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Abstract

As first demonstrated by Chambolle and Lions the staircasing effect of the Rudin-
Osher-Fatemi model can be reduced by using infimal convolutions of functionals contain-
ing higher order derivatives. In this paper, we examine a modification of such infimal
convolutions in a general discrete setting. For the special case of finite difference matri-
ces, we show the relation of our approach to the continuous total generalized variation
approach recently developed by Bredies, Kunisch and Pock. We present splitting methods
to compute the minimizers of the ¢3 - (modified) infimal convolution functionals which
are superior to previously applied second order cone programming methods. Moreover,
we illustrate the differences between the ordinary and the modified infimal convolution
approach by numerical examples.

1 Introduction

It is well-known that the staircasing effect visible in the minimizer of the Rudin-Osher-Fatemi
(ROF) model [29]

o1
argmin {§Hf - u||2L2 + a|u|BV}7 a>0
u€ Ly
with the semi-norm
Ve |Vw<1 /o

= / |Vu| dx if u and its weak first derivatives are in L;(€2)
Q

for denoising images f : 2 — R corrupted by white Gaussian noise can be reduced by
incorporating higher order derivatives into the functional. One successful approach in this
direction was given by Chambolle and Lions in [8] who suggested to use the infimal convolution
of functionals with first and second order derivatives as regularizer, i.e.,

ul1tus=u

inf / o [Vui| + as|V (Vup)| da.
Q
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An alternative approach with |Aus| instead of |V(Vug)| was given in [10]. For various other
variational and PDE approaches involving higher order derivatives see [11, 15, 22, 24, 30,
41, 43]. Among these approaches we only mention that instead of infimal convolutions also
functionals of the form ®(u) = >, ®;(u) were proposed, see, e.g., [15, 25]. In one dimension,
the difference between the minimizers of the functionals

SIF —ulf, + (@08 (w) and JIf — ulf, + (@1 + @) (w) (1)

with ®1(u) := ay [, [v/(z)|dz and ®a(u) := o [ |u”(x)| dz is shown in Fig. 1. The advan-
tages of the infimal convolution regularization are clearly visible. Finally, note that infimal
convolutions with other operators than derivatives were applied, e.g., for image decomposition
in [1, 2, 36].

In [34], we have applied a modified infimal convolution (MIC) regularization with first and
second order derivatives just for some computational reasons related to second order cone
programming. In general this modification leads to better numerical results than the original
one by Chambolle and Lions. We have also generalized our model to tensor-valued images
in [35]. Recently, this MIC approach was given a theoretical fundament (in the continuous
setting for derivatives of arbitrary order) by Bredies, Kunisch and Pock [5] based on tensor
algebra. The corresponding regularizer was called total generalized variation (TGV). For
other generalizations of TV we refer to [31].

In this paper, we examine more general MIC functionals than in [34] in a discrete setting.
These functionals combine ¢1-type norms with linear operators fulfilling some general factor-
ization properties. The modifications of the ordinary infimal convolution appear by tightening
the constraints on the dual variable. The corresponding primal problem contains a modified
infimal convolution regularizer with some additional variables related to the linear operators.
We propose an alternating direction method of multipliers and a primal-dual hybrid gradient
algorithm to compute the minimizers of the functionals as well as some important interme-
diate values which are helpful to interpret the overall results. We show that this method can
beat second order cone programming used in [34] significantly in terms of computational time.

This paper is organized as follows: In Section 2, we recall properties of infimal convolutions
and consider minimization problems with /3 data fitting term and special ¢;-type infimal
convolutions as regularization terms. Based on the dual formulation of these problems, we
introduce modified dual problems by tightening the constraints on the dual variable in Section
3. We give a useful formulation of the modified primal problem which clearly shows its
difference to the original problem.

In Section 4, we consider modified ¢1-type infimal convolutions with finite difference matrices.
We start with the practically most important case of ordinary difference matrices in Subsection
4.1 and show the relation to TGV regularizers introduced in [5]. This subsection is related
to our previous work [34], where we have introduced a modified infimal convolution just for
computational reasons within second order cone programming. In Subsection 4.2 we enlarge
our considerations to more general difference matrices.

To compute the minimizers for the infimal convolution regularization term we apply an alter-
nating direction method of multipliers in Section 5. Moreover, we use a primal-dual hybrid
gradient algorithm for the corresponding MIC-regularized problem.

In Section 6, we explain the differences between the ordinary and the modified infimal con-
volution approaches by numerical examples. The paper finishes with conclusions.
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Figure 1: Results of minimizing the functionals in (1) applied to the noisy 1D signal (b)
corrupted by additive Gaussian noise of standard deviation 20. By the infimal convolution
approach both the jump discontinuities and the linear parts in the signal are nicely restored,
see (¢) and (h). The corresponding decomposition into the sum of two signals is shown in (d).



2 [(;-type infimal convolutions

We start by considering some general properties of infimal convolutions. The infimal convo-
lution of the convex functionals ®; : RV — (—o0,+00], i =1,...,m, m > 2 is the functional
® defined by

O(w) = (10...0p)(w) = inf > Di(u;). (2)
=1

It can be considered as the convex analysis counterpart of the usual convolution. In the
following, let ¥*(v) := sup,cpm{(v,w) — ¥(w)} denote the Fenchel conjugate of ¥. For a
proper, convex, lower semi-continuous (l.s.c.) function ¥ we have that ¥** = ¥. Moreover,
we stress the fact that the support function sup,co(-,v) of a nonempty, closed, convex set
C C RY is the Fenchel conjugate of the indicator function tc of C and vice versa. If ¥
is proper, convex, l.s.c. and positively homogeneous, then it is the support function of a
nonempty, closed, convex set. The converse is also true.

Let

(W0H)(v) == lim U(u+ Av) — ¥(u)

A—00 A ’

u € dom ¥

be the recession function of W.

By the following proposition the convexity of the ®; implies the convexity of ®. Properness
of convex functions is not always preserved by infimal convolution since the infimum may be
—o00. Lower semi-continuity (l.s.c.) is only preserved under additional conditions. For more
information on infimal convolutions we refer to [37].

Theorem 2.1. Let ® be the infimal convolution of proper, convex functions ®;,1=1,...,m.
Then ® has the following properties:

i) ® is convex.

ii) If the ®;, i =1,...,m are also l.s.c. and

(@107)(ur) + - + (20" ) (um) < 0
(@107)(—ur) + -+ (20" ) (—um) > 0

)

imply that up + - -+ 4+ upy # 0, then ® is proper, conver and l.s.c. and the infimum in
the definition of ®(u) is attained for any w € RN. In particular, the above implication
holds true if ®;(u) = ®;(—u) for all u € RV,

iii) If ®;(u) := ||Riu|| with R; € RNoN i =1,... m and some norm || - || in R, then ® is
continuous.

iv) (®10...00,,)" = & + ... + O,

Proof: For i) we refer to [28, p. 33] and the proof of the first part of ii) can be found in [28,
p. 76]. The last part of ii) is clear since it follows from W(u) = ¥(—u) that

U(u — Av) — ¥(u) U(—u— ) — U(—u)

=+ o — . — .
WO = 2 )
v -V
~ lim (u+t M;) ) _ (9ot (o).



