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Abstract: We derive some asymptotics for a new approach to curve estimation proposed
by Mrézek et al. [3] which combines localization and regularization. This methodology has
been considered as the basis of a unified framework covering various different smoothing
methods in the analogous two-dimensional problem of image denoising. As a first step for
understanding this approach theoretically, we restrict our discussion here to the least-squares
distance where we have explicit formulas for the function estimates and where we can derive
a rather complete asymptotic theory from known results for the Priestley-Chao curve esti-
mate. In this paper, we consider only the case where the bias dominates the mean-square
error. Other situations are dealt with in subsequent papers.

This paper is a corrected and extended version of a previous preliminary report.



1 Introduction

We consider data generated from the nonparametric regression model

fj:u(xj)+5j,j:1,...,N, (1)
where €1, ..., ¢x are independent and identically distributed with mean 0 and finite variance
o? and x; = £, 7 =1,...,N, form an equidistant grid on the unit interval [0, 1]. Mréazek

et al. [3] have described a general approach for image denoising which, by combining local-
ization and regularization, includes most of the known image denoising algorithms like local
smoothing or nonlinear diffusion filtering. Estimating the function p(z) at the grid points
x1,...,xy from the data fi,..., fx generated by (1) is the one-dimensional analogon of the
image denoising problem. Mrazek et al. [3] propose to solve this problem by minimizing a
target function like

N N
A
QM) = > Up(lu; — fi)wp(lzi — %) + 5 > Us(lui — i ws (s — 25))
i,j=1 i,j=1
wrt. u= (ug,...,un)’.
Let u(x) denote the function estimate of pu(z) which we first consider only at zi,...,zy.
Up, Uy are penalizing functions measuring the fit of u(z) to the observations fi, ..., fx and

the smoothness of u(x) resp. The spatial weighting functions wp,wg guarantee a local-
ization effect, and A > 0 balances between smoothness and the quality of the fit. To get

some first insight into the asymptotic properties of the resulting estimates wuq,...,uy for
w(zy), ..., u(ry), we investigate the following special case:
2 2 2 2 2 | — 2 -
Up(s”) =87, Us(s?) = 5% wp(a) = Ki(x) = 2 K(5), ws(27) = Ly(z) = EL(E)

where the kernels K and L are nonnegative, symmetric functions on R and the bandwidths
h,g > 0 can be chosen to control the smoothness of the function estimate together with the
balancing factor A\. Therefore, we consider minimizing

N N

A
Qu) = ZWz - fj)th(xi — ;) + 5 Z(Uz - uj)2Lg($i — ;). (2)
i,j=1 t,j=1

We call the resulting estimate u a reqularized local least-squares estimate.
For A\ = 0, we immediately get from %Q(u) =0,7=1,...,N, that v; = fi(x;,h), i =
1,..., N, where ji(x, h) is the classical Nadaraya-Watson kernel regression estimate (compare,
e.g., Hardle [2])

i plah)

r,h) = ——= with 3
fi(z, ) () (3)

N N

N 1 . 1

a(x,h) = ¥ 5 [iKn(z —z;), px(x,h)= ¥ 5 Ky (x — ;).
J=1 j=1

As pg(z, h) converges to 1 for the equidistant z;, the Nadaraya-Watson estimate ji(x, h) and
the Priestley-Chao estimate ji(x, h) are asymptotically equivalent.



2 Asymptotic expansion

The main goal of this section is to show that the regularized local least-squares estimate,
which we get by minimizing (2), is closely related asymptotically for N — oo to the simple
Priestley-Chao estimate (Priestley and Chao, [4]) with bandwidth h where, however, the
regularization parameter \ provides an additional tool for fine tuning the properties of the
estimate. As a first step, we show that the solution of (2) has an explicit representation in
terms of the Priestley-Chao estimate. For convenience, we use the following notation for the
values of this estimate at the grid points x;,7 =1,..., N:

o= (fir,....on)"  with j; = (x;, h), i=1,...,N.

Proposition 1 Let pr(z,g) be defined analogously to px(z,h) with L, g replacing K, h, and
let pr(z,h,g) = pr(z,h) + Apr(z,g). Let A denote the N x N-matriz with entries A;; =
%Lg(xi —ij), and let P denote the N x N-diagonal matrixz with entries Py; = px(z, h, g).
Then, if P — XA is invertible, the solution of (2) is given as

u={P -} (4)

Proof: Setting the partial derivatives of Q(u) w.r.t. ug, k=1,..., N, to 0, we get

N N
0=2) (e — f)Kn(wr —2;) + 20 Y (up — ;) Ly(zy, — 2), k=1,..., N,
j=1 j=1
where we have used the symmetry of L,. Therefore, we have for k =1,..., N,

