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Short Abstract

This thesis addresses scattered data interpolation and image approximation, focusing on
reconstructions via partial differential equations (PDEs). While classical methods like
JPEG and JPEG2000 are widely used, PDE-based inpainting often yields better results
for images with low to medium texture content. We extend PDE-based approaches
by incorporating diverse features – colours, derivatives, and local integrals – into the
reconstruction process. Experiments show that these features can reduce the MSE by
more than 60% without increasing the data budget. The framework also supports nonlin-
ear operators and features. Since PDE-based methods are computationally demanding,
we develop fast inpainting techniques using adaptive finite elements on the CPU, and
multigrid solvers on the GPU. The latter enables real-time inpainting of 4K images.
Beyond efficiency, we tackle data selection for low-error reconstructions through spatial
and tonal optimisation. We propose greedy algorithms for spatial selection and fast
solvers for large-scale tonal optimisation problems. We also explore the link between
denoising and inpainting, showing their connection through probabilistic theory. Finally,
we present perceptual optimisation techniques for Monte Carlo rendering, aiming for
blue-noise error distributions that decay under low-pass filtering.
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Kurzzusammenfassung

Diese Arbeit behandelt die Scattered Data Interpolation und Bildapproximation mit
partiellen Di�erentialgleichungen (PDEs). Klassische Verfahren wie JPEG und JPEG2000
sind verbreitet, doch PDE-basiertes Inpainting liefert oft bessere Ergebnisse bei Bildern
mit geringer bis mittlerer Textur. Wir erweitern PDE-Ans•atze durch Einbindung von
Farben, Ableitungen und lokalen Integralen. Experimente zeigen, dass diese Merkmale
den mittleren quadratischen Fehler (MSE) um mehr als 60% senken k•onnen { ohne
zus•atzlichen Datenbedarf. Unser Ansatz unterst•utzt auch nichtlineare Operatoren.
Da PDE-Methoden rechenintensiv sind, entwickeln wir schnelle Inpainting-Techniken
mit adaptiven �niten Elementen (CPU) und Mehrgitterl•osern f•ur Gra�kprozessoren
(GPUs). So wird Echtzeit-Inpainting von 4K-Bildern m•oglich. Zur Fehlerreduktion
optimieren wir die Datenauswahl r•aumlich und tonal. Wir schlagen Greedy-Algorithmen
f•ur die r•aumliche Auswahl und schnelle L•oser f•ur gro�e tonale Optimierungsprobleme vor.
Zudem etablieren wir einen Zusammenhang zwischen Entrauschen und Inpainting, der auf
einer wahrscheinlichkeitstheoretischen Beziehung basiert. Abschlie�end pr•asentieren wir
perzeptuelle Optimierungstechniken f•ur Monte-Carlo-Rendering mit blauem Rauschen,
das unter Tiefpass�lterung abklingt.
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Abstract

This thesis is concerned with scattered data interpolation and approximation of images,
with a focus on reconstructions resulting from the solution of partial di�erential equations
(PDEs). Classical approaches for image reconstruction rely on the discrete cosine
transform (DCT { JPEG) and the discrete wavelet transform (DWT { JPEG2000), and
are widely used for compression. However, PDE-based inpainting has been shown to
outperform the latter for images with low to medium texture content.

In our work we augment previous PDE-based approaches with the ability to combine
a variety of features from which the image is to be reconstructed. Those are colours,
derivatives, and local integrals. Our experiments demonstrate that those features are
practically relevant as they can decrease the MSE by more than 60% for the exact same
data budget as standard approaches. The framework is theoretically well-founded and
it is general in the sense that it can also handle nonlinear inpainting operators and
nonlinear features.

In practice, PDE-based reconstruction is computationally intensive, especially compared
to approaches based on fast transforms (fast variants of the DCT and the DWT in JPEG
and JPEG2000). For this reason we develop fast inpainting methods based either on
reducing the problem size { by using adaptive �nite element discretisations, or based on
speeding up the solution process { by combining state-of-the-art solvers such as multigrid,
Krylov methods, and domain decomposition, and parallelising them on the GPU. This
allows us to achieve real-time inpainting of 4K images.

Except for inpainting e�ciency, we are also concerned with the problem of selecting data
that results in low-error reconstructions. The latter is made up of two parts: spatial
optimisation and tonal optimisation. The spatial optimisation is a hard combinatorial
problem for which we devise e�cient greedy algorithms that result in high quality
reconstructions. The tonal optimisation is a simple least squares problem, but in the
context of image inpainting this problem is often very large. We design methods that
leverage the sparsity of our matrices in order to achieve fast tonal optimisation. Our
methods generalise to our feature inpainting framework.

Additionally, we study the relationship between denoising and inpainting, and show
that the two are intricately related. An averaging of multiple inpaintings results in an
approximation of a denoising process. The two are related by a rich probabilistic theory.

Last but not least, we develop algorithms for the perceptual optimisation of Monte Carlo
rendering. The goal is to optimise the integration sequences such that the resulting error
has a blue-noise distribution that decays quickly under low-pass �lters.
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Chapter 1

Introduction

This thesis addresses the fundamental problem of function approximation, which underlies
a variety of tasks in image processing and computer graphics. The primary objective
of this work is to develop practical and e�cient algorithms for sparsely approximating
image data. Before presenting these algorithms in the following chapters, we begin by
introducing the theoretical setup of the approximation problem.

1.1 Data Optimisation

Let the function we wish to approximate bef > V, from some space of functions
V (typically L2 or RN ) with domain 
 and codomain Rp (or Cp). The function f
may represent a continuous imagef � � 0; 1� 2 � R, or a discrete digital imagef �
˜ 0; : : : ; W � 1• � ˜ 0; : : : ; H � 1• � R. It could also represent the parametrisation of a
surfacef � 
 � R3, or the locations of the verticesf � ˜ 0; : : : ; N � 1• � R3 of a triangular
piecewise-linear mesh surface. In any case, our goal will be to select a �nite-dimensional,
dim UX � m, (potentially nonlinear) subspaceUX b V, parametrised by some setX that
minimises the di�erence betweenf and v >UX w.r.t. some given metric� � V � V � � 0; ª •

min
SX S� m

min
v>UX

� ˆv; f •: (1.1)

For the moment we takeSX S� m to be shorthand for: X such that dim UX � m. When
we introduce interpolating reconstruction, in Section 1.2,X will be a set of �nitely many
points and SX S� m will be the number of those points. It is a data budget constraint,
e.g.,m can be the number of pixels we want to store from an image, or the number of
vertices we want to store from a triangular mesh. We term the minimisation overX {
spatial optimisation, and the inner minimisation { tonal optimisation. We elaborate on
the motivation for this terminology in Section 1.3 and Section 1.4.

While there are many reasonable error metrics, throughout most of this thesis we consider
the 2-norm since it is induced by an inner product and results in a simple problem
structure. Moreover the mean-squared-error (MSE) is widely used in image processing
and computer graphics. In Chapter 6 we also consider more intricate perceptual metrics
such as HDR-VDP-2 [161]. The choice of spaceUX is a non-trivial task and has a great

1



Chapter 1. Introduction 2

e�ect on the approximation quality and the ease of �nding an optimum. The inner
minimisation problem (which we termtonal optimisation)

u >arg min
v>UX

Yv � f Y2
2; (1.2)

is typically much easier to solve. IfUX is a linear space then it always results in a linear
system that has at least one solution. If the spaceUX is nonlinear we get a nonlinear
system of equations. In order to make the above concrete we next discuss the spacesUX

that we consider throughout the thesis.

1.2 Interpolating Reconstruction

Given a set of pointsX � ˜ x i > 
 b Rd � 1 B i B m• , assume that there is a unique
function u >UX , such that it interpolates f at the data points: uˆx i • � f ˆx i •; 1 Bi Bm.
Throughout this work, we will often use the terminpainting interchangeably with
reconstruction, particularly in the context of image reconstruction. Speci�cally, we
refer to the reconstruction of an image from a sparse set of points assparse image
inpainting (see for example [89]). This stands in contrast to classical non-sparse image
inpainting [30], which typically presents a less challenging and more well-posed problem.

1.2.1 Polyharmonic Inpainting

As a concrete example of a spaceUX consider the space ofq-harmonic functions on 
 � X
with re
ecting boundary conditions on @
 which interpolate arbitrary coe�cients on X :

ˆ � � •quˆx • � 0; x >
 � X ;

@n ˆ � � • `uˆx • � 0; x >@
 ; 0 B` Bq� 1;

uˆx • � f ˆx •; x >X ;

(1.3)

wheren is the normal to the boundary@
. The usage and study of polyharmonic splines
for scattered data interpolation dates back to Harder and Desmarais [100], Duchon [76],
and Meinguet [165], albeit they consider an unbounded domain. A more recent work
applying [165] to inpainting is the paper by Kalmoun and Nasser [125]. For more
details on polyharmonic boundary value problems see the book by Gazzola, Grunau,
and Sweers [91].