To prove iii) we consider

m m—1 m—1
P h) = inf }ﬂ ill = inf fﬁ i lﬂn h — i .
(Wt = SRl = {; IRl + |+ 1= 3w )H}
Since
-1 m—1 -1
1B (w =Y )| = Rk < R4 h = )| < R (u— Y )| + || Rl
i=1 i=1 i=1

we conclude that
®(u) — |Rph| < ®(u+h) < (u) + ||Rphl.

This implies that |®(u 4+ h) — ®(u)| — 0 if |h]| — 0 and we are done.
The proof of iv) is given in [28, p. 145]. O

The infimal convolution functionals applied in this paper will fulfill both ii) and iii).

Let |||y, 1 < p < oo denote the usual £, vector norms on RY. For V = (V{¥,...,V,5)" € R"V,
V; € RV and positive weight vectors w = (wk)p—q, we define norms on RN as follows:

N[

||VHp7w = (lel2 +.o 4+ wnvnz) Hpv

where the vector multiplication and the square root are meant componentwise. For given
f € RY, we are interested in minimizers of the functional

o1
(¢2-1C/P) argmm{in —ull3 + ®rc(u)}
u€RN

with the infimal convolution ®;¢ := ®,01...0®,, of the special ¢1-type functionals
®;i(u) = ai Riugl|1,w,- (3)

Note that ||[V|pw, = || (witVE+... +Wi,nivn2i)% |l for V := R;u. Since the functional in
(£2-1C/P) is coercive, strictly convex and by Theorem 2.1 iii) continuous, it has a unique
minimizer which we denote by ¢

In this paper, we will propose a modification of the (£3-IC/P) functional. Since our mo-
dification is motivated from the dual functional of (¢3-IC/P) we have to establish the dual
problem first. In general, for proper, convex, ls.c. functions g : RY — (—o0, +0oc] and
f:RM (—o00,+o0] and a linear operator A € RM:N the primal and its dual optimization
problems read

(P)  min {g(u) + f(Au)}, (D) — min {g"(=A%0) + f*(v)}. (4)

ueRN vERM

Thus, using Theorem 2.1 iv) and the fact that (1||f —-(|3)*(v) = %[ +v||3 — 3| /|13, the dual
problem of (¢2-IC/P) reads

. 1 2 < *
argmin {GIf = vllz +>_ @i ()}
i=1

5



The functionals ®; are positively homogeneous so that their Fenchel conjugates are indicator
functions to of some sets C, more precisely,

P =10, with Cu i={v=RV:|V]1/w < i}
Conversely, we can rewrite ®; as

Oi=up = s (L RIV).

g
Vloo,1/w; St

Hence our dual problem becomes

1 T
argmin § —||f — v||5 + e, (),
rgmin {51~ vlfi + 3 e, ()}

=1

or as a constrained problem

1
(@‘IC/D) §”f - ’UHS — min subject to v=R{Vi=...= R}V,
1Villoo i < @iy i =1,...,m.

The relation between the minimizers @;c of ((3-IC/P) and ;¢ of (£2-IC/D) is given by
urc = f —vrc-

In applications matrices R; arising from differential operators as those in the following example
are frequently applied.

Example 2.2. Let m = 2. Take the forward difference matrix (with Neumann/mirror bound-
ary conditions)
-1 1 0
0o -1 1
Di=| o | ermm (5)

0 .- 0 0
o .- 0 0 -1 1
0 .- 0 0

o o

0
0

as a discretization of the first derivative with spatial step size h = 1. Then (—D)"D is the
central difference matrix for second order derivatives. Let AQ B denote the Kronecker product
of A and B. If we reshape square images F' of size n x n columnwise into vectors f of size
N = n? we can use

D, =1, D, Dy =1, ® (—DT)Dy Dwy = (_DT) ® D,
Dy :=D® I, Dyy = (=D")D @I, Dy, =D (-D7),

as discrete partial first and second order derivative operators. For simplicity of notation we
use square images although the approach works for rectangular images, too. Set

D
D xx
Dl = <D > s D2,a = <D ) s D2,b = D:cy +Dyx s D2,c = Dy
y Yy Dy, Dwy
vy

In particular, D1 ~ V serves as a frequently used discrete gradient operator and its negative
adjoint as the corresponding discrete divergence —D{ ~ div, see, e.g., [7]. In applications



Ry := Dy and Ry := Ds. with weights (1,1) on R?Y, (1,%,1) on R3N and (1,1,1,1) on
RN were used. Note that except for D2,aulli,(1,1) the corresponding continuous functionals
of ||Riu||1.w;, i = 1,2 are rotationally invariant. The continuous equivalent of (¢3-IC/P) with
m = 2 and first and second order derivative operators was for example used in the Chambolle-

Lions approach [8].

3 Modified /;-type infimal convolutions

In this section, we propose a modification of the £2-IC functional which is superior in certain
image processing tasks as demonstrated in Fig. 2.

Figure 2: Top: Original image u (left), courtesy of S. Didas [14], and noisy image f (right)
corrupted by additive Gaussian noise of standard deviation 20. Bottom: Denoised images by
02-1C (left) and ¢3-MIC (right) with Ry = Dy, Ry = Da, and a; = 60, as = 300, see [34].
To this end, we assume that the matrices R; are related to R, via matrices L; € RNm:Nm—i
such that

Rm = Lszm—i = L@'Rm_@', 1= 0, ey — 1, (6)

where we skip the superscript m in the notation of L if its relation to the index 7 is clear.
Furthermore, we agree that Ly := Iy. Note that such a matrix L]" exists if rgR} ., =
g (R, ).
In particular, we obtain for our discrete differential operators in Example 2.2 the following
factorizations.

Example 3.1. For the matrices Ry = D1 and Ry = Da o in Example 2.2 it holds that



D27. = L17.D1 with

-DTF 0
T T
-Dpr 0 De 0 0 DI
Ll,a = 0 DT> Ll,b = _Dy _Dx ) Ll,c = _DT 0
y 0 -DI y
y 0 -DI

We consider the dual problem (¢2-IC/D) in its constrained form. Having the relation
v =RV, =RL_,Vy, in mind, it is self-evident to deal also with the slightly modified
functional

1
(/3-MIC/D) §”f —v|3 — min  subject to  wv=RLYV,

HLg'L—ZVHOO,l/wl < g, 1= 1, ey M.