U {Z Kh(l'k — l‘j) + )\ZLg(l’k — l‘j)}

N N
=AY Lyl —x) + > fiKn(ak — ;)
j=1 j=1

which, using the definition of pg,py and i, implies the assertion. |

Now, we want to prove that the estimate u, given by (4), is consistent in a certain sense
if N — oo. First, we investigate the asymptotic behaviour of pg(x,h). If the z; would be
i.i.d. random variables, then px would be the well-known Rosenblatt-Parzen estimate of
their common probability density (compare, e.g., Silverman, [6]). In our case, x1,...,xy are
equidistant and behave similar to uniform random variables, i.e. in particular pg(z,h) — 1
under appropriate assumptions. We consider throughout the paper only kernels satisfying

(A1) a) K is a nonnegative, symmetric kernel function with compact support [—1, +1].

b) [ K(y)dy =1
¢) K is Lipschitz continuous with Lipschitz constant C.

In the following, we use the abbreviations

Vi = /ZQK(z)dz, Qr = /KQ(z)dz
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for the second moment and the L*mnorm of a kernel K which both are finite under (A1)
a), ¢). We could relax the assumptions of symmetry and compactness of the support of
K, but we want to keep our arguments simple in this paper. Due to the same reason, we
mainly neglect boundary effects, which could be dealt with as in section 4.4 of Hérdle [2],
by restricting our attention to x € [h, 1 — h]. Asymptotically, this will have no effect as we
shall have h — 0 for N — oo anyhow.

Sometimes, we need to extend assumption (A1) with the following conditions
d) K(£1)=0.
e) K is decreasing in [0, 1].
f) K € C*(—1,+1) with bounded second derivative K”.
g) K" is Lipschitz continuous, and K'(£1) = 0.

In the following, we will frequently approximate a Riemann sum by the corresponding inte-
gral. For reference, we, therefore, state the following Lemma:

Lemma 1 a) Let g(y) be Lipschitz continuous on [0, 1] with Lipschitz constant C. Then,
1

| swar-5 zg )
0

b) Let g € C*(a,b). Then, for x; =a+ j(b— a)/M,Z =0,..., M,

1 b
- y)dy — —
s s 3o

Proof: a) By the mean-value theorem of integration there are y; € [zj_1,2;], j=1,..., N,
where x¢ = 0, such that, using z; — z,_1 = % for all j,

‘ / y)dy — _Zg ) é{ / Zg@)dy— %g@sj)}\

<_
- N

(b—a

) " ]'
< u + —1g(b) — g(a

x )}N‘

N
1 C
WZCW—%’ <N
j=1

b) The assertion is a version of the Euler-Maclaurin formula (compare, e.g., [7], ch. 3.2). Let
Bi(x) =z — 5, Bo(x) = 2 — 2 + § be the first two Bernoulli polynomials. We first consider
the case a = 0,0 = 1. Using integration by parts twice, we get

| s = sy - 550s @)+ 3 [ B

= o)+ 90} = SO - O+ [ B )y
= o+ 90+ [ e —al Gy

= {9+ 9(0)} ~ 750"(©)
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for some ¢ € (0, 1), using 2> —z < 0 in [0, 1] and the mean-value theorem of integration. We
now consider a = 0,b = M, and we apply this argument repeatedly for each subinterval of
length 1 to get

/OMg(wdy = iw:/ 9(y)dy Z{g +g(i— 1)} ij:

M

1
- Zg — SHo(M) — 9(0)} — 3" (€
i=1
for some & € (i — 1,i),s = 1,..., M. For general a,b, the assertion now follows from
substituting y — a +y(b —a)/M. m

As an immediate consequence, we have

Corollary 1 a) Assuming (A1), a)-c), for the kernel K, we have

11— pr(z, h)| < Ck for all x € [h,1— h).

1
Nh2
b) Assuming additionally (A1), d), f) for the kernel K, we have

. 1 , ‘
11— px(z,h)] =0 V22 uniformly in x € [h,1 — hl].

Proof: a) follows immediately from Lemma 1 a) with g(y) = K,(z — y) as the Lipschitz
constant of Kj, is C/h?.

For b), we set ng = min{k;zy > = — h},ny = max{k;xzx < = + h} such that M =

ny —ng < 2Nh. We apply Lemma 1 b) to a = ng/N,b = ny/N,b —a = M/N such that
v =a+jb—a)/M=a+j/N = xp,,; and get

b 1 M
’/ Ky(z —y)dy — MZK}L(%’—%)‘
a :1

M 1
< _K//
R TRERA S h

—Zz

) + 5ol il = b) — K — a)

Using that the support of Kj(z — ) is [x — h,x + h], that a,b differ from x — h resp. x + h
by at most 1/N and using that K is Lipschitz continuous and Kj(x — (z £ h)) = 0 we get

+1 M 1
1
‘ K(z dz——ZKhx—x]) = 19N3}3 IS;‘B’K (2 )|+O(N2h2)
The assertion follows from M < 2Nh. [ ]
As a next step, we investigate the asymptotic behaviour of /i as an estimate of (pu(z1), . .., u(zy))?.

