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Abstract can be derived [1], where

e u = u(x) is the sought depth map,
We introduce a novel numerical method for a re- e |.| denotes the Euclidean vector norm,
cently developed perspective Shape-from-Shading o | = I(x) E(®) is a normalised version of
model. In order to discretise the corresponding par-  the image brigﬁtnessr, depends on the albedo
tial differential equation (PDE), Prados et al. em-  of the surface and the intensity of the light
ployed the dynamical programming principle yield- source,
ing a Hamilton-Jacobi-Bellman equation. We re- o F = E(x) is the brightness of the given grey-
duce that model to its essential, namely to the un-  yalue image.
derlying Hamilton-Jacobi equation. For this PDE, TheEikonal equatior(1) constitutes the SFS-model
we propose an efficient semi-implicit implementa-widely studied in the literature. It is well-known
tion. Numerical experiments show the usefulnesshat the corresponding problem is ill-posed, often

of our approach: Besides reasonable computationghown via the so-calledonvex-concave ambiguity
times, the method is robust with respect to noise agee e.g. [4, 9] for related discussions.

well as to the choice of the numerical initial condi- | [2, 12, 13, 14, 15, 17, 18, 19, 20] a new PDE
tion which is a delicate point for many SFS algo-model for SFS is proposed. The setting of this new
rithms. model is given by using a pinhole camera and a
point light source at the optical center, thus incor-
porating aperspective projectiomstead of an or-
thographic one as in the classical case into the mod-

The Shape-from-Shading (SFS) problem amoumgllng_process. . . .
to compute the 3-D shape of a surface from the Thls_ persp_ectwe approach yields thamilton-
brightness of exactly one given grey value imageJaCObI equation
of that surface. It is a classical problem in com- 5 2 2
puter vision, see e.g. [5, 6, 9, 21] and the references i\/f2 [Vul” + (Vu - x) +u2 = i , (2
therein for an overview. u Q? u?

The mode_ling of the SFS problem via the use ofynerex ¢ R? is in the image domaif as before,
a PDE was introduced by Horn [7, 8, 9], who alsogpq
coined the name ‘shape-from-shading’. The model 4 ¢ is the focal length relating the optical center
of qun is the basis o_f all later works in that field. of the camera and its retinal plane,
As itis of importance in the context of our work, let f
us mention some relevant features of the model of ® @ = Qx) = .
Horn. On the modeling side, a distinguished ingre- oV |’_‘| +f )
dient is the use of an orthographic camera, i.e., thé order to obtain a viable numerical solver, Pra-
camera performs aorthographic projectiorof the dos et al. use the dynamic programming principle.
scene of interest. Together with a point light sourcel he resulting numerical solver incorporates the so-

1 Introduction

at infinity, the PDE lution of an optimal control problem which can be
quite intricate; for some details see [12]. In con-
1 trast, Tankus et al. rely on the level set method; see
Vul /7 —1=0 () especially [20].
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In a recent paper, Cristiani et al. [4] employed athe functionS : Q — R* with
semi-Lagrangian formulation of the above model to fu(x)
construct a fast SFS solver, however, as also shown S(x) = ———
in their paper, in contrast to our procedure their \/|x|2 + f2
method is very sensitive to the choice of initial data.

Our contribution. We consider directly the PDE As the two columns of the Jacobiafi[S(x)] are
given in (2), and we show that it is possible to con-tangent vectors t& at the pointS(x), their cross-
struct arobustandefficentnumerical solver without product is a normal vector t6. Thus, a normal
the need to rely on dynamic programming, or to turnvectorn(x) at the pointS(x) is given by
to the level set method. Another objective of us is

(x,—f)" . ®3)

that it is easy to codeén comparison to other ap- n(x) = (fvu(x) _ ﬁ;ﬂx,
proaches in the field. As experiments show, the nu- x| + 2

merical routine we develop is also to a high degree fu(x) T
insensitive to perturbationsf initial data which can Vaulx) - x + W ) ®

be a delicate point for SFS algorithms.