For us the key point is that by the Sobolev embedding theorem we have thatH qˆ 
 • `
Cr ˆ 
 •, if q Ar � d

2 . That is, H qˆ 
 • is a reproducing kernel Hilbert space (RKHS) ifq
is greater than half of the dimension of 
. This implies, for instance, that harmonic
inpainting with pointwise interpolation is well-posed in 1D, but not in 2D, sinceH 1ˆ 
 •
is not an RKHS in 2D. Indeed the Green's functions of the Laplacian have logarithmic
singularities for d C2 { this applies also to our setting where 
 is a rectangle [166]. If we
discretise the harmonic inpainting problem we recover well-posedness in 2D as long as
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mask c harmonic inpainting u original image trui f

Figure 1.1: Harmonic inpainting with a 5% mask. Inpainting MSE: 38:24.

X x g . However, the discrete reconstruction does inherit artifacts from the logarithmic
singularities in the continuous setting. The discrete counterpart of (1.3) is given as:

ˆ I � C •L qu � 0;

Cu � Cf ;
(1.4)

whereC � diagˆc• is the mask matrix constructed from the(inpainting) mask c � 1X ,
and L � � � approximates the negated Laplacian (typically with the 5-point stencil) with
re
ecting boundary conditions. Often for convenience we combine the two equations:

ˆC � ˆ I � C •L q•u � Cf : (1.5)

However, we will see that this is not always feasible when we generalise the interpolation
data. The above problem has a unique solution whenc x 0, since the kernel ofL
is spanned by1 and a single interpolation point is su�cient to �x the mean as long
as 
 is connected. If 
 consists of several connected components, andL discretises
the negated Laplacian with re
ecting boundary conditions on those, we need at least
one interpolation point per component. But then we can just decompose the problem
into as many decoupled problems as there are components. An illustration of harmonic
inpainting is provided in Figure 1.1. We also note that polyharmonic inpainting of surfaces
makes the matrixL dependent onu since the Laplace-Beltrami operator depends on the
surface's geometry. That is of course the case if we use the Laplace-Beltrami operator {
if we take the topological Laplacian instead, the problem remains linear.

1.2.2 Edge-Enhancing Di�usion Inpainting

As a representative of a nonlinear spaceUX we consider the inpaintings derived from
edge-enhancing di�usion (EED) [236]:

� divˆD ˆ©u� •©u• � 0; on 
 � X ;

@n u � 0; on @
 ;

u � f; on X :

(1.6)
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mask c EED inpainting u original image trui f

Figure 1.2: Illustration of EED inpainting with a 5% mask. Inpainting MSE: 14 :95.

Here u� denotes a Gaussian-smoothed version ofu, de�ned as u� � K � ‡ u, whereK �

is a Gaussian kernel with standard deviation� , and the convolution is performed with
re
ecting boundary conditions over the domain 
. The vector n is the normal on
@
, and we have used a homogeneous Neumann (re
ecting) boundary condition1. The
di�usion tensor D is constructed from the structure tensorJ � ©u� ©u—

� , by setting all
of its eigenvalues to 1, except for the largest one. A di�usivity function is applied to the
largest eigenvalue� max { we typically use the Charbonnier di�usivity with a contrast
parameter � A0:

� œ
max �

1
»

1 � � max~� 2
: (1.7)

Incidentally, if � max � S©uS2, the above corresponds to a term that appears in the Laplace-
Beltrami operator restricted to height�elds/function graphs. We use the discretisation
of anisotropic di�usion from [241], which results in the quasi-linear system of equations:

ˆC � ˆ I � C •L ˆu•• u � Cf : (1.8)

The matrix L ˆu • is now a function ofu . That is, we have a quasi-linear system of
equations. An illustration of the inpainting is shown in Fig. 1.2. Note that the MSE
is less than half of that for harmonic inpainting despite of the fact that we store the
same amount of data. This illustrates the quality improvements that one can achieve by
considering suitable nonlinear spacesUX . A more generic nonlinear inpainting operator
 � RN � RN (not necessarily quasi-linear) results in the following formulation:

Cu � ˆ I � C • ˆu • � Cf : (1.9)

1.2.3 Feature Inpainting

In our work we generalise the interpolation problem to not only interpolate pointwise
values, but also other features such as: weighted local integralsR
 wudvol � R
 wf dvol,

1In the above we have used@n uˆ@
 • � 0 since this is what previous inpainting implementations use.
It should be noted, however, that @Dn uˆ@
 • � 0 is a more natural boundary condition, that actually
re
ects the 
ux across the boundary.
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derivatives@xu � @x f , or even nonlinear features. In the discrete setting let� i � RN � RN

for 1 B i B k be a family of (potentially nonlinear) functions, and let ci be their
corresponding masks. We can collect those into vectors ofk times the image sizeN :

� � � � —
1 � � —

k �
—

� RN � Rk�N ; c � � c—
1 � c—

k �
—

>Rk�N ; C � diagˆc•: (1.10)

Then we can write the feature inpainting problem as follows:

‰I � P ˆu•Ž ˆu • � 0; (1.11)

C� ˆu • � C� ˆ f •; (1.12)

whereI � P ˆu• � I � ˆCJ � ˆu •• � CJ � ˆu • is the orthogonal projection matrix onto the
kernel of the Jacobian of the constraints (we denote the Moore-Penrose inverse ofA
with A � ). We will not go into the details of the derivation of the above formulation here,
and instead we defer this to Chapter 2. Currently it su�ces to know that in the most
general setting that we consider, the subspaceU in which we approximate is technically
a function of c;  ; � : Uc; ;� . In the continuous setting it is a function ofX ;  ; � : UX ; ;� .
In the simplest case of linear inpainting with pointwise value interpolation we have
 ˆu• � Lu and � ˆu• � u.

1.3 Tonal Optimisation

Consider the original data optimisation problem with the 2-norm as an error metric

min
SX S� m

min
v>UX

Yv � f Y2
2; (1.13)

whereUX � UX ; ;� for some �xed inpainting operator  and feature families� . If  and
� are linear, thenUX is a linear space. Then there exists a (potentially overcomplete)
basis

B � � b1 � bm � >V; UX � œvˆx • �
m

Q
j � 1

gj bj ˆx • � g >Cm ¡ : (1.14)

Plugging this into the inner minimisation we get the linear least-squares problem:

min
v>UX

Yv � f Y2
2 � min

g>Cm
]

m

Q
j � 1

gj bj � f ]
2

2

�
m

Q
i � 1

m

Q
j � 1

`bi ; bj egi gj � 2
m

Q
i � 1

gi `bi ; f e� Yf Y2
2; (1.15)

whereYvY2
2 � `v; ve. Di�erentiating and setting to zero yields the normal equations:

Gg � s; Gij � `bi ; bj e; si � `bi ; f e: (1.16)

The latter always have a solution, but the solution is unique only when the Gramian
G is invertible (i.e., the chosen interpolation points and features are not redundant).
In the nonlinear setting, let us denote the reconstruction asuˆX ;g•, where� ˆu•SX � g,
and  ˆu• � 0 holds on the kernel of the di�erential of the constraints. Then we have the
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nonlinear space
UX ; ;� � ˜ uˆX ;g• � 
 � C � g >Cm • : (1.17)

If the reconstruction uˆX ;g• is di�erentiable in the argument for the g variable, then
the columns of the Jacobian w.r.t.g provide a (potentially overcomplete) basis for the
tangent space. Then the counterpart to the linear normal equations are the nonlinear
normal equations:

`ˆ @ei u•ˆ X ;g•; uˆX ;g• � f e� 0; 1 Bi Bm: (1.18)

That is, we want the error to be orthogonal to the tangent space { the linear setting is a
special case of this, where the tangent space can be assigned a constant basis. Note that
in the nonlinear setting the system is nonlinear which makes the problem much more
challenging.

In image processing and compression literature the inner minimisation problem

g‡ˆX • >arg min
g>Cm

YuˆX ; g• � f Y2
2; (1.19)

is known as thetonal optimisation problem. This is because for an inpainting with� � id,
we are interpolating greyscale or colour values, i.e., tonal data. So the optimisation
of the coe�cients g corresponds to the optimisation of tonal data. Of course, with
our extension of inpainting to other features, the term \tonal optimisation" becomes
somewhat of a misnomer, but we nevertheless use it throughout the thesis.

1.4 Spatial Optimisation

Consider the original data optimisation problem:

min
SX S� m

min
v>UX

Yv � f Y2
2: (1.20)

This time we focus on the outer minimisation. To that end we suppose that we have a
procedure that allows us to compute a minimiser for the tonal optimisation problem

g‡ˆX • >arg min
g>Cm

YuˆX ; g• � f Y2
2: (1.21)

We can then rewrite (1.20) as an optimisation only overX

min
SX S� m

YuˆX ;g‡ˆX •• � f Y2
2: (1.22)

The optimisation over X is typically termed spatial optimisation as we are optimising
over the locations of the points inX . If we were to reduce the choice of them points
in X to be chosen from a �xed set ofN possible locationsXN (e.g. the pixel grid of an
image, or the vertices of a triangular mesh), this becomes a combinatorial problem with
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search space of size

‹
N
m

• �
N !

m! ˆN � m•!
: (1.23)

The exhaustive search is intractable already in the setting of small images. For example,
with N � 256� 256 and a reasonably low interpolation point density,m � 
5%� N � , we
get an incredibly large search space of size

‹
N
m

• � Œ
256� 256


256� 256� 20� 1�
‘ � Œ

65536
3276

‘ : (1.24)

Since the search space grows very quickly with the resolution, in practice we resort to
various (meta-)heuristics and greedy algorithms in order to �nd a solution close to the
minimiser in reasonable time.