We assume

(A2) a) pis twice continuously differentiable



b) ' (x) is Hoelder continuous on [0, 1] with exponent 3, i.e. for some 8 > 0, H < 0o
1" () — 1" (y)| < Hlz —y|® for all z,y € [0, 1]

The following asymptotic expansions for bias and variance of the Priestley-Chao estimate is
well known. We only use assumption (A2b) to get a slightly more precise assertion about the
remainder of the bias which will turn out to be useful later on, and we add a more detailed
statement about the asymptotic covariance of estimates at different locations.

Proposition 2 Assuming (A1), a)-f), and (A2), we have for the Priestley-Chao estimate
ii(x, h), based on (1), for N — oo, h — 0 such that Nh® — oo :

i) bias fi; = E [1; — p(x;) = }‘2—2,u”(:1;i)VK + O(h**P) uniformly in x; € [h,1 — h], where the
main remainder term is

r(x,h) = %/K(z)zQ{u”(x — Ohz) — " (x)Ydz = O(h*™F)

uniformly in x.
i) var fi; = B(j; — B f1;)* = ;—QhQK + O(5375) uniformly in z; € [h,1 — ).

iii) mse fi; = B(ji;—p(z;))? = X,—ZQK—F%{u”(mi)}QVﬁ—l—O(hHﬁ) uniformly in x; € [h, 1—h].
In particular,
f; — p(x;) — 0 in probability.

iv) cov (fu;, fig) = 0 if |x; — xx| > 2h, and
cov (fi;, fix) = ]‘\’[—z [ K(2)K (z+25%)dz 4+ O(5375) uniformly in x;, x, € [h,1—h], else.

If 1 does not satisfy the smoothness condition (A2) everywhere, then Proposition 1 still
holds in every subinterval [a, b] C [0, 1] where (A2) is satisfied, as is obvious from the proof.
So, if p jumps in z*, but otherwise is smooth enough, the assertions of the Proposition hold
uniformly in z;, ), € [h,a* — h] U [z* + h,1 — hl.

Proof: a) We use the common decomposition of mean-squared error into variance and
squared bias

wse fi; = B(f(ei, h) — pu(e;))” = var (i, h) + {bias iz, b))

We have uniformly in = € [h, 1 — h]

N
. 1
var fi(z,h) = Nz ZKZ(x — x;) var f;
j=1

o? ) 1

_ ”—2/K2<)d b O(—tn)
- Nk 24z N33




using the same argument as in the proof of Corollary 1 b) with K?(x—y) instead of Kj,(z—y).
Moreover, by the same argument, now for Kp(x — y)u(y),

bias fi(z,h) = E j(x,h) — p(z)

— %Z Kn(z — xj)p(w;) — p(x)

= /K(z){,u(x—hz) plz )}dz""O(Nihz)

= /K —hz)dz p'(x /K w'(x — 0hz)dz —l—O(NihQ)

1
- Dy /K )2 (2 — 0hz) — ' ()= + Ol 7)
with @ = 0(z) € [0,1], again uniformly in x € [h,1 — h]. We have used Assumption (A2)
together with a Taylor expansion of u and symmetry of K. By Hoelder continuity of u, the
middle term on the right-hand side is of order O(h?*#), which is asymptotically larger than
the last term on the right-hand side as Nh3 — oo.

Combining the bias and variance expansion, we get

2 h4

S @))PVE + O,

. o
mse f; = N_hQK +

as, again due to assuming Nh® — oo, the remainder in the variance expansion is of smaller

order than O(h**5).

b) Analogously to a), we conclude using the independence of the f;.
0? &
cov(f(x, h), (A(a’, h)) = mZKh(x—xj)Kh(:E'—xj)

o? T — 1
_ N—h/K(z)K(z+ - )dz+O(N3h3)

By compactness of the support of K, we have for |x—2'| > 2h that K (v —x;)Kp(2'—z;) =0
and, therefore, cov (f(x,h), i(2',h)) = 0. ]

We need the following generalization of Corollary 1 a) which takes care of the boundary
effects:

Corollary 2 Assuming (A1), a)-¢), we have
i) |1 —pg(x,h)| < C’Kﬁ forh<x<1-—h
i) min{3,1 — 20k (1 — £)?} = Cx 7z <

pr(x,h) <14 Ck - 555 for 0 <z < h
iti) min{3,1 — 3Cx(1 — 5%)?} — Cr 5z < Pr(,h) <14 Ck - gz for 1 —h <z <1



Proof: i) follows from Corollary 1 a). By Lemma 1 a), we have for 0 <z < h:

1 1 N 1
‘/0 Kh(x—y)dy—NjZIKh(x—xjﬂSC’K~Nh2.