Organisation of this paper. In Section 2, we Assuming thatthe surface is Lambertian, the bright-
briefly review the modeling ingredients as well asness equation is
some fundamental properties of the resulting PDE
(2). In Section 3, we give a detailed description of I(x) =
our numerical scheme, focusing on its construction
and the choice of the time step size. This discussiohereby,d is the angle between the surface normal
is followed by numerical experiments in Section 4.vector and the (unit) light source directi@n
The paper is finished by concluding remarks.

cos 0

®)

r2

1
L (5(x)) = ———

2
2 Description of the model VI + 2

andr is the distance of the corresponding surface

In this paragraph, we briefly review the modeling point to the light source. Employing the standard
process of (2), thereby illuminating the roles of itS¢qrmula forcos in (5)

ingredients. For a more detailed description, see
e.g. [15]. Figure 1 is adopted from there.

(-x,H)", (6

n(x)

cosf =L (S(x))- ()]’

(7)
Optical center and evaluating the scalar product in (7), one obtains
the sought formula (2).

For convenience, we assume for our numerical
implementation, that the surfacg is visible, i.e.,
it is in the front of the optical center, so thatis
strictly positive. Then we use the change of vari-
ablesv = In(u), yielding the PDE

f>0

Retinal plane

Surface_

%Q\/f2 Vo] + (Vo -x)° 4+ Q2 =e"2". (8)

This equation is the basis of our numerical scheme.
Remarks. (i) As discussed in [12], the corre-

Figure 1: Perspective projection with a point light sponding model was already considered in non-
source located at the optical center. PDE-form in [10, 11]. (i) The benefit of the above
formulation is that the model is well-posed; for de-
Let 2 represent the rectangular image domain irtails see [12]. (iii) With different parametrizations
RZ2. Consider then the surfac® representing the of the surfaceS, one arrives at different, yet to (8)

object or scene of interest, parametrised by usingquivalent PDEs.



The PDE (8) needs to be supported by boundarys a time step size yet to be determined. The dis-
conditions, i.e.p(x) := p(x) for x € 9. Inthis  cretisation ofv; (x,¢) we use is given by th&uler
setting, one can prove unigueness of viscosity sulforward formula
and supersolutions, see especially [12]. o

We will be interested in computing a VisCoS- v, (x, t)|x,t)=(ihy ,jha,nr) & —2—2. (10)
ity supersolution: this approach avoids the con- T
vex/concave ambiguity often encountered in SFS stable discretisatiorf the spatial derivatives in
models. The corresponding theoretical setting car¥=? is given by theupwindingconcept: As it is
be described V|a,0 = +o0; see the discussion well-known for the kind of PDEs like (9), the use of
in [12]. The consequence is, that the boundangentral differences leads to artificial oscillations re-
condition becomes virtually unimportant, and wesulting in a blow-up of the numerical solution [16].
could implement it like Dirichlet boundary condi- ~ The upwinding concept boils down to use one-
tions given by a ‘|arge’ constant. In practice7 we useSided finite differences in the appropriate direction.
Neumann boundary conditions in order to avoid thelhese are determined by following the characteris-
problem to set the latter, which works well. How- tics of the solution, thus realising wave-propagation
ever, let us stress, that this particular consequend® the physically correct direction. Following the
arises by arEulerian formulationof the problem as derivation of Rouy and Tourin [16], one obtains
given by (8). It_ does not_ hold, e.g., in the case _ofvx1 (%, 8) | (e.t) = (i1 i t) (11)
the recent semi-Lagrangian approach of Cristiani et
al. [4]. We test the use of both types of boundary ~ max <07 Virlg —Vij Vizlj — ”i’j) 7

conditions in the section on humerical experiments. ha ha
Vs, (X, t)'(x,i)=(ih1,jh2,i) (12)
3 Our numerical method ~ max (0 Vil = Vij  Vij=1 = Vij
’ ha ’ ha ’

There are two main approaches in dealing with thENote, that in (11)-(12), we have not specified the
PDE of interest (8): time level yet.