If UX is an interpolating space overX , for e�ciency purposes we can choose to substitute
the tonally optimal coe�cients g‡ˆX • with interpolating ones � ˆ f •SX :

X ‡ >arg min
SX S� m

YuˆX ; � ˆ f •SX • � f Y: (1.25)

Most often it is (1.25) that is referred to asspatial optimisation. One can then apply a
tonal optimisation step given the �xed X ‡ from the above problem. This corresponds to
swapping the order of the minimisation problems { �rst spatial then tonal:

g‡ >arg min
g>Cm

YuˆX ‡; g• � f Y such that X ‡ >arg min
SX S� m

YuˆX ; f SX • � f Y; (1.26)

compared to the original data optimisation problem (1.20) { �rst tonal then spatial:

X ‡ >arg min
SX S� m

YuˆX ; g‡ˆX •• � f Y such that g‡ˆX • >arg min
g>Cm

YuˆX ; g• � f Y: (1.27)

Theoretically the global minimiser of(1.26) is worse as a minimiser of(1.20), since it is
minimising an objective with the minimisation order 
ipped. However, in practice the
formulation in (1.26) is much more e�cient to work with when using greedy algorithms,
and counter-intuitively those often produce better results (see [111]) when applied to
(1.26). This is an instance whereoptimising an inexact model is much easier, and
thus yields a better approximate solution than optimising the exact model,
which may lead to a poorer approximate result { despite the exact model
theoretically having a superior (or at least not inferior) global minimum . For
this reason we discuss only interpolating spatial optimisation in Chapter 4.

The relationship of (1.26) to (1.27) is similar to the relationship between matching
pursuit and orthogonal matching pursuit [158, 200]. Speaking of the latter, in Section 1.5
we brie
y discuss when our data optimisation problem(1.20) can be brought to the
optimisation formulation appearing in the literature on pursuit algorithms.
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1.5 Data Optimisation Formulation in Pursuit Algo-
rithms

In practice, the problem in (1.20) can be related to the sparse linear synthesis-based
approximation problem:

min
YgY0 � m

Yu � f Y2
2; uˆx • �

N

Q
j � 1

gj bj ˆx •; (1.28)

for which the classical pursuit algorithms [158, 200, 210] (matching pursuit, orthogonal
matching pursuit, basis pursuit, etc.) were developed2. We can relate the above
formulation to our interpolating analysis-based formulations if we havebi ˆx j • � � ij for
1 B i; j B N , where x j > XN . Then UX b UXN for X b XN . As a special case this is
true for discretisations of the polyharmonic problem(1.4). In the discrete settingany
(well-posed) analysis-based interpolating linear inpainting is equivalent to a
transform-based reconstruction :

Cu � ˆ I � C •Lu � Cf 
� u � L � Ca � Vker � ; U ‡
kerCa � 0; Cu � Cf ; L � U � V ‡;

(1.29)
whereL plays the role of the transform, and the Moore-Penrose inverseL � plays the
role of the inverse transform, which is used for the reconstruction up to vectors in the
kernel of L . If L is a discretisation of a linear di�erential operator (along with the
boundary conditions) thenL � is a discrete counterpart of its Green's functions {the
inpainting-based and transform-based formulations are spectral counterparts
of each other . This is not the case any more when one considers more general
reconstructions such as through linear splines on a Delaunay triangulation [70] (this
is a synthesis instead of an analysis formulation). ThereX b XN implies UX b UXN

only if the triangulations are hierarchical { which is generally untrue for Delaunay
triangulations. The correspondence also fails in a nonlinear analysis formulation such
as in edge-enhancing di�usion inpainting (Green's functions and the SVD are a linear
concept), or if we consider generalised interpolation of multiple families of features.

1.6 Own Contributions

Our main contributions are published in the proceedings [58, 120] from two conferences,
and in three journal papers [59, 88, 128]. I have presented results from the above works
at CAIP21 [58], SIGGRAPH22 [59], GAMM23 (unpublished extensions of [58]), and
ICASSP23 [120]. Below I list a brief summary of the publications on which this work is
based, as well as the corresponding chapters in the thesis.

Optimising Di�erent Feature Types for Inpainting-Based Image Representa-
tions. In [120], we present the �rst general framework for inpainting with arbitrary

2Often in the literature the budget constraint and error minimisation appear 
ipped, but we can also
do so in our formulations if the goal is not a �xed budget but rather achieving a speci�c error threshold.
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features that can be expressed as linear equality constraints. This framework is built upon
a reformulation of harmonic inpainting as a constrained optimisation problem, enabling
us to combine the traditional pointwise colour interpolation constraints with more general
linear equality constraints. The solution is obtained via the Karush{Kuhn{Tucker (KKT)
conditions, resulting in a symmetric but inde�nite linear system, which we solve using
the SYMMLQ algorithm [180]. Details and extensions of the inpainting framework to
the setting of nonlinear operators and nonlinear constraints are described in Chapter 2
of the thesis.

More signi�cantly, we develop e�cient spatial and tonal optimisation strategies tailored
to this novel inpainting formulation. The spatial optimisation automatically allocates
the data budget across di�erent feature types. We identify a meaningful set of features {
colour values, derivatives, and local integrals { that enable us to substantially improve
the quality of the reconstruction. A description of the data optimisation and extensions
of it are presented in Chapter 4.

My main contributions to [120] include implementing and testing various solvers for
the inde�nite system, theoretical insights into the reformulation of the problem as an
optimisation problem, the design of the spatial and tonal optimisation algorithms, and
a substantial portion of the programming code. The original idea was proposed by
Prof. Joachim Weickert, and the initial theoretical groundwork and code were primarily
developed by the �rst author, Ferdinand Jost. The �nal version of the code used to
generate the results was mostly based o� my work. The contents in Chapter 2 and
Chapter 4 represent a substantial extension of the work presented in [120], and constitute
original research that is my own contribution. Two �gures (Fig. 4.2 and Fig. 4.4) are
reproduced from the original work [120], while all other experiments on feature inpainting
are new and use the improvements and extensions discussed in the thesis.

E�cient Data Optimisation for Harmonic Inpainting with Finite Elements.
In [58] we extend sparse image inpainting with homogeneous di�usion by using �nite
elements (FE). This considerably decreases the runtime compared to prior approaches
since we are able to greatly reduce the number of unknowns, while preserving a high
quality solution owing to the adaptivity of our FE mesh.

We also reformulate the tonal optimisation problem such that a nested conjugate
gradient solver is applicable, where the outer iterations optimise the tonal values, and
the inner iterations solve inpainting-like problems. For the spatial optimisation problem
we combine ideas from a previous approach based on error map dithering [131] and
Voronoi densi�cation [68], and devise a Delaunay densi�cation approach that allows
a trade-o� between runtime and quality. Taken together, these allow us to e�ciently
perform inpainting and optimise the reconstruction data on the CPU, with computational
e�ciency that is orders of magnitude better than prior approaches. Chapter 3 and
Chapter 4 include parts of this work, and the extensions presented at GAMM23 are
brie
y discussed in Section 3.1.7.

The main theoretical developments and all experiments presented in this paper are
my own. The initial idea, as well as valuable discussions and guidance in re�ning the
manuscript, were provided by Prof. Joachim Weickert.
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E�cient Parallel Algorithms for Inpainting-Based Image Representations of
4K Images. In [127] (note that this work currently remains unpublished, however,
parts of it are used in our published work on data optimisation [128]), we target state-of-
the-art e�ciency for homogeneous di�usion inpainting by exploiting GPU parallelism
and judiciously integrating concepts from advanced solvers, including domain decom-
position methods, multigrid techniques, matrix-free approaches, and Krylov subspace
methods. The resulting performance surpasses all previous methods by several orders
of magnitude, enabling real-time inpainting of 4K images at over 60 frames per second
using homogeneous di�usion. The part from [127] to which I contributed the most is
reproduced in Chapter 3, along with the related work, experiments, and conclusion from
the original paper.

The work on domain decomposition stems from the �rst author, Niklas K•amper, and
thus I only brie
y mention it in Chapter 3. My primary contribution involved the design
and implementation of the downsampling operator for the multigrid framework that
reduces leakage at coarser levels by incorporating the neighbourhood of masked pixels,
as well as its theoretical justi�cation. Additionally, I contributed through discussions
with the �rst author and by assisting in the preparation of the manuscript. The initial
idea of integrating domain decomposition methods for inpainting was suggested by Prof.
Joachim Weickert.

E�cient Parallel Data Optimisation for Homogeneous Di�usion Inpainting
of 4K Images. In [128], we propose data optimisation techniques for homogeneous
di�usion inpainting that signi�cantly outperform previous methods in both speed and
quality. Our approach integrates the e�cient inpainting algorithm from [127] into both
the tonal and spatial optimisation. The spatial optimisation builds upon our method
introduced in [58], but incorporates a fast GPU-based Delaunay triangulation using the
jump 
ood algorithm [ 204]. Additionally, we employ an improved initialisation strategy
based on dithering the Laplacian magnitude [28], which enhances quality, particularly
when using a limited number of densi�cation iterations.