1-z
Now, fol Kh(:t—y)dy:f_% K(z)dz=1— [ g K(z)dz=1- f K (z)dz using the symmetry

of K. By symmetry and nonnegativity of K, the right-hand 81de isin [3,1]. As K(1) =0
and K is Lipschitz continuous, K(z) < Ck(1 —z) for 0 < z <1, i.e.

1 1
Kn(z —y)dy > 1 — CK/ (1 - 2)dz =1 Cyg(1- 77
0

z
h

ii) follows. iii) can be shown analogously. |

Proposition 2 describes the asymptotic behaviour of i which is related to the final estimate
u by (4). To get the asymptotic properties of u, we have to investigate the matrix factor
of (4). First, we show that A is uniformly of order 1/,/g for all N > 1 w.r.t. the common
matrix norm [[A[| = supy,_; [|Az||. As an immediate consequence, A" is of order g2 for all

integer ¢ > 1. Additionally, we have that P~ is approximately I /(14 X), where I denotes
the N x N identity matrix, if it is applied to vectors which are 0 in certain coordinates
corresponding to the boundary. We again use the abbreviation Q;, = [ L?(u)du

Lemma 2 Let K, L satisfy (A1), a)-¢). Let N — 0o, h,g — 0, Nh? Ng* — oo

) IE < [ - [Tz o ) =2 o+ o )

i) A7 < (%) +0(g1 )+O(le+t>

iwi) ||P7Y| is uniformly bounded for all N large enough.
iv)  Let K, L satisfy additionally (A1), f). Then, for z € RN with z; = 0 for all
j<N(h+g),j>N—-N(h+g), we have

1 1 A
3 z|| < én ||z]| with o = O(

o)+ Olaa)

Proof: i) Note that A is a symmetric matrix, and let 7, e be the largest (in absolute value)
eigenvalue and a corresponding unit eigenvector of A. Then,

1P

Z_
1

N N N )
AP = o2 = llAelP = D (Ae)? = >~ (3 Ageer)
j=1 Jj=1 k=1
N N N N 1 N
< D (M) =D M= 5 D Lyley — )

1 g rl/g
1, v—-w Ly 2, 1
/0 S L2 ( J )dvdw + O(_Ng3) = /0 /o L*(y — z)dydz + O(_Ng3)

i
_ ? v [ 11[o,gw<z>1[_u,g1_ui( e+ 0



where we have used the Cauchy-Schwarz inequality for getting line 2 and Lemma 1 a) for
getting line 3.

ii) Using the notation of i), 7', e are the largest eigenvalue of the symmetric matrix A" and
a corresponding unit eigenvector. Therefore, for Ng? — oo,

1 IR Qr 1
AP = A" < = O O =|— O O
N1 = I < (@0 0+ 0(5)) = (%) o) + 0 k=)
iii) By Corollary 2, for some constant ¢ we have py(x;, h,g) = ij > ¢ > 0 uniformly in
7 =1,..., N, for all large enough N. Therefore, for any unit vector z
N 2
; Z; 1 1
P 1z|]? = — < z|f ==
1P 2| ;pk(xj,h,gﬁ < 5 ll2ll” = 5
iv) If max(h,g) <z <1 — max(h,g), we have by Corollary 1 b)
R 1 . 1
’1 _pK<5U, h)| = O(W)a |1 _pL(xag)’ = O(N2g2)

As, by Corollary 2, px and py, are uniformly bounded from below by a positive constant for
N large enough, we have uniformly for all those x

1 _ 1
ﬁ)\(xahag) 1+)\

Therefore, as all ; which correspond to nonvanishing z; satisfy this condition

< dy.

N

A 1 1
Plz— — g||? = -
I I+ A I jzl a(zihyg) 1+

2
2 < Oy [zl

As P! is bounded and MA is asymptotically negligible if A/,/g — 0, we can expand the
factor of i in (4) for some given integer t > 1 to

{P—XAYY = {IT—XP AP
t
_ {Z)\n(plA) }P +O(}\t+1H( 1A)t+1P lH)
n=0
where the remainder term is of order (A/,/g)""" by Lemma 2 ii) and iii). Therefore, we have

u—{Z)\" )" P~ +o(\>;;)}g:{151§v(m1)"+O<\>;_;)},1

or, coordinatewise, as fi; is stochastically bounded by Proposition 2 and Chebyshev’s in-
equality uniformly in {i;z; € [h,1 — h]}

up = ————— iz, h)

1 Ly(x; —x;)) Ly(x;, —x;,)  Lg(xj, , —xj,) .
_|_A— o Ag G J1 Ag J1 J2 gA In—1 In /,L :L’-n,h
ZN” ZJ A, hg) DAy, by g) pa(zj,, b, g) (50, 1)