1. Treat it I|k_e a usual boundary value problem The reason for the latter is due to computational
and solve it d|re_c_tly. . . . efficiency we would like to achieve. For this, we
2. Employ an additional ‘t!me’ variable and iter- employ aGauf-Seidel-type ideahich works as
ate until a steady state is reached. follows. Let us introduce a linear numeration of
We will follow the second path: This guaranteespixeB’ i.e., we store the unknowns in a vector whose

that we obtain an approximation of the Viscosity SUjenqih is the total number of pixels. We then set the

persolution. The logic is to choose an initial Statecomputational nodes in such a way, that we proceed

above the supersolution and converge to this Closeﬁrccording to the ordering in Figure 2.
solution of (8) by iterating in ‘time’. Thus, the PDE

to discretise is 1 2 3
v = ) Neg+1 | na+2 | na+3
If2 2ng+1 | 2ny, +2 | 2n, + 3
— 5\/f2 [Vxv]? + (Vev - x)° 4+ Q2 +e~ 2" 3ne +1 |30z +2 | 3n.+3
~~ . .. .

wherev = wv(x,t) now, and whered is a useful

)= Figure 2: Pixel ordering for the Gaul3-Seidel-type
abbreviation for later use.

method.
3.1 Schemeconstruction Having a close look at formulae (11)-(12), we no-
. tice that the stencil of the method incorporates the
We employ the standard notatiow;; := (ata
v (th1, jhe,nT), whereh; and he are the mesh Vit
widths andi andj the coordinates of the pixél, j) Vi1, Vi Vil - 13)

in x1- andx.-direction, respectively, and whete Vi1



This means, at a pixdk, 7) and iterating through To summarisgwe propose a relatively simple-to-
the pixel list as in Figure 2, we have already com-implement, semi-implicit method, where the source

putedv}' 7!, andv}*! .. Thus, for the computation term is evaluated implicitly, and where already

of v;jl, we can use these already updated values t@omputed values are taken into account wherever

achieve an accelerated convergence of our schem@ossible accelerating convergence.
To summarise, approximating spatial derivatives

at timet = nr, the time levels within formulae . . .
(11)-(12) are set by us as 3.2 Choosing thetime step size

ot _n L n We now discuss the most critical number that needs
max <0, g EF o inlg ”) , to be specified, i.e., the time step sizelt is well-
ha ha known, that implicitly discretised terms do not in-
nt1 " " " corporate a restriction on the time step size. In fact,
max <0, G+l U”, Vig=1 7 Vi , for a completely implicit scheme, where all data in
ha ha (14) and (15) were from time leve(n + 1)1 there

(14)  would theoretically not be a restriction on the al-
respectively. For clarity, let us stress once morejowed time step size at all. However, a completely
that the values from time levéh + 1)7 in (14) are  jmplicit formulation results in a quite complicated
alreadyfixedfor the computation ot} f*. nonlinear system of equations to solve numerically,

Turning to the discretisation af(x), Q(x) and  which is contrary to the philosophy followed here
x in (9), we see that this issue amounts pixelwise tqg propose an efficient easy-to-code scheme. In our
simple explicit term evaluations, so that there is NOnethod, we discretise only the source term implic-
problem to deal with these terms. itly. Thus, the term in (15) does not impose a stabil-