The tonal optimisation extends the nested conjugate gradient framework from [58],
signi�cantly accelerating it through GPU-based domain decomposition. A high-quality
initial guess is generated by interpolating local averages over the Voronoi partition, in a
manner similar to the approach in [120]. These improvements enable both spatial and
tonal optimisation on 4K images in under half a second.

I suggested and further extended the idea of exploiting the sparsity in the tonal op-
timisation based on my previous work [58] and improvements thereof. The domain
decomposition parts entirely belong to the �rst author Niklas K•amper. Other contribu-
tions of mine include the theoretical justi�cation for the tonal optimisation's initial guess,
its connection to local average interpolation, and the interpretation of the algorithm
as a Richardson iteration. I also contributed CPU implementations, stopping criteria,
visual results, and engaged in extensive discussions on both the tonal optimisation and
Delaunay-based densi�cation. Generalisations of the tonal and spatial optimisation
methods from [128], to the setting of the feature inpainting framework, are presented
in Chapter 4. These generalisations represent original scienti�c contributions that I



Chapter 1. Introduction 11

developed as part of this thesis. I do not discuss domain decomposition aspects since
the work on those belongs to the �rst author Niklas K•amper.

Connecting Image Inpainting with Denoising in the Homogeneous Di�usion
Setting. In [88] we study the relationship between inpainting and denoising. While
at �rst glance unrelated, it turns out that probabilistic estimators based on inpainting
operators can be interpreted as denoising methods. We provide a rich probabilistic
theory which we support with a multitude of experiments. Chapter 5 is a reproduction
of our work [88] with very minor changes.

Most of the formalisation of the probabilistic theory (Section 5.3.1) was contributed by
me, along with some experiments and code. However, the �nal experimental results
presented in the paper stem from code and experiments carried out by the �rst author
{ Daniel Gaa. The acceleration by low-discrepancy sequences and the proofs in the
appendix are also my contribution. All other results were contributed by my other
co-authors.

Perceptual Error Optimisation for Monte Carlo Rendering. In [59] we improve
the perceptual quality of Monte Carlo rendering. We achieve this by optimising the seeds
of the integration sequences used in the (quasi-)Monte Carlo numerical estimation of the
light transport integrals in the formal solution of the rendering equation. The seeds are
optimised w.r.t. a simple perceptual metric, to which we apply a set of algorithms that
provide varying trade-o�s between quality and speed, showing substantial improvements
over prior state-of-the-art. The algorithms are able to achieve a Monte Carlo noise
distribution that quickly decays under convolution with low-pass �lters. We conduct
evaluations using both quantitative and error-based metrics. Chapter 6 is a reproduction
of our publication [59] with minor modi�cations.

All experiments were implemented and conducted by me. I also developed the main
theoretical concepts and their formulations. I gratefully acknowledge the valuable
discussions and substantial assistance in writing the manuscript provided by my co-
authors: Dr. Iliyan Georgiev, Dr. Karol Myszkowski, and Dr. Gurprit Singh. The initial
idea for the work was suggested by Dr. Gurprit Singh and was based o� prior published
work by Georgiev and Fajardo [93], and Belcour and Heitz [103].

1.7 Organisation of the Thesis

In Chapter 1, we introduce the data optimisation problem, present the main inpainting
operators used throughout the thesis, list our contributions, and summarise the thesis
structure.

In Chapter 2, we introduce a generalisation of the inpainting framework that accommo-
dates linear and nonlinear inpainting operators and linear and nonlinear features, which
can be formulated in terms of equality constraints. We present experimental results
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demonstrating that the additional features yield signi�cant quality improve-
ments (in some cases more than 60% MSE reduction) . While this chapter is
partially based on our work [120] presented at ICASSP23, it constitutes a substantial
generalisation of the results presented in the conference paper. The extended formulation
does not require that the inpainting operator is linear or that it is the gradient of an energy
functional { this is crucial as EED inpainting is neither [244]. Furthermore, we extend the
framework to handle nonlinear features, and develop a sequential quadratic programming
(SQP)-inspired trust region approach in order to solve the resulting inpainting problem.

In Chapter 3, we discuss our fast inpainting approaches based on: the �nite ele-
ment method (FEM) [58], and our multigrid strategy for the �nite di�erence method
(FDM) [ 127, 128]. A brief introduction to FEM is provided in Section 3.1. This is
followed by experimental results demonstrating the quality improvements achieved using
the FEM framework. Notably, e�ciency gains of over 10 times can be achieved
on the CPU even for small images . Additional results related to the e�ciency
improvements and resolution scaling in the context of data optimisation are deferred to
Chapter 4. Section 3.1.7 outlines several extensions that signi�cantly broaden the scope
of the methods introduced in [58]. In Section 3.2, we present our multigrid-based fast
inpainting approach from [127, 128], which, when combined with domain decomposition,
enables harmonic inpainting of 4K images at over 60 frames per second on the
GPU . With only minor modi�cations, Section 3.2 reproduces the part on multigrid from
our journal publication [128], as well as the related work, experiments, and conclusion.

Our algorithms for tonal and spatial optimisation are presented in Chapter 4. They
subsume the approaches from our FEM work [58], our e�cient data optimisation meth-
ods [128], and the data optimisation framework for feature inpainting from [120]. The
algorithms described in the chapter areapplicable to our feature inpainting frame-
work with its extensions from Chapter 2, they achieve a very good runtime-
to-quality ratio, and scale linearly in terms of the image resolution. The
chapter is a natural conclusion to the discussion of generalised inpainting from Chapter 2
and the fast inpainting methods from Chapter 3.

Chapter 5 reproduces our journal publication on denoising by inpainting [88], with
only small changes implemented for consistency. It explores the theoretical connection
between the seemingly distinct processes of denoising and inpainting. The theory o�ers
both deterministic and probabilistic interpretations, showing how an average of multiple
inpaintings can act as a denoising process.The key result is a relationship between
the mask density in homogeneous di�usion inpainting and the di�usion time
in homogeneous di�usion denoising. Within the context of this thesis, this chapter
serves as a conceptual bridge between the inpainting algorithms discussed in the preceding
chapters and their extension to denoising processes.

Chapter 6 reproduces our published work on perceptual error optimisation for Monte
Carlo rendering [59], with minor formatting and consistency-related adjustments. This
work focuses on optimising the integration sequences in Monte Carlo rendering to produce
error distributions that decay rapidly under low-pass �ltering. It subsumes prior work
on the topic, provides a theoretical foundation for perceptual optimisation
in Monte Carlo rendering, and describes a series of practical algorithms .
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While not directly concerned with sparse mask optimisation, the work aligns with our
broader goal of faithful reconstruction { when we interpret the low-pass �lter as a
reconstruction operator. Here, the optimisation is performed indirectly through the
integration sequences, which can be viewed as high-dimensional points in the spatial
optimisation framework. In that sense this chapter also combines ideas from inpainting
(the rendering process in this case) and denoising (the convolution with a model of
the human visual system's point spread function), making it a natural follow-up to
Chapter 5.

Finally, a summary and a conclusion is given in Chapter 7, along with an outlook on
future work. A list of the �gures and the tables, as well as the bibliography and the
appendices can be found at the end of the thesis.





Chapter 2

Feature Inpainting

In this chapter, we introduce a general framework for feature-based inpainting that
extends the classical inpainting to accommodate arbitrary features expressible as equality
constraints. These features can include derivatives, local integrals, and even nonlinear
features. The case of linear features combined with a linear inpainting operator, where
the inpainting is the gradient of an energy functional, is based on our work [120]. Here,
we present a substantial generalisation that supports nonlinear features in conjunction
with nonlinear inpainting operators, which are not necessarily derived from an energy
functional. This extension is grounded in a theoretical foundation that largely surpasses
the scope of [120]. To solve the resulting nonlinear feature inpainting problem, we develop
an algorithm inspired by principles from sequential quadratic programming (SQP) [177]
and trust region methods [61].

2.1 Outline

We begin with a brief overview of related work in Section 2.2. Next, in Section 2.3.1,
we revisit the feature inpainting formulation introduced in our conference paper [120].
We then motivate its extension to cases where the inpainting process is not derived
from the gradient of an energy functional { EED inpainting, and also settings where the
inpainting matrix L is non-symmetric.

Building on this, we incrementally generalise the feature inpainting framework across
several settings:

ˆ Linear inpainting with linear features (Section 2.3.3),

ˆ Nonlinear inpainting with linear features (Section 2.3.4),

ˆ Quasi-linear inpainting with linear features (Section 2.3.5),

ˆ Energy-based nonlinear inpainting with nonlinear features (Section 2.3.6),

ˆ Generic nonlinear inpainting with nonlinear features (Section 2.3.7).

15
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Each section shortly discusses speci�c solution strategies tailored to its respective
setting. For the most general case, we discuss our proposed solver in Section 2.4. We
then demonstrate the performance of the theoretical framework through a series of
experiments in Section 2.5, focusing on visual comparisons. E�ciency analyses and
related experiments are presented in Chapter 3, while detailed MSE comparison tables
are included in Chapter 4, as these topics are more appropriately addressed in those
chapters. Finally, we conclude the chapter with insights and potential directions for
future work in Section 2.6.