In other words, in contrast to (¢3-1C/D) we have the additional restrictions V; = LT .V,
i =1,...,m —1. Note that R]V; = RIW; implies V; = W; if and only if N(R]) = {0},
respectively, if and only if R(R;) = RYi. Hence, if the above conditions hold true for i =
1,...,m — 1, then the two problems (¢£3-IC/D) and (¢£3-MIC/D) coincide.

As an unconstrained problem (¢3-MIC/D) reads

1
argmin{§||f—REnV\|§+LK(V)} with K == {V ¢ ||LE_iVloonjw; < @ i=1,...,m} (7)
VERNm

respectively,

1 m
argmin {Z||f = RRVIE+ Y ero, (V)} with Koj={V: | LpiVlisoajw < ik (8)
VERNm 2 i—1 ‘

For m = 2 and the special matrices Ry = D1, Ry = Dy 4, respectively, Ry = Dy, Ry = Dy of
Example 2.2 the modified dual functional (¢£3-MIC/D) was suggested in [34] for the denoising
of images.

Since it is hard to see why (¢3-MIC/D) could lead to better denoising results than (¢3-1C/D)
we give a formulation of the primal problem (¢3-MIC/P) which in our opinion better clarifies
the differences between the approaches.

Proposition 3.2. The primal problem of (¢3-MIC/D) is given by

1
((3—MIC/P)  argmin {= || f—ul[3+¢k(Rmu)} with e (Rpu) = sup (Rmu, V)
ueRN 2 ”Lgbfiv“ooyl/w
i=1,....m

<oy

and can be rewritten as 1
argmin {37 — ul + Basrc(w)}

u€R
with
m—1 m—1
(I)M[c(u) = u:miEerum { Z azHRzuz — SiHLwi + am||Rmum + Z Lm—isiHI,wm}, (9)
siEN(R]) =1 i=1

where N'(R]") denotes the null space (kernel) of the operator R



The difference between ® ;o and ®pr7¢ consists in the additional degree of freedom obtained
by the vectors s; € N(R}), i = 1,...,m — 1. We see that (£3-MIC/P) is coercive, strictly
convex and l.s.c. Thus its minimizer which we call 4/ is unique. It is related to the mini-
mizer Upr7¢ of the dual problem by a7 = f — Unmre.

Proof: By (4) the primal problem of (7) reads as (¢3-MIC/P). By (8) the primal problem is
also given by

1
SIF =l + @ (R,

where by Theorem 2.1 iv)

= () )= o 35, ) (1)
i=1
Using RVm = R(Ly,—;) & N(LE,_;), we obtain that
Ui, (U) = sup U, V) = 400 if Ug R(Lm—i)-

IILryI‘nfiV“oo,l/wi Sai

Since we are looking for the infimum in (10) this implies that U = L,,,—;x and consequently

v, (U) = sup (Lm-iz,V) = sup  (z,2)
' ”LT V”oo 1/w2<a1 II= HOO 1 wi Say
2€R(LT )

m—1i

= Sgp{(%2>—b{z:||z||oo,1/wiSai}() Lzzerrt 3 (2)}

= (L{z lzlloo,1/w; <ai} T LzzeR(LE >}> ()

m—1i

= A0 e o200t () F Haerar_ (W)

T=v4w
B x:igiw{ai”v”lvwi t L?z:zeR(Lﬁ%)}(w)}- (11)
Since
Hoer@r )y (W) = ve;&% Z)<U=’w> = yselﬂl& (Ln—iy,w),

we conclude that w € N (L,—;) since otherwise this functional becomes +o0o and cannot lead
to the infimum in (11). Hence it follows that

* e 1 . [e—
e, @) = it aille — wll,

wWEN (L —4)

and the functional in (10) reads

m
PR, u) = E a;llx; —w = inf Za- T .
( m ) Rmu—Z Ly oy 4 2“ t 2”1 ;Wi Rnt=5"" 1 Ly, 4 2” z”l,wl
wj EN(Lm i) 1=1

_ m—1
= inf { Z illzill1w; + ml| Rt = Y Lon—iil 1.0, }-
i €RNi T i=1



The structure of ® /¢ follows by setting x; := Ryu; —s; with s; € N(R}), wp, := u— Z:’;_ll Uu;

and by using (6). O

In the context of infimal convolutions we mention that

Ry
Brrro(u) = (W10Ws)(Sptr)  with Sy, i— ﬁ | mo
Rm—l
and
m—1 m—1
\Ill(azl, e ,:L'm_l) = Z ainiHLwi, \1’2(1'1, . ,a:m_l) = amH Z Lm—ixi”l,wm-
=1 =1

There exists an intermediate problem between ¢2-IC and ¢3-MIC. This is discussed in the
following remark.

Remark 3.3. Having the relation v = REV,, = R/L! .V, = RV, in mind and setting
V; = LT _.W; in ((3-1C/D), we obtain the following modification of the (3-1C functional

~ 1
(£3-1C/D) §”f —v||3 — min  subject to  v=RIW;=...=RIW,,
||L1’7;L—ZWZ||OO,1/MZ <ai,i=1,....m
or in unconstrained form
m
)1 2 T T
argmj\lrn §”f —vll3 + Z LCa, (v) ¢ Ca; = {v="R,V: ”Lm—iv”oo,l/wi <o} (12)
veER i=1

Following similar lines as in the proof of Proposition 3.2 the corresponding primal problem

reads
m

~ o1 .
(E%-IC/P) argmln{iuf—u”g—|—<I>I~C(u)}, Qo (u) = . wa a; || Riwi — wil| 1w, -
u€RN w €N (Lo 1) =1

(13)
Having a look at the dual problems we conclude that ||urc|l2 < ||tz < [darc|e.

In image restoration applications we are mainly interested in the case m = 2. Let us summa-
rize how the penalizers of the primal problems look like for m = 2:

Pio(u) = inf {aq||[Ryurllie, + a2 [|[Rouz|l1,w, )

u=ui+uz

= o nf Aoz ie + el Lizalliw, ) (14)
,1u7;vl+:02

z,€R(R7)

rolw) = inf Aar|[Riun —wifie + a2l Rauzllie, )

w1 EN(L7)

= nf Aarer —willie + el Lizaliw )

ju=x]tag

2,€R(Ry)

wy €N (L)
Qprrc(u) = u:i}llf»uz {a1||R1u1 — 1|10, + 02l|Rouz + L1s1]1,ws }-
sleN(erI‘)

= inf  {agl|z1]l1w, + a2l Lizall1w, }- (15)

Riu=x1+x2

10



Recall that we originally obtained ¢3-MIC from ¢3-IC via K%—INC by adding further constraints
on the dual variables. Here, we see that this led to relaxed conditions on new variables 1, x9,
compare e.g. (14) and (15). For ®;7¢(u) we no longer have the restriction that x; € R(R;)
for ¢ = 1,2 and thus, Ryu can be decomposed into any 7 and xo. In general, this results of
course in different minimizers and minima. In Section 6 we will see that these modifications
improve the restoration results for the discrete difference operators studied in the next section.