We now turn, finally, to the source teraT** jty restriction, whereas the contribution dueAdn
in (9). Source terms like this typically result in a (16) should imply a stability bound.
very small time step size when evaluaedplicitly, In practice, estimates for an upper bound on the
Le., if at time levelt = n7 we approximate it via time step size are often too restrictive for direct
exp (vf);). Especially, this results in iterates chang-se if the underlying problem involves many non-
ing very slowly, leading to excessive computationaljjnearities. An automatic choice based on such an
times in reaching steady state solutions. Thus, Wgpper bound may thus result in unnecessarily long
consider anmplicit discretisation of it, writing computational times. Nevertheless, it yields a good

starting point for a user’s choice. We now proceed
gy R €T (15) inthe line of these considerations, computing a rea-

. . . sonable candidate for an initial choice of the time
This component of our algorithm makes it neces-

. . . . step size. As indicated, we neglect for this the im-
sary to employ ireach pointan iterative solver of " : .
- . . Y plicitly discretised source term.
the arising nonlinear equation: denoting Hythe . . o .
discretised version of term from (9), we obtain A meaningful stability criterion for numerical

by the Euler forward formula (10) pixelwise the up- methods f_or PDE$ (.)f the co_nsi_dgred_type idige
date formula crete maximum-minimum-principlee., ideally, the

numerical solution of each time step shall not pro-

Lt —TA+ re 2t (16) duce oscillations by over- or undershooting neigh-

7 7 bouring data. This discrete stability criterion is
which has to be solved fop?'f"l_ We do this by closely related to the notion of viscosity solutions
employing the classical NeWton-method, letting itdiscussed in paragraph 2, as such viscosity solutions
iterate until convergence (which requires in practiceenforce the corresponding property on the level of
three or four iterations). In this context, let us stresshe PDE-formulation [3].
explicitly, that by (16) it does not become necessary Let us stress here, that it makes sense to establish
to solve a nonlinear system of equations: the task discrete minimum-maximum-principle neglecting
amounts to solveixelwisea quite harmlessne- in the corresponding computations the source term:
dimensionahonlinear equation, done efficently by This has the character of establishingiecessary
the one-dimensional Newton-method. conditionfor stability.

—2v(x,t
e 2 o=



Let us have a close look at the terms of impor-Q is a number in0, 1) generally small in compari-
tance in the corresponding ‘reduced form’ of (16): son with the other arising terms — which also com-
prise a ‘pessimistic’ estimation — we may neglect

n+1 5 T
Q“, arriving at

v = UL — TA. a7

Then the task arises to estimate max A & 5va\/f2 gy \/2f2 TR, (23)

‘TA A
. From (18) and (23), a%A( < §v shall hold, we
é max {”zﬂl,j — ”zn-,j{ |U¢_1,J- — iy obtain after a few trivial manipulations the inequal-
- hi ’ ha ’ ity
1
n+1 n n n - @
i = ol | oo = ol |> (18) TR @y
h ’ h ’
? 2 In SFS computations, the number on the right hand

; +1, ntl side of (24) is often very small, in a typical setting
Let us note that, in (18), the valueg_, ;, v, of our experiments arount0—° to 10~7. As in-
are already fixed so that it makes sense to incorpo-. ) )
rate these data from time levéh + 1)7 into the dicated, this number can be relaxed by some factor
computation as the estimation is pessimistic. Let us also note,
For clarity, let us point out explicitly, that a dis- while the discrete maximum-minimum-principle is

crete maximum-minimum-principle holds if (18) is enforced, on the other hand the theoretical maxi-

satisfied: the right hand side amounts to the maxium of Io_cal updates is allowed. This means, the
mal absolute difference betweefi, and the other abs_olute size of the number does not matter as much
given data within the computational stencil. Thus,2° It seems.

if (18) is met, the largest possible change due to an

update yields the maximum or minimum of this set,4 Numerical Experiments

respectively.