2.2 Related Work

Several inpainting-based strategies allocate greyscale or colour interpolation constraints
along edges [46, 155] or isolines [216], but these methods are limited to using only pixel
intensity or colour values as features. Approaches that combine greyscale data with
discontinuity information have been proposed in [112, 118, 119]; however, these rely on
segmentation techniques that do not generalise to arbitrary feature types.

Other works have explored image reconstruction from speci�c features such as scale-space
extrema [129], zero-crossings [252], junctions [47], or SIFT descriptors [243]. While these
approaches are theoretically insightful, they have not led to practical methods with
competitive reconstruction quality. Additionally, KAZE features [7] have been proposed
for scale-space analysis, however, they are not used for reconstruction.

More recent methods that incorporate gradient information to improve reconstruction
quality include those by Brinkmann et al. [41] and Schneider et al. [211]. However, these
approaches also lack generality and do not support the integration of multiple feature
types.

Our published work [120] introduces a general and e�cient framework for harmonic
inpainting with linear features. However, it does not address the extension to nonlinear
inpainting operators or nonlinear features. In the current chapter, we present such
a generalisation, enabling the use of arbitrary nonlinear features within a nonlinear
inpainting framework.

2.3 Feature Inpainting Framework

In the current section we start from the feature inpainting framework described in our
conference paper [120], and successively extend it until we arrive at a formulation for
nonlinearly constrained nonlinear inpainting.
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2.3.1 Linear Constrained Harmonic Inpainting

The discrete harmonic inpainting formulation in Equation (1.4) is limited to interpolating
pixel-wise colour data. While this already proves e�ective in practice, it naturally raises
the question of whether more complex features can be incorporated. In [120], we
reformulate harmonic inpainting as a constrained optimisation problem:

min
u

1
2 S



Y©uˆx •Y2 dx � min

u

1
2 S



uˆx •ˆ � � •uˆx • dx ;

subject to uˆx • � f ˆx •; x >X :
(2.1)

Its discrete counterpart is given by:

min
Cu � Cf

1
2

YDu Y2
2 � min

Cu � Cf

1
2

u —Lu : (2.2)

In this formulation, the mask matrix C in the constraint Cu � Cf can be replaced by
any matrix A >RM � N , enabling interpolation of arbitrary features expressible as linear
equality constraints, as demonstrated in [120]. The problem remains linear and can be
reformulated by using Lagrange multipliers:

min
Au � Af

1
2

u —Lu � min
u >RN

max
� >RM

1
2

u —Lu � � —A ˆu � f •:

The solution satis�es the symmetric but inde�nite saddle-point system:

�
1
2ˆL � L —• A —

A 0
	 �

u
�

	 � �
0

Af
	 : (2.3)

Uniqueness of the solution is guaranteed if the compression of1
2ˆL � L —• onto the kernel

of A is non-singular. For instance the Laplacian matrixL has a kernel spanned by the
vector 1, then if A � 1 x 0 we get that the system matrix in (2.3) is non-singular. Thus,
including an average value constraint or a single pointwise interpolation constraint in
A su�ces to ensure uniqueness. For symmetric discretisations such as the Laplacian,
we have 1

2ˆL � L —• � L . However, this does not hold for non-symmetric operators.
Importantly, this framework can be extended to support operators that are not derived
from a minimisation problem, which we explore in the next section.

The Constraint Matrix A . As an example, consider matrices representing di�erent
features: identity/colours F1 � I , x derivatives F2 � @x , y derivatives F3 � @y, and local
integrals F4 � K � ‡. To each of those we associate a maskc1; : : : ;c4. Then the constraints
matrix is formed as

A � CF �

<@@@@@@@>

C1

C2

C3

C4

=AAAAAAA?

<@@@@@@@>

F1

F2

F3

F4

=AAAAAAA?

�

<@@@@@@@>

C1F1

C2F2

C3F3

C4F4

=AAAAAAA?

>Rˆ 4�N • � N : (2.4)
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2.3.2 Compression of Inpainting Operators

An alternative approach to solving the linearly constrained minimisation problem

min
Au � Af

1
2

u —Lu (2.5)

is to decompose the solution space using orthonormal bases. Let the columns ofVker >
RN � ˆ N � r • form an orthonormal basis for the kernel ofA , and the columns ofVimg >RN � r

form an orthonormal basis for its orthogonal complement (i.e., the image ofA —). Then,
any solution u can be expressed as

u � u img � u ker � Vimg simg � Vkersker: (2.6)

Substituting this into the constraint yields

Au � A ˆVimg simg � Vkersker• � AV img simg � Af Ô� simg � V —
img f : (2.7)

Substituting the decomposition into the objective function gives

Eˆu• �
1
2

u —Lu �
1
2

ˆVimg simg � Vkersker•—L ˆVimg simg � Vkersker•

�
1
2

s—
kerV

—
kerLV kersker � s—

kerV
—

ker
L � L —

2
Vimg simg �

1
2

s—
img V —

img LV img simg :
(2.8)

Using simg � V —
img f , we minimise the energy with respect tosker, leading to the linear

system

V —
ker

L � L —

2
Vkersker � � V —

ker
L � L —

2
Vimg V —

img f : (2.9)

This system has a unique solution if the compressionV —
ker

L � L —

2 Vker is non-singular. While
derived in the context of minimisation, this formulation generalises to arbitrary linear
operatorsL >RN � N , not necessarily symmetric or positive semi-de�nite. In such cases,
we consider the compressed system

V —
kerLV kersker � � V —

kerLV img V —
img f : (2.10)

Equation (2.10) is equivalent to the augmented system

�
L A —

A 0
	 �

u
�

	 � �
0

Af
	 ; (2.11)

but it makes explicit that we are solving a problem involving the compression ofL onto
the kernel of the constraints. This insight also extends to the nonlinear inpainting setting
(see Section 2.3.4) and to nonlinear constraints via linearisation (see Section 2.3.7).



Chapter 2. Feature Inpainting 19

2.3.3 Linear Constrained Linear Inpainting

In order to relate (2.10) to the classical formulation

ˆC � ˆ I � C •L •u � Cf ; (2.12)

we de�ne the orthogonal projection matrixP � Vimg V —
img and proceed as follows:

V —
kerLV kersker � � V —

kerLV img V —
img f ;

VkerV —
kerLV kerV —

keru � � VkerV —
kerLP g ;

ˆ I � P •L ˆI � P •u � � ˆ I � P •LP u ;

ˆP � ˆ I � P •L •u � P f :

(2.13)

This shows that the inpainting problem with generalised features corresponds to replacing
the mask matrix C with the orthogonal projection matrix P , which projects onto
span̂ A —•

ˆC � ˆ I � C •L •u � Cf � ˆP � ˆ I � P •L •u � P f ;

whereP 2 � P ; P —� P ; span̂ P • � span̂ A —•; ker̂ P • � ker̂ A •:
(2.14)

The projection matrix P can be expressed using anŷ1; 4•-inverse1 of A asP � A ˆ 1;4• A .
Alternatively, the formulation can be written as

ˆI � P •Lu � 0;

Au � Af ;
(2.15)

analogous to (1.4). This is also equivalent to the augmented system

�
L A —

A 0
	 �

u
�

	 � �
0

Af
	 ; (2.16)

since� can account for any component ofLu lying in the span ofA —. The augmented
system (2.16) is particularly advantageous when computing matrix-vector products
with P is computationally expensive. IfL is symmetric, one can apply the modi�ed
conjugate residual (MCR) method for inde�nite systems [52], or the minimal residual
(MINRES) method [86, 180]. For non-symmetric matricesL , suitable solvers include
the stabilised bi-conjugate gradient method (Bi-CGSTAB) [233], the conjugate gradient
method applied to the normal equations (CGNR) [32, 105, 206], and related variants
such as LSQR [181]. An illustration of this formulation in action is shown in Figure 2.1.

2.3.4 Linear Constrained Nonlinear Inpainting

For a nonlinear inpainting operator � RN � RN with linear equality constraints, we can
directly extend the previous result by analogy to(1.9) yielding the following inpainting

1A ˆ1; 4•-inverse M ˆ 1;4• of M satis�es MM ˆ 1;4• M � M and ˆM ˆ 1;4• M •‡ � M ˆ 1;4• M .
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grey values, MSE: 38:24 �ve features, MSE: 14:89 original imagetrui f

Figure 2.1: Comparison of harmonic inpainting using only grey-value features versus
�ve features (grey values, @x , @y , 3 � 3 and 5� 5 binomial kernels). The mask density
is 5% in both cases.The reconstruction error is more than halved despite
using the same inpainting operator and mask density . Note the signi�cantly
improved texture reconstruction of the hat.

formulation
P u � ˆ I � P • ˆu • � P f : (2.17)

A standard approach to solve this problem is to linearise around a current iterateu

 ˆu � v• �  ˆu • � J  ˆu •v � OˆYvY2•; (2.18)

whereJ  denotes the Jacobian of . This leads to the following Newton iteration

P u k� 1 � ˆ I � P • ˆu k� 1• � P f ;

P ˆu k � v k• � ˆ I � P •ˆ  ˆu k• � J  ˆu k•v k• � P f ;

ˆP � ˆ I � P •J  ˆu k•• v k � P f � P u k � ˆ I � P • ˆu k•:

(2.19)

The corresponding augmented system is

�
J  ˆu k• A —

A 0
	 �

v k

� k� 1	 � �
�  ˆu k•

Af � Au k 	 : (2.20)

A potential issue arises if the compression ofJ  ˆu k• on the kernel ofA is singular. In
such cases, the system may be inconsistent, i.e.,ˆ I � P • ˆu k• may not lie in the range
of ˆ I � P •J  ˆu k•. In practice, one can project ˆu k• onto span̂ J  ˆu k•• , e.g., using
CGNR, and adjust the right-hand side of (2.20) accordingly.