4 Discrete difference matrices

In this section, we are interested in matrices R; related to differential operators since this
is the most relevant case in practice. We restrict our attention to finite difference matrices
arising from differential operators at rectangular domains with Neumann/mirror boundary
conditions. Similar results can be obtained for matrices related to zero or periodic boundary
conditions. We start with simple i-th order difference matrices R; in Subsection 4.1. Then,
in Subsection 4.2, we turn to more general difference matrices. The corresponding general
differential operators appear for example in the definition of L-splines [32] which can be
represented in terms of the Green function of such operators [32]. Applications of such
operators and their discrete counterparts can be found in [38, 39].

4.1 Simple difference matrices

Let D be the first order forward difference matrix (5) from Example 2.2. For j € N, we
consider the following i-th order finite difference matrices

Dy := D, Dyj:= (=D"D)’, Dyji1 := DDsyj. (16)
Moreover, we use the notation Dy := I,,.

Remark 4.1. Replacing the first and last j rows of Daj € R™™, n > 25 and the first j and
last 5+ 1 rows of Doji1 € R™™, n > 2541 by zero rows, we obtain that the kernel of the i-th
modified matriz is given by the span of the discrete polynomials of degree < i — 1, i.e., by

Spala{(k:r)zz1 cr=0,...,i—1}.

One-dimensional setting. Let us first have a look at matrices related to differential op-
erators on the interval, more precisely we deal with R; := D;. Since the matrices D; are
singular of rank n — 1, there are many ways to choose L;,_; such that (6) is fulfilled. Indeed
different choices of L,,_; may lead to different functionals ®yc. Related to the factorization
in (16) a self-evident choice is

Dy for i even,
Lon—i ‘_{ Dp—i—1(=D7T) for i odd . (17)

Indeed this choice can also be explained in another way: Based on the singular value decom-
position D = UX VT we obtain that

D — (=12 sy i even,
T (=D)EDRUSYT g odd.

Using this relation it is easy to check that L,,_; in (17) can also be written as L,,_; = Dng,
where DZT denotes the Moore-Penrose inverse of D;.

11



Proposition 4.2. Let the matrices R; = D; be given by (16) and the matrices L; by (17).

Then
o 1 forieven
Busrcl) =) = ot {3 la—eslibon B} o= { 1 on”
siGN(RiT) i=1

holds true for all m € N and in particular ®;c = @ 7 = Pppc for m = 2.

Proof: Since

N(D2j) = N(Dy;) = N(Dzjs1) = N(Lm—2j) = {cly:ceR},
N(D3;41) = N(Lm—zj-1) = {(0,...,0,¢)" : c € R}, (18)

where 1,, denotes the vector of length n consisting only of entries 1, we see that N (R}) =
N (Lp,—;). Hence s; = w; in the definitions (9) and (13). Moreover, the last sum in (9) vanishes
and N (Lg) = {0} so that ®ps7c and ® ¢, coincide. Further, considering || Rojy1u2j41—52;41|l1,
sgj+1 € N(D3;,4), we conclude by

R(D2j+l) = {(ml, ey Tp—1, O)T T x; € R} (19)

and the definition of ® . that sy;41 = 0. This finishes the proof. O

Two-dimensional setting. We consider matrices related to partial differential operators
on rectangles, more precisely we restrict our attention to the following two cases a and b. For
more sophisticated discretizations of partial derivative operators via finite mimetic differences
we refer to [23, 42].

Case a: We use

Riq = (g%) with  D;, =1, ® D;, D;y = D; ® I,
Z?y

Dm—i,m =1,® Dm—i—l(_DT)a Dm—i,y = Dm—i—l(_DT) ® I,

and

diag(Dm_i,w, Dm_i,y) for 7 odd.

In particular, this involves the setting in Example 2.2, namely R;, = D1, Ry, = D2, and
Lia coincides with the corresponding matrix in Example 3.1.

By definition we see that the elements of N'(Ly,_(2j4+1),4) and R(Rgj11,4) are special compo-
sitions of the vectors in (18) and (19), respectively. Then we can conclude similarly as in the
one-dimensional setting that wg;;1 = 0 in the definition of ® . Therefore, for m = 2, the
functionals ®;¢ and @7 coincide again. The functional ®ys;¢ is indeed different. This is
discussed in more detail in the Examples 6.1 and 6.2.

{ diag(Dp—i g, Dm—iy) for i even,
Lm—i,a =

Case b: Here, we use the matrices Ry := Dy, Ryj := Doy, from Example 2.2 and L%b from

Example 3.1. Appropriate matrices for m = 3 fulfilling R3j = L%Rg’b = LgRLb can be chosen
as follows:

Dz I, ® D(-DT)D
Ry — Dizy+ Daye + Dyaw | _ | D® (-DYYD + (-DTY® DD+ D ® D(-D")
' Dayy + Dyazy + Dyya D(_DT)®D+DD®(_DT)+(_DT)D®D '
Dyyy D(—DT)D®I”

12



I, ® D(-DT) 0 In®D 0 0

3 D®(-DY) +(-DHYeoD I, ® D(-DT) 3 _|P@h L.®D 0
2b = D(-DY &1, D® (-D")+(-D") @D |’ ' 0 D®l, I,®D
0 D(-DM)® I, 0 0 D®In

For case b the functionals ®,;7c can be considered as discrete variants of the continuous
2-TGV™, m = 2,3 functionals introduced in [5]. To verify this relation let us recall the
definition of TGV from [5].

Definition of TGV)': Let

Sym™(R?) := {v: R? x --- x RY = R : v m — linear, symmetric}
—_———

m

be the space of m-linear, symmetric mappings over R? to R, i.e., the space of symmetric,
covariant m-tensors. These symmetric m-tensors are completely determined by the values
v(€jyy---s€j,) = Vj._jn, Where e; denotes the j-th unit vector in R? and j; € {1,...,d},
41 < ... < jm. We consider symmetric m-tensor fields V : Q@ — Sym™(R%) with Q c R%. The
total generalized variation of order m with weighting vector o > 0 is defined by

TGV (u) = sup{/ udiv™V dx : V € CTY(Q, Sym™(RY)),
Q
[div™ Voo < iy i=1,...,m},

where C*(Q, Sym™(R%)) denotes the space of k times continuously differentiable symmetric
m-~tensor fields with compact support in 2 and

diviV(z) = t'(V'@V)(z)),
d
tr(v)(a) := v(ej,a,ej), a€R¥x... xR
JE:l ><m—2><
(VZ ®V)(:E)(a1,...,am+i) = Di(V)(:E)(al,...,ai)(aiﬂ,...,am_,_i).