For abbreviation, let us now denote the quantityin this paragraph, we show several numerical ex-
on the right hand side of (18) bw. Employing the periments on synthetic images in order to assess the
notationV ¢ for the discretisation oVv introduced  performance of our algorithm.
in (11)-(12) and (14), we can compute the following The pyramid experiment. This experiment is
estimates: very useful for investigating and visualising the in-

5 fluence of initial and boundary conditions. The task

IVo|* < (V 251}2) = 20v*, (19) s to reconstruct the pyramid-shaped surface shown

. 2 SN2 a2c 2 in Figure 3. Figure 4 shows a photograph of this
(Vorx)7 = (2%00)" = 457007, 20) g tace witho — 1000, f = 251.6, hy — hs = 1,

where in (20) we have used 256 x 256 pixels, wherer denotes the factor deter-
mined by light source intensity and surface albedo,
% := max (il ha, || ha) - (21)  andhy, h2 are as before the pixel widths ¥ - and

xz-direction, respectively. The rendering was done
Note, thatx is a finite number but it can be quite by ray-tracing the surface.

large. R Note, as the surface consists of four triangles,
Plugging (19)-(20) into4 yields only these triangles can be hit in the ray-tracing pro-

9 cess. Consequently, the surface normal at the top of

A < % /22002 4 4602%2 + Q2 the pyramid does not point towards the camera, re-

sulting in a maximum grey value @28 instead of
If\/f2 + %2 V/2f2502 + 4%2602 4+ Q2. 255. Hence, we cannot expect the sharp top of the
(22) pyramid to be reconstructed perfectly.
As noted in the introduction, at the image bound-
Up to (22), all steps involve rigorous estimates. Asary we employ Neumann boundary conditions. The
we only seek an estimate for choosinghere, we algorithm was initialised with the constamt =
may now employ the following simplification. As log0.2, which is larger than the actual solution.

IN



Figure 4: Input image for the pyramid surface.
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Figure 3: A pyramid shaped surface.

Let us point out here explicitly, that a constant

is equivalent to a spherical surface in the untrans-
formed variableu. Figure 5 shows the surface cor-
responding to this constant initialisation.

Figure 6 shows a reconstruction of the surface us-
ing our method. As expected, the top of the pyra-on how far the initialisation is away from the actual
mid is flat instead of sharp. Due to the boundarysolution and on the time step size. For ensuring sta-
conditions, the reconstruction at the image boundbility, we need to use rather small time step sizes,
ary is a bit too round compared to the ground truthsee Section 3.2, so we should try to find an initial-
However, overall the reconstruction of the pyramidisation larger than, but as close as possible to the
is good, even the edges of the pyramid are recorsolution. In [12], it is shown that
structed well. 9

As indicated before, our method does not rely on v(x) =—05logf (25)
a specific initialisation. In the previous experiment,fulfils this. This initial image, however, is only de-
we initialised the algorithm with a constamtarger  fined if I is strictly positive everywhere, i.e., if there
than the actual solution. We can choose any suchre no black pixels in the input image. With this
constant, the reconstruction is always the same. initialisation, a good reconstruction of the pyramid

In fact, the method does not even need conimage can be obtained in about one minute (C-code,
stant initialisation. Figure 7 shows an alternativePentium 4, 3.2 GHz). Figure 8 shows the surface
initialisation for w with random data in the range corresponding to this initialisation for the pyramid
(0.18,0.22). The result of the reconstruction is the input image.
same as shown in Figure 6. The discussed experiments were all done without

Note that the speed of the reconstruction dependsny knowledge of the actual surface used within the

Figure 5: Surface with constant
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Figure 6: Reconstruction of the pyramid with Neu- Figure 8: Initialisation withv = —0.51og I f* for
mann boundary conditions. the pyramid image.

Figure 9: Reconstruction of the pyramid with exact
Dirichlet boundary conditions.