Alternatively, if the augmented system(2.20) is symmetric, one obtains the pseudoinverse
solution automatically by applying the conjugate residual (CR) solver [86] or the MINRES
method [86, 180], with the modi�cation proposed in [150]. For non-symmetric systems,
the conjugate gradient method for the normal equations (CGNR) [32, 105, 206], initialised
with a vector orthogonal to the kernel (e.g., the zero vector), also yields the pseudoinverse
solution [101].
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It is important to note that in this formulation,  need not be the gradient of an energy
functional. The method directly linearises the inpainting equation

P u � ˆ I � P • ˆu • � P f ;

making it applicable to inpainting operators such as EED, which lack an energy [244].

Within this framework, computing the JacobianJ  of the inpainting operator is essential.
While automatic di�erentiation makes this feasible, it can be computationally intensive
and may yield a non-symmetric Jacobian if x ©E for some energy functionalE. In
Section 2.3.5, we demonstrate a simpli�cation for quasi-linear inpainting operators (such
as EED), which take the form ˆu • � L ˆu •u . This avoids the explicit computation of
the Jacobian and { if L ˆu • is symmetric { results in a symmetric system.

2.3.5 Linear Constrained Quasi-Linear Inpainting

If the inpainting operator has the form  ˆu • � L ˆu •u , we can avoid computing the
full Jacobian by employing a Ka�canov iteration [102, 123] instead of a Newton iteration.
The Ka�canov method e�ectively omits the term involving J L from the JacobianJ  :

J  ˆu • � L ˆu • � J L ˆu •u � L ˆu •: (2.21)

This approximation is valid in practice whenJ L does not vary too rapidly with u . For
instance, in EED inpainting, this corresponds to settings where the contrast parameter
� is not too small.

Under this approximation, the inpainting formulation simpli�es to

ˆP � ˆ I � P •L ˆu k•• u k� 1 � P f ; (2.22)

with the corresponding augmented system

�
L ˆu k• A —

A 0
	 �

u k� 1

� k� 1	 � �
0

Af
	 : (2.23)

This approach o�ers several advantages. IfL ˆu k• is symmetric { as is the case for EED
{ the system remains symmetric, whereas the full JacobianJ  ˆu • � L ˆu • � J L ˆu •u is
generally not symmetric due to the second term. Additionally, this formulation avoids
the potential inconsistency that may arise when projectingJ  onto the kernel ofA , since
the right-hand side is zero. As a result, solvers for consistent systems can be employed,
such as projected conjugate gradients or SYMMLQ [180] in the symmetric case, and
Bi-CGSTAB [233] in the non-symmetric case.

An illustration of the results obtained by using this formulation is shown in Figure 2.2.
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grey values, MSE: 14:95 �ve features, MSE: 10:77 original imagetrui f

Figure 2.2: Illustration of EED inpainting using only grey-value features versus
�ve features (grey values, @x , @y , 3 � 3 and 5� 5 binomial kernels). The total mask
density is 5% in both cases.The reconstruction error improves by nearly 28%
compared to the already strong performance of classical EED inpainting .

2.3.6 Optimisation Formulation for Nonlinear Features

Here, we motivate an inpainting formulation with nonlinear features from an optimisation
perspective, analogous to the approach in Section 2.3.1. This serves as a precursor to
the formulation in the next section, which does not rely on an optimisation problem.

Let b � RN � RM be aC2 nonlinear function representing the constraints, and let the
inpainting operator  ˆu • be the gradient of aC2 energy functionalE � RN � R, i.e.,
 ˆu • � ©Eˆu•. The inpainting task can then be formulated as an equality-constrained
optimisation problem:

min
bˆ u • � 0

Eˆu• Ô� min
u >RN

max
� >RM

Lˆu ; � •; Lˆu ; � • �� Eˆu • � � —bˆu•: (2.24)

A stationary point of this saddle-point problem must satisfy the �rst-order optimality
conditions:

©u Lˆu ; � • � ©Eˆu• � J —
b ˆu •� � 0; (2.25)

©� Lˆu ; � • � bˆu • � 0: (2.26)

Linearising around the current iterateu k yields the following augmented system:

�
©uu Lˆu k ; � k• J —

b ˆu k•
J bˆu k• 0

	 �
v k

� k� 1	 � � �
©Eˆu k•
bˆu k•

	 : (2.27)

In this formulation, we have:

©Eˆu• �  ˆu •; ©uu Lˆu ; � • � J  ˆu • � H �b�ˆ u •� � J  ˆu • �
M

Q
j � 1

H �bj �ˆ u •� j ; (2.28)

whereH �bj �ˆ u • denotes the Hessian of thej -th constraint function bj from the constraint
vector b. The system in(2.27) corresponds to the standard sub-problem solved at each
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iteration of sequential quadratic programming (SQP) [177].

2.3.7 Nonlinear System Formulation for Nonlinear Features

We now generalise the previous formulation by dropping the assumption that � ©E.
Instead, we begin directly from the stationarity conditions(2.25) and (2.26), which now
take the form:

 ˆu • � J —
b ˆu •� � 0; (2.29)

bˆu • � 0: (2.30)

The above system is equivalent to:

ˆ I � P ˆu ••  ˆu • � 0; (2.31)

bˆu • � 0; (2.32)

where I � P ˆu• denotes the orthogonal projector onto the kernel of the Jacobian
ker̂ J bˆu •• of the constraints. This generalises the linear formulation in(2.15), which is
recovered by settingbˆu• � Au � Af and  ˆu • � Lu .

Equations (2.31) and (2.32) thus de�ne the general nonlinear inpainting formulation
with nonlinear equality constraints: we enforce the constraints and require that ˆu •
lies in the kernel ofJ bˆu •. Linearising this system yields the compressed Jacobian
ˆI � P •J  ˆ I � P •.

For large and sparse problems, it is often more practical to work with the augmented
system:

�
J  ˆu k• � H �b�ˆ u k•� k J —

b ˆu k•
J bˆu k• 0

	 �
v k

� k� 1	 � � �
 ˆu k•
bˆu k•

	 : (2.33)

In this system, it may happen that neither�  ˆu k• nor � bˆu k• lies in the range of the
system matrix. While one could apply a least-squares solver such as CGNR directly,
in practice it is more consequent to project ˆu k• onto span̂ J  ˆu k• � H �b�ˆ u k•� k•
and bˆu k• onto span̂ J bˆu k•• , and then modify the right-hand side accordingly. Based
on our experience, this projection step can be crucial for obtaining a meaningful search
direction in each SQP iteration.

In the quasi-linear setting, where ˆu • � L ˆu •u and the approach from Section 2.3.5
is used, inconsistency in the system cannot arise unless the termH �b� � k reduces the
rank of L ˆu k•. However, if both L ˆu k• and H �b�ˆ u k•� k are positive semi-de�nite, this
cannot occur, since for positive semi-de�nite matricesA and B , we have:

rankˆA � B • CmaxˆrankˆA •; rankˆB •• :

The Constraint Functions b. As an example, consider functions representing di�erent
linear or nonlinear features:� 1; : : : ; � k � RN � RN , and their associated masksc1; : : : ;ck .
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Then we can formb as follows:

bˆu • � C� ˆu • � C� ˆ f • �

<@@@@@>

C1‰� 1ˆu • � � 1ˆ f •Ž
�

Ck‰� kˆu • � � kˆ f •Ž

=AAAAA?

>Rˆ k�N • � N : (2.34)

In the linear setting we have thatC� ˆu • � CF u � Au , and thus bˆu• � Au � Af .

2.4 Solution Strategy

In the setting of linear constraints with a quasi-linear inpainting operator, as discussed
in Section 2.3.5, solving the inpainting problem is relatively straightforward. A few
Ka�canov iterations (possibly damped [102]) typically su�ce, and the resulting linear
systems(2.23) can be e�ciently solved using, for example, the conjugate residual method.
In contrast, nonlinear constraints introduce signi�cant complexity, as the normal and
tangent spaces of the constraints' \manifold"2 vary from iteration to iteration. Below
we brie
y describe our SQP-inspired algorithm for the nonlinear feature inpainting.
Standard SQP algorithms [61, 143] are applicable only to the optimisation formulation,
and for large problems they use a projected conjugate gradient solver [143]. From our
experiments we have seen that our algorithm is much more robust w.r.t. convergence to
the solution compared to standard SQP, even in the energy-derived inpainting setting
where classical SQP is still applicable.