Here D'(V) : Q — £ ((RY)?, Sym™(R?)) is the i-th Fréchet derivative of V (componentwise
Fréchet derivative) and £ ((R?)?, Sym™(R?)) is the space of i-linear, continuous mappings
from (R%)? into Sym™(R9).

Note that for a symmetric m-tensor field V' we have that div'V is an m — i tensor field.

In our applications, we are only interested in rectangular domains  C R?, i.e., d = 2. To see
the relation to our setting, consider ® ;¢ from (¢3-MIC/P) in Proposition 3.2:

®y1c(u) = sup {(u, R V) : HLfn_iVHoo,l/wi <o, i=1,... ,m}.
VERNm

We are looking for appropriate matrices R, playing the discrete role of div™ and matrices
L} _. which can be considered as discrete versions of div"™". Such a discrete setting is given
in the above case b. We explain the relation for m = 2. For symmetric 2-tensor fields

13



V= (Vi', iy, V35)" we obtain that the O-tensor field (scalar function) div?V is given by

div’V = tr?(VieV
= tr((V2®V)

~—

() = tr(tz(V2eV)())
))(erser) + (V2@ V)())(e2, e2)
= (V2@ V)()(e,er,e1,e1) + (V2@ V)(-)(ez,e1,e1,€2)
+ (V2@ V)()(e1, e, e2,e1) + (V2@ V)(-)(e2, ea, €2, €2)
= D?V(:)(e1,e1)(er,e1) + D?V(-)(ea, e1)(e1, €2)
+ D?V(-)(e1, e2)(ea, e1) + D*V(-)(ea, e2)(e2, e3)

0? 0? 0? 0?
= @Vl,l + <5y8:17 + —8x8y> Vig + oy 5 V2,2

-

—~ =

and the 1-tensor field (vector function with two components) div'V reads

div'V(-)(a) = ((V®V)())( ) = (Ve V)()(e,aer)+(VaV)()(ea,ez)
= DV()(e1)(a,e1) + DV (-)(e2)(a, e2),

diviV()(e;) = %‘/1,1—1-88‘/12,

diviV(-)(ep) = %m,w%vm.

On the other hand, for a vector V' = (Vi'}, V{5, Voly) with Vi 1,Vi2, Va0 € RN N = n2
which acts as a discrete version of the above tensor field, we have indeed that

g,bV — (wa,Dmy + Dyoc,Dyy)V = Dmm‘/l,l + (D:vy + Dym)VL2 + Dyy‘/272,
_D, -D, 0 D.Vii + DyV;
5 - v y _ V1,1 yVi1,:2
(Lip)'V = < 0 ~-D, —-D, )V a < D,V + DyVa o ) '

Furthermore, we have in case b that wy := (1,1) and wy := (1, ,1), which correspond to the

weights used in [5, Section 4.1].

4.2 General difference matrices

Although the finite difference matrices of the previous subsection are mainly applied in prac-
tical image processing tasks, other difference operators may be useful for special applications
as well, see [39]. We consider the polynomial

Pe(z) == 2™+ ap— 1™ 4 agx + ao, a; € R,

H (@ — &), &eC (20)

and the corresponding differential operator
L(u) = u™ 4+ ap ™Y 4+ ad + agu.

The motivation for the following consideration of a discrete version of £ comes from [38]. We
also refer to [38] for more material on the role of £ in signal processing including references, in
particular, in connection with L-splines. Let &,, j = 1,...,m denote the pairwise different
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values of §; in (20) and assume that ,; appears with multiplicity d;. Then, the kernel of £
is given by

N(L) :=span{z"e*™® :m; =1,...,7m; 7 =0,...,d; —1}. (21)
In the following, we restrict our attention to operators with & € R, k = 1,...,m. As the
discrete counterpart of £ we use

D(&) = D-&1y,
D(&1,&) = (=D" —&I1,)(D —&11,),

D(&,..., &) = H((—DT—€2lfn)(D—§2z—1fn)),

J
D(&1y.. &501) = (D= &yaln) [J (D" = &uln)(D — &u11n))

where we use the agreement that H{Zl A=A, ... Ay. Note that the ordering of the matrix
multiplication plays only a role for the first and last j rows of D(&1,. .., ;) and for the first
j and last j 4+ 1 rows of D(&1,...,&2541)-

Remark 4.3. Let us briefly discuss the relation to (21). Replacing the first and last j rows in
D(&,...,&;) and the first j and last j+1 rows in D (&1, ..., &254+1) by zero rows, we obtain for
&2j+1 # —1 and &5 # 1 that the kernels of the corresponding modified matrices 13(51, ooy &n)
are given by

-1

D&):  span{((1+&)") ¥,

3

k=0
5(51,52) : span{ ((1 + fl)k):;; ) <(1 — f2)n_k_1>:;;} if &9 # 1 f—lfl
T o

Note that €5 =1+ & + O(fiz) as & — 0.

We have that D(§) = D; for £ = (&1,...,&) = (0,...,0). Therefore, we assume in the
following that & # 0, i = 1,...,m. Moreover, we choose {»j41 # —1 and &; # 1 so that
the matrices D(§) are invertible. Then, in the one-dimensional setting with R; := D(&) the
matrices L , in (6) are uniquely determined. Moreover, N'(L"_.) = N(R]) = {0} so that
the problems /3-1C, E%—fC and £2-MIC are again equivalent. Fig. 3 shows the behavior of
the functional ¢3-IC with general difference operators for denoising a signal in the kernel of
D(&1,&2). If we choose the parameters «;, ¢ = 1,2 large enough, we obtain a very good result

for such signals in contrast to £3-IC with ordinary first and second order difference operators.
A two-dimensional approach involving the operators D(¢) instead of D; can be obtained in

the same way as in the previous subsection. Example 6.4 shows the differences between the
minimizers of the £2-IC and the £2-MIC functional for the setting in case a with D().
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Figure 3: Left: Noisy signal f of the mirrored original signal v = 5 ((1 —|—0.03)k)1,1€2:81 +

5 ((1 +0.02)129-F );2:81 corrupted by additive Gaussian noise of standard deviation 20. Mid-

dle/Right: Denoised image by £3-IC with oy = ag = 1000 and difference operators D;, i = 1,2
(middle) as well as D(0.03), D(0.03,—0.02) (right). The dash-dotted signal is the original
one.

5 Numerical algorithms

There exist several algorithms to compute the minimizer of the above problems. Second order
cone programming (SOCP) was used, e.g., by some of the authors in [34].

The fast iterative shrinkage threshold algorithm (FISTA) of Beck and Teboulle [3, 4] was
applied with outer and inner FISTA loops, e.g., in [5]. Note that FISTA is based on a
multistep algorithm proposed by Nesterov [26].