Our algorithm is also robust with respect to noisy
Figure 7: Surface with random input data. In order to verify this claim, we have
added Gaussian noise with standard deviatidoto
. . the input image. Figure 11 shows the correspond-
algorithm. If we use exact Dirichlet boundary con-inq yeconstruction using our method. The result is
ditions, i.e., if we set the values at the image bound'nearly as good as without noise. The same holds
ary to those of the 'ground.trut.h, we obt_aln a nearly e for the scheme of Prados et al.. Using the latter
perfect reconstruction, which is shown in Figure 9. method, it is, however, necessary to reduce the time
Prados et al. [12] suggest to use state constraint§ep size a bit to ensure stability of the method. The
boundary conditions, i.e., Dirichlet boundary con-ggiimate given in [12] works very well for "contin-
ditions with a very large constant at the boundaryy,oys” input data, but for "discontinous” input data
Since this means that very large gradients are gefpis estimate tends to be a bit too large, especially
erated at the boundary, it can easily be seen by taliear very dark pixels, which may affect the stability
ing into account (14), that state constraints boundy¢ the scheme. Our method is perfectly stable using
ary conditions are practically the same as Neumanghe estimate from equation (24).
boundary conditions (this is also true for the algo-
rithm of Prados et al.). Quantitative comparison with the scheme of Pra-
We implemented the algorithm from [12]. Figure dos et al.. We compare our results to those of the
10 shows a reconstruction obtained by using this alalgorithm of Prados et al. [12]. We compare both
gorithm. The result seems to be about as good azconstruction quality and run time. For a quanti-
the one computed by our method. tative comparison of both algorithms, we compare



Figure 10: Reconstruction of the pyramid with the
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algorithm of Prados et al.
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Figure 11: Reconstruction of the pyramid with

Gaussian noise added.

the averagd.-error

ng Ny

n:ny DD luig) —alij)l,  (26)

i=1 j=1

wheren, xn, is the image size, the reconstructed

depth and: the ground truth.

Table 1: L, errors ofu for the pyramid experiment.

Noise Our method Prados et aJ.
Without 0.0069 0.0070
Gaussiang = 5 0.0071 0.0072
Gaussiang = 10 0.0076 0.0074

here a maximum change of a pixel value {(inof
less than10~°, which is fairly low, good results
may as well be achieved with a larger value in less
computation time.

Table 2: Run times for the pyramid experiment.

Method Time
Prados et al. 322s
Our method, globat | 102s
Our method, locat 41s

In Table 2, we compare the run times of both
algorithms for the pyramid input image. Using a
constant time step size according to the estimate in
equation (24), we achieve a significantly better per-
formance than Prados et al.. However, note that our
implementation of the scheme in [12] is not optimal
in the sense that it makes use of several (expensive)
functions like atan, sin, cos, log, and exp in every
iteration (while our algorithm only uses exp in the
Newton step). One might speed it up, e.g. by using
lookup tables for those functions. Still, our algo-
rithm will be faster, and can be accellerated even
more by evaluating the estimate from equation 24
in every pixel instead of using a constant time step
size globally. For the pyramid image, we notice a
speedup of roughly a fact@:5 this way. Prados et
al. make also use of a local choice of the time step
size. Allthe runtimes in Table 2 are measured using
a C-implementation of both methods on a Pentium
4, 3.2 GHz,2 GB RAM running Linux, and both al-
gorithms have been initialised like in equation (25).

Summary of the pyramid experimentVe have
shown that our method works independently of the
particular choice of initial and boundary values. In
the simple setting of the pyramid experiment, the
scheme yields good results. The new algorithm has
proven robust to Gaussian noise added to the input
image. Compared to the method of Prados et al.,
we observe a significant speedup with a comparable
reconstruction quality.

The Mozart experiment. The Mozart experi-
ment is a well-known benchmark in the SFS area.

Table 1 shows the errors of both algorithms forThe ground truth is depicted in Figure 12.
the pyramid image with and without noise. Both As input image, we use the input image used in
algorithms are quite robust under noise, the resultfl2, 15], which is shown in Figure 13. Parameters
only get slightly worse. The quality of the result is for the reconstruction are= 250, h1 = hy = 1,
about equal. As a stopping criterion we employed56 x 256 pixels. Unfortunately, [12] does not give



the value foro, we just assume = 4 - 10*, which
should be in a realistic range.