Line Search vs Trust Region. Newton-type methods are not globally convergent
in general. To address this, globalisation strategies such as line search or trust region
methods are commonly employed [61, 177]. In our setting, we observed that line-search-
based SQP methods often fail to converge without additional regularisation, even when
using theoretically sound acceptance criteria [45]. This failure appears to stem partly
from rank de�ciency in J b and partly from the Newton directions becoming nearly
orthogonal to the gradient in ill-conditioned problems [230]. Forcing sequences that relax
solver tolerances [79] can help, but we have still experienced cases where the method
failed to converge. As such we focus on trust region approaches, which have proven to
be much more robust in our setting.

Byrd-Omojokun Step Decomposition. Trust region methods using Steihaug-Krylov
solvers [221] tend to be more robust in our problem setting, though they may still stall. A
key component is the quasi-normal step from the Byrd-Omojokun trust region framework
(see [143, 177]), which provides a reliable direction by solving:

min
v k

N >Ck
Yv k

N Y2
2 subject to Yv k

N Y2 B� � k ; Ck � arg min
v

Ybˆu k• � J bˆu k•vY2
2; (2.35)

2We allow for the tangent spaces degenerating, i.e., the constraints' hyper-surface does not need to
be regular.
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yielding the quasi-normal directionv k
N . The full step is given byv k

N � � J �
b ˆu k•bˆu k•,

but the trust region constraint � � k may necessitate truncation. Once feasibility is
improved, a tangential stepv k

T is computed to reduce the objective within the tangent
space:

�
J  ˆu k• � H �b� � k J —

b ˆu k•
J bˆu k• 0

	 �
v k

N � v k
T

� k� 1 	 � �
�  ˆu k•

J bˆu k•v k
N

	 ; with Yv k
N � v k

T Y2 B� k : (2.36)

This formulation ensures consistency with respect to the normality conditions.

Model and Merit Functions. In practice, both trust region constraints3 are enforced
using a Steihaug-CGNR solver, which terminates when the step size exceeds the trust
region radius. Since CGNR monotonically reduces the residual norm, we de�ne the
model function as:

mkˆv• � min
�

Y Ĵ  ˆu k• � H �b�• v � J —
b ˆu k•� Y2

2 � � 2Ybˆu k• � J bˆu k•vY2
2: (2.37)

The corresponding merit function is based on the residuals of the original nonlinear
system (2.29){(2.30):

' kˆv• � min
�

Y ˆu k � v• � J —
b ˆu k � v•� Y2

2 � � 2Ybˆu k � v•Y2
2: (2.38)

In practice, we omit the minimisation over� and substitute � k� 1 in mkˆv k• and ' kˆv k•,
and � k in mkˆ0• � ' kˆ0•. Empirically, � k converges toward the optimal multiplier as
the method progresses. The weight� can either remain �xed throughout or it can be
updated to more quickly enforce the constraints at the expense of the objective function.
Note that � should ideally be a function of� .

Trust Region Update. Step acceptance and trust region updates follow standard
rules [61, 177], based on the ratio of actual to predicted reduction:

r k �
ared
pred

�
' kˆ0• � ' kˆv k•
mkˆ0• � mkˆv k•

� � k� 1 >

¢̈
¨̈̈
¦
¨̈̈
¤̈


 2� k ; if r k C� 2 and Yv kY� � k ;

� k ; if r k >� � 1; � 2•;


 1� k ; if r k @� 1:

(2.39)

Here, 0@� 1 B � 2 B 1 are thresholds for rejecting a step (r k @� 1), accepting it without
changing the trust region (r k >� � 1; � 2•), or accepting it and expanding the region (r k C� 2),
provided the step was constrained by the trust region. We have experimented with both
the practical parameters suggested in [61] and [177]. From our empirical experience the
parameters from [61] yield slightly faster convergence, however, the variation is not very
large.

3The trust region constraints are: Yvk
N Y2 B� � k from (2.35), and Yvk

N � vk
T Y2 B� k from (2.36).
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2.5 Experiments

To illustrate the inpainting approach, we present a selection of representative results
without delving into extensive detail. A more thorough experimental evaluation is
deferred to the data optimisation chapter (Chapter 4), where it is more appropriately
situated in the context of algorithms designed for optimising reconstruction data.

2.5.1 Experimental Setup

Linear Features. We de�ne �ve types of linear features, each expressible via boundary-
re
ecting convolutions:

ˆ � 1ˆv•• i;j � vi;j ; ˆ � 2ˆv•• i;j � vi � 1;j � vi;j ; ˆ � 3ˆv•• i;j � vi;j � 1 � vi;j ;

� 4ˆv• �

<@@@@@@@@@>

0 0 0 0 0
0 1 2 1 0
0 2 4 2 0
0 1 2 1 0
0 0 0 0 0

=AAAAAAAAA?

‡ v; � 5ˆv• �

<@@@@@@@@@>

1 4 6 4 1
4 16 24 16 4
6 24 36 24 6
4 16 24 16 4
1 4 6 4 1

=AAAAAAAAA?

‡ v:
(2.40)

Here, � 1 is the identity feature used for classical colour interpolation,� 2 and � 3

represent discrete derivatives, and� 4 and � 5 approximate Gaussian smoothing. Stencil
normalisation is handled automatically by our spatial optimisation in Chapter 4, so
multiplicative constants do not have any e�ect.

Nonlinear Feature. In the nonlinear setting, we replace� 5 with a weighted variance
feature:

ˆ ~� 4• i;j ˆu • �
1
2

1

Q
k� � 1

1

Q
l � � 1

wkl ˆui � k;j � l � � i;j •2; � i;j �
1

Q
k� � 1

1

Q
l � � 1

wkl ui � k;j � l ; (2.41)

where the weighting stencil is the normalised version of the one used in� 4:

W �
1
16

<@@@@@>

1 2 1
2 4 2
1 2 1

=AAAAA?

: (2.42)

Harmonic Inpainting. For harmonic inpainting, we use the standard 5-point stencil
discretisation of the negated Laplacian:

ˆ � � u•ˆ x i ; yj • � ˆLu • i;j �
� ui � 1;j � 2ui;j � ui � 1;j

h2
x

�
� ui;j � 1 � 2ui;j � ui;j � 1

h2
y

; (2.43)

with re
ecting boundary conditions: u0;j �� u1;j , uW � 1;j �� uW;j , ui; 0 �� ui; 1, ui;H � 1 �� ui;H .
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EED Inpainting. The matrix for EED inpainting is constructed following the discreti-
sation in [241]. We use the following parameters: contrast parameter� � 1:0, Gaussian
pre-smoothing standard deviation� � 0:8, and parameters� � 0:25, 
 � 1:0 (for more
details on those see [241]). The EED inpainting process is initialised with the harmonic
inpainting result, followed by Ka�canov iterations to compute the �nal solution.

2.5.2 Visual Comparisons

We provide visual comparisons for harmonic and EED inpainting that illustrate results
from our generalised inpainting framework. Results such as mean-squared-errors and the
generated masks for the di�erent features are discussed in Chapter 4. We also illustrate
an inpainting with the nonlinear feature in Fig. 2.5, but unfortunately it does not produce
meaningful improvements, while the inpainting is many times more computationally
expensive. Consequently, the selection of good nonlinear features remains an open
problem.

Harmonic Inpainting. Figure 2.3 showcases the large di�erence between harmonic
inpainting with only colour interpolation and with the �ve linear features. We note that
the classical harmonic inpainting is both much blurrier and su�ers from pronounced
logarithmic singularities. More visual comparisons can be found in Fig. 2.6. We highly
recommend zooming into the images on a computer in order to better appreciate the
di�erence. The di�erences are very obvious if one switches between the images on a
computer.

EED Inpainting. Figure 2.4 illustrates the visual di�erence between EED inpainting
with only colour interpolation and with the �ve features. The latter is less blurry and
wavy and has closed some image edges better. Additional visual comparisons can be
found in Fig. 2.7.

2.6 Conclusion

We have introduced a general theoretical framework for nonlinear inpainting with
nonlinear equality constraints. The key insight is that, unlike the classical formulation,
it is su�cient to replace the mask matrix C with the orthogonal projection matrix
P � J �

b J b, which rejects the kernel of the constraints' Jacobian. This formulation aligns
with optimisation-based approaches and remains applicable even when the inpainting
operator is not derived from an energy functional.

Our theory highlights an important conceptual point: Prescribing a set of features inher-
ently alters the inpainting operator. The problem being solved involves the compression
of the operator onto the kernel of the linearised constraints { thus, feature selection
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implicitly de�nes the behaviour of the reconstruction process beyond just the pointwise
interpolation of the features.

A key strength of our formulation lies in its 
exibility: it enables the seamless integration
of diverse features. Among these, we have identi�ed colours, derivatives, and local
integrals as particularly e�ective, leading to signi�cant improvements in reconstruction
quality.

While we have discussed various solution strategies, we have not yet addressed computa-
tional e�ciency { this topic is partially explored in Chapter 3. Likewise, we have not
tackled the problem of optimally allocating feature types ratios, selecting interpolation
point locations, or determining the best coe�cients at those points. These aspects are
the focus of Chapter 4.

