (det A)s(p).
0
Hence

dsdp _
dpds

1/3dp ds

(det A) ds dp’



Problem C1.3

i) Group: Its clearly a group since Id,A~!,AB € GL(d,R) for all A,B €
GL(d,R).

ii) Manifold: GL(d,R) is a manifold with one chart ¢ obtained by representing
the matrices as vectors in R,

Notice that the image of ¢ is indeed an open set of R¥*? : In fact det(¢~!(v)) :
R4 — R is a smooth function (a polynomial of the components of v) thus
det(¢~1(v)) > 0 implies det(¢~*(w)) > 0 for any w in a neighbourhood of v.

iii) Differentiable product and inversion: The product of two matrices is clearly
smooth (elements of the resulting matrix are given by polynomials).
The inverse of a matrix A € GL(d,R) can be computed for example as

(—1)i+j det(M]Z)
det A ’

(A7) =

where M;; the determinant of the matrix obtain by removing the i’th row and
j’th column of A, The differentiability thus follows from ii) and the fact that
det # 0 in GL(d,R).