------

+q($%%) (5)



We neglect the boundary and consider only x; with
max(h, g) + tg < z; <1 —max(h, g) — tg. (6)

Then, as L, has support [—g, g], we have max(h,g) < z;, < 1 —max(h,g) for all j,,n =
1,...,t, corresponding to the nonvanishing terms in the n-fold sum of (5). Therefore, we
may apply Lemma 2 iv) to replace px(z;,,h,g) by 1 + X in (5), and we get

1 SR .
U = H—)\{M(m, h) + Z m,uml(mia h,g)} + Ry, (7)
n=1
1«

- An i7h7 *i
1+An:0(1+>\)nu“<x 9) + Ry,

where the remainder term Ry ; is O,(A*'/1/g**1) 4+ O,(dy) uniformly in all 7 satisfying (6).
Here, we define iy (z, h, g) = fi(x, h) and, for n > 1,

ﬂn+1($, h, g) = % Z Lg(x - le)Lg(mjl - sz) T Lg(xjn—l - mjn)/l(xjm h)
1 peeesiin
= ﬁ Z Lg(:E - le)Lg(‘rjl - sz) s Lg(xjnA - J7jn)Kh<xjn - W)fz
Fyeeoinsl
= > 0@ hog) fo+ i, by g) = s (2, B, g) + fin(, B, g)
¢
where, for n > 1,
wgn) (x,h,g) = ﬁ Z Ly(x —xj)Ly(xj, —xjy) ... Ly(zy, , — x,) Kn(x), — x0)
Jiyeensdn
_% Z Lg('T - le)Lg(le - sz) B Lg(xjn—z - xjn_1)Kh(xjn_1 - -TE)-
J1yeesdn—1

We can calculate the weights %5") also recursively from

1 1
7, hyg) = e ZLg@ — x;) Kn(x; — x0) — NKh(I — Z),
i

n ]- n—
W hg) = 5 Lelw —ahy" ayhig). n>2 (8)
J

Writing as abbreviation ¥ = A/(1 + A) such that 1 — 9 = 1/(1 + ), we get from (7) and
Un(z,hyg) = fin(x,h,g) — fin_1(x,h,g),n > 2, and setting for convenience y(x,h,g) =

10



:&1(1” hag) = (l’,h)

>

t
n=0
n+1

= 219 ZVk i, h,g) + Ry,
n=1
k=0 n=k

t
= Y (=" P (24, b, 9) + Ry, (9)

As we already know the asymptotic behaviour of 7; = fi, we have to investigate that of
Un,n > 2. The first step is to look at the weights ’yén)

Lemma 3 Forn>1

g
Nh2)
fylg")(:v,h,g) =0 if |x — x¢] > h + ng.

W (2, h, g) = O(

uniformly in h+ng <x <1— (h+ ng),

Proof: For n = 1, the assertion follows analogously to Lemma A2 of Franke and Hérdle [1].
For n > 2, we get it straightforwardly by induction, applying the recursion (8). u

Proposition 3 Assume that K and L satisfy (A1), a)-g), and that u satisfies (A2). Then,
if h,g — 0, Ng*, Nh* — oo for N — oo we have for all n > 1 uniformly in h +ng < z <
1—(h+ng)

2 3

i) var Dpyq(z,h g>:0(]\€h3)+0(Nh4)

i)  Ebpi(x,h,g) Zw x, h, g)p(xe) = bias fiL(z,g) + o(g?),
where ji, denotes the Priestley-Chao estimate with kernel L instead of K.

Proof: a) As in the proof of (A7) of Franke and Hérdle [1], we get, using Lemma 3,

(h+ng)g®

Nhvar(Y " (b g) ) = Nh BEQY 5" (. h,g)en)® < e ==
l l

for some constant ¢ > 0. i) follows.

b) We first show ii) for n = 1 similar to the proof of Theorem 1, part d) of Franke and
Hérdle [1]. In this part of the proof, we use the abbreviation 7, = ”yél). We have

11



Eﬁ?(zah’g) = Zw(m,h,g)u(w)
- % Z Lo — ) Kn(xj — we)p(e) — N Z Kn(z — x¢)pu(ze)
= N > Ly(z— xj){% ; Kn(x; — zo)p(ze) — M(%’)}
! L ! K
o 2 e (e = x) ~ {5 3 e ) — o)
= ZL b(z;, h) — b(x, h) (10)

with b(x, h) = bias ji(x, h), b (x, g) = bias fir(x, g). Using (A1) f), (A2) we have that b(x, h)
is twice continuously differentiable with derivative

b'(x, h) Nh3 Z p(ze) — p' ().