As a particular difficulty, the input data involve
a slight ‘break of the rules’, as it does not satisfy

the underlying modeling assumption that the face is

completely visible, which is obvious by the shad-
ows on its left and right hand side. These shadow.
are indeed black pixels in the image, herldex)
vanishes at these pixels. Howevdr,= 0 also

means our method will not move towards the so-

lution, but remain at the initialisation values. To
overcome this, we change all pixels in the input im-
age with grey value smaller thanto a grey value
equal to5, this way, those pixels will also have the
ability to move away from the initialisation. Nev-

S

ertheless, the reconstruction of the Mozart image at

these pixels is very difficult.

Figure 14 shows a reconstruction of the Mozart

image using our method (with constant initialisa-

Figure 13: Mozart input image.

tion) and Neumann boundary conditions. The face

and the shoulders of Mozart are reconstructed ver

well. The reconstruction is somewhat flat, but this

§umed at the image boundary) and by the difficulties
with the reconstruction of the face boundary.

is the case for nearly every reconstruction of the The reconstruction using the method of Prados et

Mozart face. The (too high) reconstruction of the

al. is again comparable to the one using our scheme,

background makes the reconstruction appear evet We do not give an additional corresponding figure

more flat.

Figure 12: Ground truth for the Mozart image.

At the boundary of the face, the reconstruction
proves to be very difficult, as we expected: Some

(dark) pixels are far off the ground truth. The back-

ground is not recovered very well, this is caused by e
the boundary conditions (a sphere-like shape is as-

here. Since there are dark pixels in the input image,
we need to use a smaller time step size once again
to ensure convergence of the method of Prados et
al..

Concluding the Mozart experimen€omparing
our result with those in [12] which can be consid-
ered as the state-of-the-art, the reconstruction qual-
ity of the face is similar. At the face boundary our
method performs a bit better while we have a much
smaller amount of outliers, yet the reconstruction
of the background is comparable. Altogether, our
method seems to do very well here, considering we
had to guess.

5 Concluding remarks

To conclude, we have shown that the constructed
numerical methods satisfies the intended goals:
robustness of the scheme with respect to the
choice of initial data,

moreover, robustness with respect to the im-
plementation of boundary conditions,
robustness with respect to noisy data,
numerical results are of the accuracy of state-
of-the-art methods in the field, yet the numeri-



Figure 14: Reconstruction of the Mozart surface.

(5]

(6]

(7]
8]

EJ

[10]

[11]

cal solver is much simpler,

e the implementation of the numerical scheme i§12

e computational times are reasonable.

of modest programming effort,
[13]

Taking these aspects altogether, we have devised a
highly competitive method in the field, as well as a

good basis for further developments.

[14]

The work of us in the near future will be in two
areas: (i) Further improvement and analysis of the
numerical scheme, especially with respect to theg
choice of the time stepping method, and (ii) the in-
vestigation of real-world applications of the model
in conjunction with the numerical scheme.

[16]

References

(1

(2]

[3]

4

17
A. R. Bruss. The eikonal equation: Some results applica-[ ]
ble to computer vision.Journal of Mathematical Physics
23(5):890-896, May 1982.

F. Courteille, A. Crouzil, J.-D. Durou, and P. Gurdjoso-T  [18]
wards shape from shading under realistic photographic con-
ditions. InProc. 2004 International Conference on Pattern
Recognition volume 2, pages 277-280, Cambridge, MA,
USA, August 2004.

M. G. Crandall, H. Ishii, and P.-L. Lions. User's guide (19]

to viscosity solutions of second order partial differehtia
equations.Bulletin of the American Mathematical Society
27(1):1-67, 1992.