Sparked by [12, 13, 21, 40, 44], splitting methods which make use of the additive structure
of the objective function have become popular recently in image processing. The idea is to
solve in each iteration several subproblems which deal with the different components of the
objective function individually. For our minimization problems ¢3-IC and ¢3-MIC it turns
out that the alternating direction method of multipliers (ADMM) and the primal-dual hybrid
gradient method (PDHG) are very useful. ADMM and the PDHG method can be derived by
considering the Lagrangian function and the augmented Lagrangian function, respectively,
and minimizing alternatingly with respect to the primal and the dual variable. Furthermore,
ADMM can also be deduced via Douglas-Rachford splitting applied to the dual problem or via
Bregman proximal point methods. The PDHG algorithm turns out to be equivalent to Arrow-
Hurwicz method. More on theses algorithms can be found in [6, 9, 16, 17, 18, 19, 20, 21, 33, 44]
and the references therein.

The starting point to apply ADMM and PDHG is to rewrite a general problem of the form

T
argmin Y _ Fy(Civ) + Frya(v),  Ci € RMP B RM — (—o00, 4o (22)
’UGRD i=1

as a constrained problem

T
argmin ZF’(Z’) + Fr41(v) subject to 2z =Cuv, i =1,...,r (23)
vERD z;cRM;i i=1

with C' := (CT...CH)" for C; € RMiD and 2(%) .= (zgk), . ,zfnk))T.
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Using this notation, ADMM reads:

Algorithm (ADMM for (23) )

Initialization: (@, p(©
For k= 0,... repeat until a stopping criterion is reached:
o) = argmin {Fria(v) + 216 + Co — 2|3} (24)
veRD
(k+1) — F 1 b(k) (k—l—l) _ 2
z = argmin Zz + Cv P
g {Z + 5l 13}
pHD) = k) (kD) _ L (k+1)

Let us assume that the functions F; are proper, convex and closed. Furthermore, suppose
that (22) and its dual problem have a solution and that the duality gap is zero. Then, the
Sequence (b(k)) ren converges for every step length parameter v > 0 to a point b whose scaled
version 2b is a solution of the dual problem of (22). Moreover, every cluster point of (v*)),en
is a minimizer of (22).

Algorithm (PDHG for (23) )
Initialization: v(®, 20 p©)

For kK =0,... repeat until a stopping criterion is reached:
. 1
o* ) = argmin {Fry1(v) + —Hv —o®) 4 7y H2}
veRD 27
(k+1)  _ Fy( 1 p(F) 1 cp(k+D)
z irgﬂr@n{z (2) 2H +Cv — 2|13}
b(k+1) — b( ) + C,U(k-i-l) _ Z(k-i-l)

Note that using the notation p*) := %b(k) the above PDHG algorithm is often written as
follows in the literature:

1
vt = argmin {Frs1(v) + —HU —o® TCTp(k)H%}’
veERD
1
p"Y = argmin {( ZF V(1 pe) + oo llp = — AoV
;UIGR i =1 v

The following convergence result for PDHG was shown in [9]: Assume again that the functions
F; are proper, convex and closed, that the primal problem (22) and its dual problem have a
solution and that the duality gap is zero. Moreover, we suppose that the domain of (3", F;)*
is bounded and that 7y < HC||2 Then, the sequences (v*)))ren and (%b(k))keN generated
by the above PDHG algorithm converge to a solution of the primal and the dual problem,
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respectively. Note that a similar convergence result for a slightly different algorithm was
given earlier in [18]. It was observed in [9, 18, 44] that a dynamic choice of the step length
parameters (7(*), 4(¥)) is advantageous. This is not implemented in the experiments reported
in this paper. We also do not use the acceleration techniques, e.g. based on FISTA, which
are proposed in [9].

We now want to apply ADMM and PDHG to the primal ¢3-IC and ¢3-MIC problems. There
are different ways to implement the above algorithms depending on the formulation of the
constrained problem. In our experiments, it turned out that for the ¢3-IC problem an ADMM
performs best, cf. Subsection 5.1. For the £2-MIC problem we found that a PDHG method
which we describe in Subsection 5.2 is very fast.

5.1 ADMM for (3-IC/P

For m = 2 it holds that ¢3-IC/P can be written as a constrained problem of the form (23)
with r = 2 which reads

argmin {—Hf —ul3 + inf {ar||Riuiliw + o2l Rouslliw, }} (25)
weRN u=u1-+uz

= argmin {—Hf — w1 — |3+ an |z |1 + a2l |z 11}
u1,uU2,21,22

Fi(v) Fi(Cyv) F>(Cav)
subject to i 9 <u1> = <z1>7
0 Ry U2 Z2
—— N———
C v z
where we use the notation R; = (Vwi REy, - \/c_umZRZTnZ)T assuming that R; = (R}, .. RZTM)
RNV with R; ; € RV, Here, || |+][|1 == || |l1.0 for w = (1,...,1). Hence, the correspondlng
ADMM reads
MCanY w1 Z(k)
o) = amin (17 - -l J00 0 () - (o) L @)
Uy u1,u2 2 Z2
(kD) " LD 2\
teen | = argmin ol lal + aal lal o+ 3160 +.€ (e ) = (2) B 20
29 21,22 Ug 2
o) 0 u(k+1) LE+D)
+1)  _ 1
b = +C (k+1) RGN
2
In the first step (26) we have to solve following system of linear equations:
0= (k+1) + uglﬁ—l) + 7§f§1u§k+1) . (f o VEf(bgk) o z%k))),
=:t1
0= u(k+1) + uglﬁ—l) + 7§g§2u5k+1) . (f o Vég(bgk) o zék))).
=:t2
This can be rewritten as
(k+1) ([+,YRTR2) (k+1)7 (28)
(k—l—l) (I AR R, (29)
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§k+1) we obtain

If we substitute (29) into (28) and solve for u

W = LRI Ry + (I + 4R R)RY R (I + /RS Ro)tr — 1), (30)
ugk—i—l) =1t — (I + ’Vﬁrlrél)ugk-i_l).

Observe that (25) has a unique solution with respect to w. This implies that (u(®)),cn, defined
by the sequences (u(k))keN, i = 1,2 of the above ADMM via u¥) = ugk) —i—ugk), converges to the

solution of £2-IC/P, cf., e.g., [33]. On the other hand, the matrix R} Ry+ (I+~vR3Ry)RT Ry is

not invertible in general, in other words, u&k) and ugk) are not unique in contrast to their sum

u®). Nevertheless, a pair of solutions (ugk),uék)) of (26) always exists and in our implementa-

tion we compute ugk) to be the one with minimal fs-norm, i.e., we apply the Moore-Penrose

(k)

inverse. It is easy to see that this also implies that the sequences (u;")ken, ¢ = 1,2, converge.
In the example described below, see also Table 1, we use the difference operators of case a
in Example 2.2. In this case, we can solve (30) explicitely via the discrete cosine transform

since both RTR; and R R, can be diagonalized by this transformation, see, e.g., [27].