Using Taylor’s formula with remainder in Lagrangian form we get, recalling that L,(z—x;) =
0 for |z — x| > g,

'NZL :vj,h)—b(as,h)'
< ‘NZL ;) {b(a;, h) - b(x,h)}]+|b<x,h>|O(N192)
< |b’xh|'NZL vj){w; -z}

—}-‘Zsli‘p<g|b”(z L L ZL (& — ;) + [b(x, h)|O( 19 ):

where we have used Corollary 1 b) and (A1), b) for the kernel L in getting the first inequality.
Applying this argument again to the last line and an analogous result for the kernel —uL(u)
for the second line we get

'NZL xj,h)—b(:c,h)‘

< |b’(x,h)]‘ —g/L(u) u du+ O

)

2
) g 1 1
+ sup [0'(z,h)] 5 (1+O(N292)> + |b(x, h>|O<N292)

|z—z|<g

1
i)

= sup [V'(20)|0(g%) + (JV' (2, 1)| + |b(=, ) O(

|lz—z|<g

12



by symmetry of L. From Proposition 2, we know b(x, h) = O(h?). For the first derivative of
the bias, we have, applying Lemma 1 a) to g(z) = K'(52)u(z),

h
)| = ﬁsz’(w () — i ()

= /K’ (u)du — pi/ (x) +O(N1h3)

- / K(){0 (e — h2) = () }dz| + O (57)

< 00 [ KELeld sup i ()] + O = 0 ) + 0(1)

where we have used integration by parts, (A1) d) and substitution for getting the third line
and Taylor expansion of ' as well as symmetry of K and (A2), b) for getting the last line.
Analogously, we get, using (A1) g)

/! 1 1
el = | [~ he) = )] + Ol ) = O) + O().
using again (A2), b), i.e. Hoelder continuity of x”. Finally, we get from (11)
\N 3 Lt ) = | = ol 12)

which, together with (10), implies ii) for n = 1.

c) For n > 2, we get ii) by induction. We assume that ii) holds for n — 1, and we get for
h+ng <x<1-(h+ng)

ZW (x,h, g)p(x)) ZL r—x;)Ev,(xj,h, g) = ZL x—z;){br(x;,9)+0(g*)}

by (8), as for all z; with nonvanishing L,(x — x;) we have h + (n —1)g <z < 1— (h +
(n — 1)g). The remainder on the right-hand side is, again by Lemma 1 b), of order {1 +
O(1/(N?¢g*)}o(g*) = 0(g?), and the first term is

{ ZL bL ‘r37g>_bL(xvg)}+bL(x7g) :0(92)+5L(9€,g)

by the same arguments as in proving (12) with by (-, g) replacing b(-, h). n

By Proposition 3, we have uniformly for all h +tg <z <1— (h+tg),1 <n <t,
ﬁn+1(x,h,g) = Fk ﬁn+1<I,h,g) +ﬁn+1(l’7h,g) - K ﬁn+1($,h,g)

= bias fz(z, g) + o(g°) + (H\/E)O (Z\/l_)

In this paper, we consider only the situation where the last part is neglible to the first one
which, by Proposition 2 a), is of order O(g?). For that purpose, we either have to assume
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g=0(h), Nh3¢g* — oo or h = o(g), Nh*g — oo. Then, we get from (9) with remainder term
R}(\?,i = R}k\f,i + 0<1992>

U; = ( §t+1 mza _'_Zﬁk — 0 k Vk+1(xﬂh g) +RN@

= ( ﬁtJrl mZJ _'_ Zﬁk ﬁt+1 F blaS /:LL(xh g) + R}k\;l

= (1 =0 ja(as, h) + {ﬁ% + 19" I bias fi (2, 9) + Ry,

bias ﬂL(l’i, g) + RNJ' (13)

. )

setting Ry,; = Ry, + Op(9""). We summarize this to the main result of this section:

Theorem 2.1 Let K, L satisfy (A1), a)-g), and let (A2) hold. Then, for N — oo, h,g, A —
0, such that X = O(g®) for some s > 1/2, Nh* — oo, Ng* — oo, and either g =
O(h), Nh3g* — oo or h = o(g), Nh*g — .

Then, with t = max{[5/(2s — 1)] + 1,4} the smallest integer satisfying s — & — 2% > 0 and
t > 4, we have uniformly for all i satisfying h +tg < z; <1— (h+tg)

i) up = fi(xi, h) + X bias fip (24, 9) + 0p(Ag®) + Op (5272 ) -

it) bias u; = E u; — p(x;) = H{h*Vik + X ¢*Vi " (%) + o(Ag?) + O(h*F) + O+

)

i) var u; = B(u; — Eu;)? = NhQK + O(F) +o(N\%g?) + O({Nh}5/2)
w) mse u; = E (u; — p(x;))? = 1{h?Vk + A gQVL}2{,u”(:ci)}2 + 2 Qi + O(h*7)
+ o(\g?) max {J;Nﬁ’ h? + Ag*}

Proof: i) follows immediately from replacing ¢ by A/(1 + A) in (13) and looking at the
remainder term

pan 1 by
Ry, :Op(\/gm) + Op(Fz73) + O (N2g2) + 0(Ag?) + O,(A1).