[20]
E. Cristiani, M. Falcone, and A. Seghini. Some remarks
on perspective shape-from-shading models. In F. Sgallari,
A. Murli, and N. Paragios, editorS§cale Space and Varia- 21]
tional Methods in Computer Visipmolume 4485 ofecture
Notes in Computer Sciencpages 276-287, Berlin, May-
June 2007. Springer.

R. T. Frankot and R. Chellappa. A method for enforc-
ing integrability in shape from shading algorithmsEEE
Transactions on Pattern Analysis and Machine Intelligence
10(4):439-451, July 1988.

B. K. P. Horn. Shape from Shading: A Method for Obtaining
the Shape of a Smooth Opaque Object from One \iRhD
thesis, Department of Electrical Engineering, MIT, Cam-
bridge, MA, 1970.

B. K. P. Horn. Understanding image intensitieArtificial
Intelligence 8:201-231, 1977.

B. K. P. Horn and M. J. Brooks. Shape and source from
shading. InProc. International Joint Conference on Artifi-
cial Intelligence pages 932-936, Los Angeles, CA, USA,
August 1985.

B. K. P. Horn and M. J. BrooksShape from ShadingArti-
ficial Intelligence Series. MIT Press, Cambridge, MA, USA,
1989.

T. Okatani and K. Deguchi. Reconstructing shape froadsh
ing with a point light source at the projection center: Shape
reconstruction from an endoscope imagePhc. 1996 In-
ternational Conference on Pattern Recognitismolume 1,
pages 830-834, Vienna, Austria, August 1996.

T. Okatani and K. Deguchi. Shape reconstruction froraran
doscope image by shape from shading technique for a point
light source at the projection cente€omputer Vision and
Image Understanding6(2):119-131, May 1997.

E. PradosApplication of the theory of the viscosity solutions
to the Shape from Shading problefhD thesis, University
of Nice Sophia-Antipolis, Oct. 2004.

E. Prados and O. Faugeras. Perspective shape fronnghadi
and viscosity solutions. IRroc Ninth International Confer-
ence on Computer Visiowolume 2, pages 826-831, Nice,
France, October 2003. IEEE Computer Society Press.

E. Prados and O. Faugeras. A generic and provably conver
gent shape-from-shading method for orthographic and pin-
hole cameras. International Journal of Computer Vision
65(1-2):97-125, 2005.

E. Prados and O. Faugeras. Shape from shading: A well-
posed problem? IRroc. 2005 IEEE Computer Society Con-
ference on Computer Vision and Pattern Recognijtieni-
ume 2, pages 870-877, San Diego, CA, June 2005. IEEE
Computer Society Press.

E. Rouy and A. Tourin. A viscosity solutions approach to
shape-from-shadingSIAM Journal of Numerical Analysis
29(3):867-884, 1992.

A. Tankus, N. Sochen, and Y. Yeshurun. A new perspec-
tive [on] shape-from-shading. IRroc. Ninth International
Conference on Computer Visiovolume 2, pages 862—-869,
Nice, France, Oct. 2003. IEEE Computer Society Press.

A. Tankus, N. Sochen, and Y. Yeshurun. Perspectiveehap
from-shading by fast marching. IRroc. 2004 IEEE Com-
puter Society Conference on Computer Vision and Pattern
Recognitionvolume 1, pages 43-49, Washington DC, USA,
June-July 2004. IEEE Computer Society Press.

A. Tankus, N. Sochen, and Y. Yeshurun. Reconstruction
of medical images by perspective shape-from-shading. In
Proc. 2004 International Conference on Pattern Recogni-
tion, volume 3, pages 778-781, Cambridge, UK, Aug. 2004.

A. Tankus, N. Sochen, and Y. Yeshurun. Shape-from-
shading under perspective projectidnternational Journal
of Computer Vision63(1):21-43, June 2005.

R. Zhang, P.-S. Tsai, J. E. Cryer, and M. Shah. Shape from
shading: A survey|EEE Transactions on Pattern Analysis
and Machine Intelligence21(8):690-706, 1999.



