Lecture 4

Lecture 4
® Review of Level Sets
® |evel Set Evolutions in the Plane
® Morphological Operations with Level Sets
® Algorithmic Aspects

€® Curvature Motion on Level Sets
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Level Sets in the Plane (1)

Level Sets
¢ Consider smooth function v : Q — R, Q) C R? open

® Choose some number z € R

® The set
L.(u) :=={(z,y) € Q: u(z,y) = 2}
Is called a level set of u

® Connected components of L,(u) are isolated points or curves

Figure: Four level sets of a function in the plane (schematic).
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Level Sets in the Plane (2)

Parametrised Level Lines
® Consider u as before
¢ Consider a curve ¢ which is a connected component of a level set L, (u)

® Orientation convention. Let ¢ be parametrised such that the smaller values of u
lie on the left-hand side of ¢

® Equivalent:
e The normal vector 77 points to the smaller values of u
e

e The normal vector ' and the gradient of u point in opposite directions

U=z
inner region

u=z
outer region

Figure: Orientation convention for level lines.
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Level Sets in the Plane (3)

Level Sets Curve Equations

Relation of arc-length parametrisation of a level line and the partial derivatives of u :

® Let c(s) = (z(s),y(s)) ", u(c(s)) = z, with ||cs(s)|| = 1. Then
es(s)]] = 3(s) +ys(s) = 1,

du(c(s))
ds

= (Vu, cs) = uzTs + uyys = 0,

and

ys
/u2 —|—U2 /u2 _|’_u2

because of the orientation convention.

® By integration, the curve equations can be obtained:

o(s) = 2(0) + / “a(0)do  yls) = y(0) + / (o) do

where (g, o) is a starting point belonging to the level set
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Level Sets in the Plane (4)

Signed Distance Function
® |et a sufficiently smooth closed regular curve ¢ be given
® ( separates the plane into an inner and an outer region
® To each point (z,y) in the plane, assign as u(x,y)
e the distance of (x,y) to cif (x,y) is in the outer region
e (-1) times the distance of (x,y) to ¢ if (x,y) is in the inner region
e 0if (x,y) lieson ¢
® Then w is continuous, and w is differentiable within some band enclosing ¢
® wu is called signed distance function of ¢
® (s the zero-level set Lg(u)
Remark: The construction is equally possible if a set of closed regular curves is given,

with some compatibility condition on orientations, and allows then to construct a
function u for which the union of the curves is the zero-level set
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Level Sets in the Plane (5)

Curvature of a Level Line

® Consider function u and level line ¢ in arc-length parametrisation

¢ Tangent vector: ?(s) zgxs,ys)T
Normal vector: 7 (s) = ¢ (s)+ = (—ys, z5)7
® Curvature definition (24, yss)? = k7 implies
‘/’CSS ySS
K = — o
Ys Ls

¢ Evaluation gives

2 2

/1(6(8)) - (“i 4+ u§)3/2

(derivation: next slide)
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Level Sets in the Plane (6)

Curvature of a Level Line, Cont.

Sketch of the derivation:
Since Vu L ¢, we get that x, = —Hé—iu,ys = ”g—z”. Thus

ss(c(s)) = (Vs(c(s)), es(s))

V| [IVul]3
n Uz uyy(ui + UZ) — Uy (UzUzy + UyUyy)
[V ull [IVul]?
1
:W(—uiuyuw — uguxy + uxuium + uguxy
—I—Uiuyy + uxufjuyy — uiuyuw — uxuiuyy)
U
— ‘ \V; |4(u§um — QU Uy Uy + Uy )
Finally, since cs5 = Iiﬁ,
Tss ux(ug%uww — 2UgUyUgy + uiuyy) [ Vul|

K — _= — .
—Ys [[Vul|* Uy
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Supplement: Curvature

Supplement: Curvature in arbitrary parametrisation
Result. For a curve ¢(p) = (z(p),y(p)) we have that

LpYpp — YpLpp
)=z 2P

Sketch of proof: Assume ¢ = co ¢ is parametrised by arc-length, then

¢'(s) = llep(@(s)II ™, ¢"(s) = llep(@(s))II™" < ep((s)), cppl((s)) > -

It follows that

cp(@(s)l|ep(@()II ™

(9(s)) < cpp(9(5)); cp(9(5)) >
¢(s))I[? lep(@(s))]]*

Cp

p
e

cp(9(5)).

Cpp(D) =

Evaluating x(s)? = (Cpp(s), ¢pp(s)) the result follows.
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Level Set Evolutions in the Plane (1)

Level Set Evolutions

¢ Consider curve evolution ¢(p,t) : I x [0,T) — R? of closed curve

%
® Llet t tangent vector, T normal vector of ¢

¢ Consider smooth image evolution u(zx,y,t) : Q@ x [0,T) — R

® Assume c(-,t) is a level set (component) of L,(u(-,-,t)) for each t, respecting
our orientation convention

® Then for any fixed t (slide 4)

—1U u
QZ‘S(S,t) — i ) yS(S) — = )
uz + ug \/ Uz + U
thus -
7=V

® Then one speaks of a level set evolution
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Level Set Evolutions in the Plane (2)

Correspondence between Level Line and Image
Evolutions

Result. The following relation between image evolution and level line evolution holds:

oc _
ot

Blelp ). 0T (1) = o= Bla,y,0)-||Vull.