By the choice of ¢ and the assumption on A, the first and the last term both are o,(A\g?).
For the third term, this also holds as Ng? — oo.

Using a dominated convergence argument, we get from i)

E u; — p(x;) = biasji(x;, h) + X bias i (x;, ) +o(\g®) + O(N2h2)
h? 1
= ' (@)Vic + O(h*7) + A —u "(@)Vi+ Aolg") + O575)

by Proposition 2 i).
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As the bias of fip(z;, g) is not random and using

A, h) — Bz, h) = 0@%)

by Proposition 2, we have

var u; = var fi(x;, h) + O( ) (o(Ag?) + Op(ﬁ)) + o(X%g*)

3
>

by Proposition 2 ii) and using Nh — oc.

Finally, iv) follows from mse u; = var u; + (bias u;)? by applying ii) and iii) and neglecting
remainder terms which are of smaller order under our rate assumptions. |

3 Applications

Once we have the asymptotic equivalence of the regularized least-squares estimate and the
shifted Priestley-Chao estimate given by Theorem 2.1 i), we can exploit it to answer var-
ious questions showing up in the practice of curve estimation or, analogously, in the two-
dimensional case of image denoising. As an illustration, we derive here the asymptotic
distribution of the function estimate which allows to quantify the reliability of the estimate
or to test if the observed data are a noisy version of a given curve resp. image .

If we are not only interested in point estimates wu; for the function values p(z;), but also
in confidence intervals which provide information about the reliability of the estimates u;,
we need an asymptotically valid approximation of the probability distribution of u;. For
that purpose, we prove asymptotic normality of our function estimates which may also be
used for constructing hypothesis tests for comparing functions. As the grid points z;, where
we observe data and where we calculate estimates u;, depend on N, we have to extend our
method to estimates u(z) of the function of interest p(z) at an arbitrary fixed location z.
We may interpolate the estimates u; at x;,7 = 1,..., N, smoothly by, e.g., splines, but let
us first consider the case where we just define

u(z) =w; forax; <z <ax;,i=1,...,N,
with zg = 0.
Theorem 3.1 Under the assumptions of Theorem 2.1 we have
)
bias u(z) = E u(z) — u(z) = %{hQVK + X ¢V} (z) + Ry

with remainder Ry = o(A\g?) + O(]}\L,—Qﬁ) + O(h**P) + O(53:2) + O(%) uniformly in
ht+tg<az<1—(h+tg) — +.
i) If, additionally, \*h = O(<=)

Ng4

VNI (u(x) ~E u(x)) —q N(0,6°Qk) for N — .
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Proof: For given x, we choose the sequence i(/V') depending on N such that z; )1 < <
xyn) for all N. Then, u(x) = u;ny. We remark that x;y) satisfies the uniformity condition
on x; in Theorem 2.1 if h+tg <z <1— (h+tg)— ]lv

i) By assumption (A2), we have pi(z;n)) —p(z) = O(%), 1" (zin)) — 1" (z) = O(575) uniformly
in z € (0,1). Therefore, by Theorem 2.1 ii)

bias u(x) = bias uwy + p(ziny) — p(z)
) 1
= blaS UZ(N) -+ O(N)

1 . 1 1

= A{RVk + X PV (i) + 0(Ag?) + O(R*T7) + O(—55) + O(=)
2 N2h N
1 y 1

= §{h2VK + A PV () + O(W max(h*, Ag”))

+o(Ag%) + O(h>P) + O(NihQ) + 0(%),

and 1) follows.

ii) Using (1), the centered Priestley-Chao estimate ji(ziny, h) — E fi(z;iw), h) is the sample
mean of the zero mean random variables Yy; = &;Kp(zyn) — ;),5 = 1,...,N. Using
assumption (Al), a)-c) on the kernel K, it is easy to check that these random variables
satisfy the Lindeberg condition, and we get by the Lindeberg-Feller central limit theorem
for triangular arrays of random variables (compare section 1.9.3 of Serfling [5]) that

N

. . 1

M(%(N)y h)—E M(fEi(Ny h) = N ZYN]' (14)
j=1

is asymptotically normal with mean 0 and variance

2
X o
By = var( iz, h) ) = N_hQK + O(

N3h3)

uniformly in z € [h+tg, 1 —(h-+tg) —+] by part a) of the proof of Proposition 2. Multiplying
the left hand-side of (14) with v/Nh and using Slutsky’s Theorem (compare section 1.5.4 of
Serfling [5]), we get a sequence of random variables with the non-degenerate limit distribution
N(0,0%Q). By Theorem 2.1 i), using, again, Slutsky’s Theorem, we get