Interestingly, the second step (27) in the ADMM algorithm is very easy to compute since it

can be solved separately with respect to z§k+l) and zékﬂ), i.e., we have
k+1 . Yk 5 (k+1 )
25D = argmin {o| |21 1 + 5|yb§. V4 R — )3, i=1,2.
2

This problem is well-known to have the analytic solution zi(kﬂ) = shrinkaq; (bl(-k) + ﬁiugkﬂ)).
Y
The operator shrinky : R™ — R is called coupled shrinkage and given componentwise for

pt = (pf, A pg), ;= (pij)jj‘/il, i=1,...,d, by

U . 2 .. 2 3 2 o 2
0 otherwise.

In summary, we obtain the following algorithm:

Algorithm (ADMM for ¢(2-IC/P)
Initialization: M = Egég +(I+ yﬁgég)éfﬁl, ugo) = %f, zi(o) = %Eif, bgo) =0,i=1,2

For kK =0,... repeat until a stopping criterion is reached:
k1 BT BT (pk k RS (b .
o = I (4B Ro)(f B0 — o)) — (7 BB — £4))
ufTY = R - ) - (1 AR RyuY
sz+1) = shrink%(bgk)+ﬁiugk+l))a i=1,2
v
ED = 6 R -, o2

Output: uF+D, D) k1) .= o (4D | +D)
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In the first two rows of Table 1 we compare the running times of the above ADMM algo-
rithm with SOCP as implemented in the commercial software MOSEK 6.0 for the denoising
experiment of Fig. 11. Our computations were performed with MATLAB 7.7 on an Intel
Core Duo CPU with 2.66 GHz and 4GB RAM. Note that we use the difference operators of
case a in Example 2.2. We report the computation times for SOCP and ADMM to reach a
maximal difference in the gray value in every pixel of smaller than 1.0 and 0.1 with respect
to a reference solution. Clearly, we see that ADMM is much faster for both cases. Note that
the gray values of the original image in Fig. 11 range from 0 to 255 and therefore even a
maximal error of 1.0 yields a solution which is visually the same as the reference solution.

5.2 PDHG for (2-MIC/P
For m = 2 problem ¢3-MIC/P can be written as

1 2
min { —||f — + inf + L
argu 1lﬂ{2||f ull3 Rlu£1+x2{0¢1||331\|1,w1 | 1!E2H1,w2}}

o1
= argmin{|f —ull5 +onll|o1] |y + ool yl 1}
Uy, T1,T2,Y ; V Vv
Fi(Cyv) F>(Cav)
F3(v)
subject to < %1 %I ) <§> — <‘Zl>7
1 2
—_— L~ =
C v z

where we use the notation Ry = (Vo RT 1, V@, {nl)T, I= (VoriIn, ..., \/EIMIN)T
and L) = (Vwy LT \/EQMLTM)T for Ly, € RN™N_ For the above splitting, the ma-
trix inversion which appears when applying ADMM is much harder to compute than for the
problem ¢3-1C/P in Subsection 5.1. We therefore use the PDHG method for this problem. It
reads

N
8
N =
F ¥
==
~
I

. 1 1 u u®)
MWMQW—M%GﬂQQ—< J+me%L

(k
U,T2 332

x1,Y
(k+1) (k+1)
k+1 k u T
pH) = M ¢ (a:ékﬂ)) - <y(1k+1)> ’

Now the first step is very easy to solve. We have

oY
NS
==
+ F
= £

~
I

(k+1)
. u T
ammnMN@Mh+wmmm+$W“+CQﬁHO—<1>@%
2

1 >ty (k
b = e - R,
x;kﬂ) = :Egk) + T’}/(fbgk) - Zfb;k))

In the second step, the minimization with respect to x; and y decouples again and we can
solve the corresponding problems in the same way as in Subsection 5.1 using the coupled
shrinkage operator.
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In summary, we obtain the following algorithm:

Algorithm (PDHG for (£2-MIC/P))
Initialization: u® = f, 2 = 1R, f, o = 1T, Ry f, 8 =85 = 0

For k= 0,... repeat until a stopping criterion is reached:
1 >t (k
uFHD T T(Tf + k) — Tfnybg ))
A o (0 - )
x§k+1) _ shrmm(bﬁ’“’ +]§1u(k+1) _wék—i-l))
ad
gkt = shrinka_g(bék) + E1$gk+1))
vy
b§k+1) _ bgk) I ﬁlu(k-i-l) _ wék—i—l) B x§k+1)
b))y Ty D) )
Output: uwk+D, ajgkﬂ), :Egkﬂ)

The last two rows of Table 1 illustrate that this algorithm is much faster than SOCP via
MOSEK. Note that the pairs (7,7) used to obtain the results in Table 1 do not satisfy the
assumption 7y < W of the convergence proof in [9]. However, we use them since the
resulting algorithms still seem to converge and are much faster. Similar observations were
reported in [18].

max. error
< 1.0 < 0.1
2.10/P SOCP | 73.5 sec 81.4 sec
2 ADMM 3.6 sec | 145 iter. | 19.1 sec 806 iter.
SOCP | 18.0 sec 42.8 sec
2_
6 MIC/P PDHG 1.7 sec | 162 iter. | 19.6 sec | 1929 iter.

Table 1: Computation time to achieve a maximal difference smaller than 1.0 and 0.1 in each
pixel with respect to a reference solution for the experiment shown in Fig. 11. We use the
difference operators of case a in Example 2.2. For ADMM the best step length parameters
~v were found to be 7.6 and 25.1 for a maximal error of 1.0 and 0.1, respectively. The best
combinations of 7 and v in the PDHG algorithm are (0.07,5.9) and (0.04,9.1), respectively.

6 Numerical examples

Finally, we want to illustrate the differences between the ¢2-IC and ¢3-MIC models in two
dimensions by numerical examples.

Note that in our numerical examples the ¢3-1C and ¢3-MIC models corresponding to the
different cases a and b described in the Examples 2.2 and 3.1 show only marginal differences
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as depicted in Fig. 4. For this reason, we restrict our attention to the difference operators
of case a in the numerical experiments. Furthermore, we concentrate on the practically
important case m = 2. For experiments with m = 3 we refer to [5].

oo

Figure 4: Left: Result tyic o from Fig. 2 (bottom right) obtained by K%—MIC with Ry = Dy,
a; = 60 and Ry = Dy,, ap = 300. Middle: Result dyicp of the same experiment with
R2 = D27b, a9y = 260. Since ||R27au||17w2a S ||R271,u||17w2b with wWoq = (1, 1) and Wop = (1, %, 1),
the value of ap has been adjusted. The difference image tnmic,a — Umic,, on the right shows
that there are small differences between these two images which are in the images themselves
hard to recognize at all.