Sketch of proof: For the level line Lz(u(-,t)) we have u(c(p,t),t) = z and time
derivative gives:
UpTt + UyYr + U = (Vu, ) +up =0

Thus, the scalar product of Vu and the curve evolution gives

<w, %> =y = Blelp, 1), ) (Vu, T (9, 1))

Equivalently
0=08{(Vu, W) +u =B -||Vul|| — du.
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Level Set Evolutions in the Plane (3)

Special Case: Signed Distance Functions
® Assume u is the signed distance function for ¢ at time ¢ (*)
® Then ||Vul|| =1
® Thus

dc

o = Bl ). )T (p.t) = S =pz.y.1).

® Caveat: The property (*) is not preserved by the evolution
® Consequence: In applications, the signed distance function needs to be restored

in each time step

Remark: Arc-Length Parametrisation

As with most curve flows, arc-length parametrisation is not preserved over time.
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Morphological Operators on Level Sets

Dilation and Erosion Flows

€ Consider erosion

Ct — ﬁ
® Assume c is level line of image u
® Evolution of u: dilation PDE:
uy = ||Vull.

® Similarly, one obtains the erosion PDE

ur = —[|Vul|.
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Morphological Operators on Level Sets

Application to a Shape
® Assume c is a curve representing a shape

® Make c into zero level set Ly(u) of u by choosing u as signed distance function
of ¢

® Apply evolution equation
uy = || Vull

to u

® Obtain evolved curve as zero level set of u(t)
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Morphological Operators on Level Sets

Advantages of the Level Set Formulation for Dilation
and Erosion

® Direct implementation of curve evolution is difficult:
e Requires curve representation, typically by sampled points

e Sampled points may be equally distributed at the begin, becomer thinner or
denser in different regions during evolution need for resampling procedure

e Topology changes due to singularities and self-intersections need to be
handled specially

initial]y equal density of sampling points

~ /
/ \ v s \ ’J
“( increased dumt\ // \ \ —

of sampling points .- ____J,,/

-
decreased density
of sampling points

Figure: Problems in direct implementations of curve evolutions. Left: Change in
sampling density requires re-sampling. Right: Topology changes may occur.
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Morphological Operators on Level Sets

Advantages of the Level Set Formulation for Dilation
and Erosion, cont.

® |evel set formulation removes these problems
e No explicit curve representation necessary, thus also no resampling

e Topology changes are accounted for automatically



http://www.mia.uni-saarland.de

Morphological Operators on Level Sets

Algorithmic Aspects

In the simplest case, an explicit time-stepping scheme is used to compute the

evolution
= +||Vul| =+, /u2 + u2

® Discretise u; by forward differences

1
[udli; = ~(uz )" — ui))
T

in pixel (¢,7) and time step k, where 7 is the time step size
(Notice: We use [-] to denote approximation)

¢ Discretise u, and u, on the right-hand side by central differences

1
[“w]k,g oh, (“H—LJ Uy 1,3)
3 1

with spatial step sizes h,, h,
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Morphological Operators on Level Sets

Algorithmic Aspects, Cont.

Compute values of new time step:

ub T =l ([t )2 + ()2

However, in the case of dilation and erosion, this discretisation tends to be instable.
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Morphological Operators on Level Sets

Algorithmic Aspects, Cont.
To overcome numeric problems, an Upwind Scheme can be used.
® Discretise u; as before

¢ Discretise u, and u, by one-sided differences dependent on the direction of the
gradient. For dilation:

e If u, > 0, then use the forward difference approximation

1 k
[’Uf:c]f:g = h_(ufﬂ,j - uzg)
X

o If u, <0, then use the forward difference approximation

1
[Uas]fg = h (ufg — Uf—l,j)
X

e Analogously for u,

® The explicit step to compute u,’f}Ll Is as before, except that the new

approximations for u,, u, are used.
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Morphological Operators on Level Sets

Algorithmic Aspects, Cont.

Remarks.

® The upwind scheme is only useful for specific curve evolution processes (of
hyperbolic type); dilation and erosion are of this type, while curvature flow is not
of this type.

® The statements above describe just the idea. To make it precise, it is necessary
to cover the case when forward and backward difference have opposite signs. For
dilation this can be done, e.g., by

1 k k k
Huxﬂfj = h_(max{uf—l—l,jaui—l,jaui,j — uzg)
T

® For erosion, the roles of the two approximations are swapped.
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Morphological Operators on Level Sets

Application to Images

® Up to now, only the zero-level set of u was meaningful so we have used the
PDEs only to evolve the zero-level set

® |n fact, the PDEs evolve all level sets simultaneously
® Can therefore evolve entire grey-level images
® Then all level sets are dilated/eroded simultaneously

® Inclusion of level sets is preserved

Figure: Left to right: Synthetic image, images after 10 and 40 iterations of dilation
us = ||Vul|, after 10 iterations of erosion u; = —||Vu||; in all cases 7 = 0.25
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Morphological Operators on Level Sets

Application to Images, cont.

Figure: Left to right: Original MR image, images after 1, 10, 40 iterations at
7 = 0.25 of dilation

Figure: Left to right: Original MR image, images after 1, 10, 40 iterations at
7 = 0.25 of erosion
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Curvature Motion on Level Sets

Curvature Motion

® Curve evolution

corresponds to image evolution

2 2

ur = k- ||Vu|| = —

2 2
Uz + Uy

Figure: Left to right: Original MR image, images at evolution times 8, 80 and 800
of curvature motion 5 = k(7 = 0.08)
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Curvature Motion on Level Sets

Remarks on Curvature Motion

¢ Dilation, erosion and curvature motion of grey-value images share a remarkable
property:
Morphological Invariance. Dilation, erosion and curvature motion of grey-value

images are invariant under arbitrary strictly monotonic rescalings of grey-values.
The evolution of each level set does not depend on that of the other level sets.

® We will see a larger class of image filters sharing this property
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U=z
iInner region

u=>z
outer region




initially equal density of sampling points
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