VNh (u(aj) - F u(x)) =+vV/Nh (ui(N) - F ui(N))
- m(ﬂ(wi(]\f), h) - F ﬂ(ZL'Z-(N), h)) + op()\gQ\/W) + O(
—d N(OaUQQK)a

N3h3)
]

Finally, we consider linear interpolation of the estimates u; at x;,7 = 1,..., N, as an alterna-
tive. Analogously, we could as well use, e.g., higher-order splines for an even more smooth
interpolation. Here, we define for x >

u(x;)) =u;i=1,...,N, u(x) =(1—0Q)uj—1+0u; forz,  <z<z,i=1,...,N,
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with 0 < 0 = N(x — z;_1) < 1 depending on z and N. Then, we get the following result
analogous to Theorem 3.1:

Theorem 3.2 Under the assumptions of Theorem 2.1 we have
)
bias u(z) = E u(x) — u(x) = —{h2VK + A ¢°Vi b (z) + Ry
with remainder Ry as in Theorem 3.1 uniformly in h+tg <x <1— (h+tg) — %

Nt)

i) If, additionally, \*h = O(

VNI <u(x) —E u(x)) —4 N(0,0°Qk) for N — .

Proof: For given x, we choose the sequence i(/V) depending on N such that z;n)-1 < 2 <
n) for all N. Then, u(z) = (1 — 0)ujvy—1 + Ousny. We remark that z;ny—1, 25 satisfy
the uniformity condition on z; in Theorem 2.1 if h +tg <z < 1— (h+tg) — .

a) Using (1), the centered Priestley-Chao estimate ji(z;n), h) — E fi(zin), h) is the sample
mean of the zero mean random variables Yy; = ¢;Ky(zyn) — #5),7 = 1,...,N. Using
assumption (A1), a)-c), on the kernel K, it is easy to check that these random variables
satisfy the Lindeberg condition, and we get by the Lindeberg-Feller central limit theorem
for triangular arrays of random variables (compare section 1.9.3 of Serfling [5]) that

(i h) = B iy ZYN] (15)

is asymptotically normal with mean 0 and variance

2
R o
By = var( fu(zin), h) ) = N—hQK + O(

N3h3)

uniformly in z € [h +tg,1 — (h +tg) — +] by part a) of the proof of Proposition 2. Multi-

plying the left hand-side of (15) with v Nh and using Slutsky’s Theorem (compare section
1.5.4 of Serfling [5]), we get a sequence of random variables with the non-degenerate limit
distribution M (0,0?Q k). The same result, of course, holds for z;ny_; instead of z;(.

b) By Theorem 2.1 i), using, again, Slutsky’s Theorem, we get

VNh (u x )
= \/N_h( 9) Ui(N)—1 — E Ui(N) 1) + H(ui(N) —F ui(N)))
= \/N_h((l 0|z Ti(N)— 1Lh)—E l’“(zi(N)*la h)] + e[ﬂ(xi(N)v h)—E Ia(xi(N)? h)])
+0,(AgVNR) + (\/%hg)
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as the sum of two asymptotically normal random variables is again asymptotically normal.
We only have to calculate the asymptotic variance v, i.e. the limit of

Nhvar((1 = 0)fi(z;v)-1, h) + Ofi(xiny, h)) = Nh(1 — 0)*var fi(zin)-1, k)
+ Nh #?*var iy, ) +2Nh 0(1 = 0) cov(ji(zsny—1, 1), ii(ziny, h))

The first two terms coincide asymptotically with (1 — 0)?0?Qx + 0*°6?Qx by a). For the

third term, we use that by Proposition 2 iv) and as Ti(N) — Ti(N)—1 = %

“2/K<> SRR P VA S el SUIPG VAL S S VI
Nh DK (= + 7 )dz N33 T N oK N2h2 N33

by assumption (A1), a)-f). We conclude
= (1 - Q)QUZQK + QQUZQK + 2(1 - (9)(902QK == O'ZQK,

and ii) follows.

¢) By assumption (A2), we have p(zin)) — p(z) = O(%), ' (zin)) — 1" (z) = O(55) and
correspondingly for z;n)—; uniformly in = € (0, 1). Therefore
bias u(x) = (1 —0) bias u;n)—1 + 0 bias wyny + (1 — 0) pu(xiwy-1) + 0 p(@iny) — p(x)
1
= (1 —6) bias w;n)—1 + 6 bias u;ny + O(N>

Moreover, by Theorem 2.1 ii),

1
bias u;ny = —{h2VK + X PV (@) + o(Ag?) + O(h**7) + O(Nth)
h? 1
_ —{h2V A VLI (@) + O(55) +000g?) + O(h**) + O(575):
and analogously for x;)—1. We conclude i). [ |
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