Example 6.1.

We start with the original and noisy images in Fig. 5.

250
200
150
100
50
[

Figure 5: Original image u (left) and noisy image f (right) corrupted by additive Gaussian
noise of standard deviation 20.

22



In this example we study the difference between the penalizers
Pro(u) = inf A{oq|[Riuilf1w + ozl Rouslliw, }
u=u1+u2
= nf Aozl + el Lizalliw, )
ju=x]+ag
z, €R(Rq)
Curc(u) = inf Aaif|Riun = siflie + ool Reuz + Listfliw,}
s1eN(RT)

= inf Aoflzflie + oollLizelliw, }-
Riu=x1+x2

Figs. 6 and 7 show decompositions by ®;c and ®,/7¢ of the image u given in Fig. 5 (left).
Note that for a better visual impression the gray values of the images depicting Rju, x1 and
x9 are restricted to the interval [—10, 10] and all values outside of this interval are represented
by the gray values —10 and 10.

In image restoration the aim of a regularization term is usually to penalize the noise contained
in uw without penalizing structures of the original noisefree image. This example will show
that for appropriate aq, asg, the functional

D yr1c penalizes linear regions of our noisefree test image much less than ®c.

In the first row of Figs. 6 and 7, we can see that the images u; and wuy look quite similar for
T

both functionals. However, the decompositions of Rqu into the vectors x; = <x31, a;;FQ) for

1 = 1,2 depicted in the second and third row of Figs. 6 and 7 are fundamentally different.
In ®p/70(u) the additional variable s; allows for a decomposition such that 1 = Rju; — s1
contains only the gradients of the edges whereas xo = Rjus + s1 comprises the gradients of
the linear parts, see also Fig. 8. Hence, by oq]|z1]|1.4, the functional ®/7¢(u) penalizes only
the gradients at the edges and since within linear regions the second derivatives are zero,
aal|| L2210, penalizes only the boundaries of the linear regions of w.

In contrast, for ®;¢o(u) it is not possible to choose the same z;, i = 1,2, due to the restriction
that x; must be in R(R;y), or, equivalently, the absence of the variable s;. Thus, we see in
the second and third row of Fig. 6 that z; and x5 do not separate Rju into a part which
contains the gradients of the edges and the linear components, respectively. Especially 1 o
comprises a significant part of the gradients of the linear regions which is then penalized by
aql|z1]]1,w,- This leads to a higher value of the penalizer ®;c(u) compared to the value of
®rr70(u), ie. for appropriate a; the functional ®;o wrongly penalizes linear regions a lot
more than ®y/7c0(u) does.

Example 6.2.

Our next Figs. 9 and 10 illustrate what happens if we apply (¢3-IC/P) and (¢3-MIC/P) to
the noisy image depicted in Fig. 5 (right). First of all, a slight smoothing of the edges of
the restored image # is visible for both problems, in particular if we look at the images of
Ry yu and Ry yu. However, due to our choice of a1 < ap this smoothing is of minor extent so
that it is hardly visible by looking at the restored image 4 compared to the original image u.
Visually more eye-catching are the staircasing artifacts of the restoration result of (f%—IC /P).
These artifacts can be explained as follows: If we assume that us is given as in Fig. 9, then
uy 1s the solution of the functional

1
lglf{gH(f —ug) —ull3 + || Ry |1 }-
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Figure 6: Decomposition of the original images v and Rju in Fig. 5 by ®;c(u) with aq = 60
and oy = 150.

This functional is nothing else than the ROF functional applied to f — uo, which is known to
produce staircasing at linear regions of 4 — uz. By choosing a larger a; and thus, bringing
ug closer to u, these artifacts can be reduced but visible blurring artifacts at the edges are
introduced. In contrast to (¢£3-IC/P) the result of (¢3-MIC/P) is nearly perfect without any
staircasing. The reason for this is that all gradients at the linear regions of the original image
u are contained in x9 rather than x.

Example 6.3.

For natural images, the £2-IC and the ¢3-MIC approach with ordinary difference matrices
work quite similar and for most images there will be no visual differences. The image of a car
shown in Fig. 11 contains affine sets and sharp edges so that the ¢£3-MIC approach is again
superior to ¢3-IC.

Example 6.4.

Finally, we give a denoising example for ¢3-1C/MIC with the difference matrices D(&;) and
D(&,&2) in Fig. 12, where & = 0.03 and & = —0.03. We mention that the denoised image
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and as = 150.
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Figure 9: Results of (¢£3-IC/P) applied to the noisy image f in Fig. 5 (right) for aq = 60 and
a9 = 150.

for /2-MIC with D;, i = 1,2 (i.e. & = & = 0) looks quite similar while ¢3-IC with these
matrices shows fewer staircasing effects.

7 Conclusions

We have presented a general discrete approach to modify infimal convolutions containing #1-
type functionals with linear operators. For the special case of finite difference matrices we
obtain the results from our previous paper [34] and a discrete version of [5]. However, in
contrast to [34], we also considered the primal problem which in our opinion shows better
the differences between the original and the modified version. We illustrated these differences
by numerical examples showing also decompositions of the primal variables appearing in the
functional. An open question is role of different factorizations in (6). Besides, it remains to
examine other useful operators for image processing tasks as, e.g., frame analysis operators.
A first step in this direction was done by considering more general difference matrices known
from L splines. This paper also contributes to finding fast algorithms to solve problems with
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Figure 10: Results of (£3-MIC/P) applied to the noisy image f in Fig. 5 (right) a; = 60 and
a9 = 150.

infimal convolutions containing ¢;-type functionals. In particular, we apply two splitting
methods, the alternating direction method of multipliers and the primal-dual hybrid gradient
algorithm. Both of them use the additive structure of our objective functions and solve in each
iteration subproblems corresponding to these terms. We show numerically that the resulting
algorithms are much faster than the commercial software MOSEK which implements second
order cone programming.
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Figure 11: Top: Original image u (left), image size: 200 x 270, copyright P. Allert, Allert and
Hoess Photography GbR, Miinchen, and noisy image f (right) corrupted by additive Gaussian
noise of standard deviation 20. Middle: Denoised images by £3-IC (left) and ¢3-MIC (right)
with ordinary difference matrices D;, i = 1,2 with a1 = 23 and as = 60. Bottom: Part of
the denoised images by £3-IC (left) and £3-MIC (right).
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Figure 12: First row: Original image u (left) and noisy image f (right) corrupted by additive
Gaussian noise of standard deviation 20. Second row: Plots of the 99th row of the images in
the first row. Third row: Denoised images by ¢2-1C (left) and ¢3-MIC (right) for a; = 27 and
ag = 100. Fourth row: Plots of the 99th row of the images in the third row.
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