Finally, we have not delved into a detailed study of practically relevant nonlinear
features, which remains an open direction for future research. Another promising avenue
is the extension of our framework to accommodate inequality-constrained features.
The theoretical foundation for this is straightforward, relying on the Karush-Kuhn-
Tucker (KKT) conditions resulting from an inequality-constrained optimisation problem.
However, solving such problems will require more sophisticated techniques, such as
inequality-constrained SQP-inspired methods or interior-point approaches. In terms of
practically relevant inequality-constrained features, one could, for example, enforce local
minima and maxima in order to prevent overshoots and undershoots { potentially a
useful modi�cation for biharmonic inpainting.
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colour values only all �ve features original

Figure 2.3: Harmonic inpainting with linear features, 5% mask. Note the large
improvements in the closing of the edges and the suppression of the logarithmic
singularities inherent to harmonic inpainting.

colour values only all �ve features original

Figure 2.4: EED inpainting with linear features, 5% mask. Note the much sharper
result and better reconstructed edges.

lin. constr., MSE: 110:19 nonlin. constr., MSE: 108:24 original

Figure 2.5: windmill with four linear features (left) vs four linear features and the
nonlinear weighted variance feature (middle), 5% mask. Unfortunately the nonlinear
feature brings no tangible bene�ts.
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colour values only all �ve features original

Figure 2.6: Harmonic inpainting with the same total mask density. Photos by
Joachim Weickert { top to bottom: raindeer, quai, mirror, crab . Note the much
sharper mirror image reconstruction.
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colour values only all �ve features original

Figure 2.7: EED inpainting with the same total mask density. Photos by Joachim
Weickert { top to bottom: boats, madeira, gara�a, 
owers.





Chapter 3

Fast Inpainting Methods

Three of our works [58, 127, 128] discuss strategies for accelerating image inpainting.
Section 3.1 is based on our work [58], where we employ the �nite element method
(FEM) [ 117, 144] to formulate inpainting on an adaptive triangular mesh. This approach
signi�cantly reduces the system size, enabling a notable speed-up compared to standard
�nite di�erence method (FDM) [ 168] implementations. Additionally, the use of a coarser
FEM mesh helps suppress the logarithmic singularities that are characteristic of harmonic
inpainting in two dimensions. We also discuss extensions to polyharmonic inpainting
that are not present in [58] but that we have presented at GAMM23.

In contrast, in Section 3.2 we reproduce parts of our work [127, 128] on fast harmonic
inpainting in the FDM setting. There we target GPU architectures, leveraging multigrid
and domain decomposition techniques to achieve real-time inpainting performance on
4K-resolution images. We focus on our main contribution there related to the multigrid
implementation.

3.1 FEM for Harmonic Inpainting

Finite di�erence methods (FDM) [168] and �nite element methods (FEM) [117, 144] are
two classical numerical approaches for solving di�erential equations. FDM is typically
implemented on regular, equidistant grids { such as the pixel grid of digital images {
while FEM is particularly well-suited for adaptive meshes. As a result, the number of
unknowns in FDM grows rapidly with image resolution, whereas FEM allows �ne control
over the number of unknowns through the mesh construction process. This 
exibility
naturally motivates the use of an adaptive, lower-resolution FEM mesh to accelerate
inpainting compared to FDM.

In the context of FDM, a comparable idea would be to downsample the image. However,
this would result in a resolution that is too coarse in some regions and unnecessarily �ne
in others, since classical FDM does not support adaptivity.

33
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3.1.1 Outline

We discuss related work in Section 3.1.2, after which we give an extremely brief description
of the �nite element method (FEM) in Section 3.1.3, followed by the formulation of
harmonic inpainting in the �nite element setting in Section 3.1.4. Speci�cs of our
implementation are discussed in Section 3.1.5. We illustrate our approach with some
experiments in Section 3.1.6. We showcase extensions that go beyond our work [58]
in Section 3.1.7, and present our preferred formulation for polyharmonic inpainting in
Section 3.1.8. We conclude the �nite element section of this chapter in Section 3.1.9,
where we also discuss avenues for future research.

3.1.2 Related Work

Finite element methods (FEM) have been successfully applied to PDE-based models
for image denoising [20, 133, 196] and restoration [37, 226]. However, to the best of our
knowledge, they had not been used for PDE-based image approximation from sparse
data prior to our work [58]. They have been used for surface reconstruction, however, in
the work of Bae and Weickert [19]. Additionally, since the publication of our work, an
FEM inpainting-based approach has been used for MRI data [122].

3.1.3 Brief Description of FEM

Unlike the �nite di�erence method, which �ts polynomials and takes their pointwise
derivatives, the �nite element method (FEM) relies on integral forms of the di�erential
equations by integrating against test functionsv > V. After this, the formulation is
typically brought to a weak form where the highest order of the derivatives is reduced
in half. This step can be skipped, but it is typically done because it allows one to
use simpler subspaces in the discretisation, and allows for weak solutions. Finally, one
discretises the resulting equations by considering �nite-dimensional subspacesVh ` V,
Uh ` U of the test spaceV and the trial spaceU. That is, let � 1; : : : ; � n >V be a basis
for Vh and � 1; : : : ; � n > U be a basis forU. Then we can writevhˆx • � P n

i � 1 vi
h � i ˆx •

and uhˆx • � P n
i � 1 ui

h � i ˆx •. This reduces the problem to a �nite-dimensional system of
equations which we can solve for the vectors of coe�cientsu h; vh >Rn .

3.1.4 FEM Formulation of Harmonic Inpainting

Consider the harmonic inpainting problem on a domain 
b Rd

� � uˆx • � 0; x >
 � X ;

@n uˆx • � 0; x >@
 ;

uˆx • � f ˆx •; x >X ;

(3.1)
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whereSX S� m. The �nite element method �rst multiplies the equation on both sides by
a test function v � 
 � R and then integrates both sides over the problem domain 


� S



v� u dvold � 0: (3.2)

While one could directly apply a discretisation at this point, typically we �rst bring the
equation to a weak form in order to reduce the highest order derivative. We can achieve
this in the above by using the product rule

© � ˆvr • � ©v � r � v© � r
r � ©u
Ô� v� u � © � ˆv©u• � ©v � ©u: (3.3)

The next step is to integrate both sides and use the divergence theorem

� S



v� u dvold � S



©v � ©u dvold � S



© � ˆv©u• dvold

� S



©v � ©u dvold � S
@


v@n u dHd� 1:
(3.4)

Thus, we have decreased the order of the spatial derivatives by half. Since@n u � 0 on
@
 (i.e. re
ecting BCs) the boundary integral becomes zero. Then we end up withthe
weak formulationwhere the spatial derivatives are halved:

¦ v >V; S



©v � ©u dvold � 0; uSX � vSX : (3.5)

We can now replaceu and v by their �nite-dimensional approximations uhˆx • �
P n

j � 1 uj
h � j ˆx • and vhˆx • � P n

i � 1 vi
h � i ˆx •. Plugging those in the weak formulation and

using linearity yields
n

Q
i � 1

n

Q
j � 1

vi
huj

h S



©� i � ©� j dvold

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
W ij

� 0:
(3.6)

The matrix W >Rn� n is known as the sti�ness matrix and it is a weak discretised version
of the negated Laplacian (up to rescaling by the mass matrix). For simplicity assume
that the basis functions� j and � j are interpolating over a set of pointsY whereX b Y.
That is, we have the Lagrange property

� j ˆy i • � � ij � � j ˆy i •; y i >Y: (3.7)

Then we can enforce the interpolation constraintuSX � f SX directly

uhˆx i • �
n

Q
j � 1

uj � j ˆx i • � ui � f i � f ˆx i •; x i >X : (3.8)

Moreover, we require thatvh vanishes on the interpolation points

vhˆx i • �
n

Q
j � 1

vj � j ˆx i • � vi � 0; x i >X : (3.9)
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Denote by I the set ˜ 1; : : : ; n• , and let Cb I be the mask index set, i.e.,

i >C Ô� y i >X :

We can now incorporate the interpolation constraints in (3.6)

Q
i >I

Q
j >I

Wij vi
huj

h � 0 Ô� Q
i >I � C

Q
j >I � C

Wij vi
huj

h � Q
i >I � C

Q
j >C

Wij vi
hf j � 0: (3.10)

Since we want the above to hold for anyvh >Vh, we can consecutively setvh to be ei for
i >I � C, which results in the system

ˆC � ˆ I � C •W •u � Cf ; (3.11)

whereci � 1 if i >C and ci � 0 otherwise, andC � diagˆc•. Note that the structure of
the system is similar to the one from the FDM method(1.5), which is unsurprising. The
main di�erence is that our negated Laplacian discretisationW arises from the �nite
element method.

The only question that remains is how to construct� i and � i . In the next subsection we
take � i � � i and use the piecewise-linear hat functions corresponding to theP1 elements
for the basis.

3.1.5 Implementation

Our FEM formulation is based on a triangular mesh; see Fig. 3.1, right. Each mask
pixel is treated as a vertex in this mesh, and a subset,Y, of the remaining non-mask
pixels is selected asunknown vertices, based on the desired number of unknowns or
runtime constraints. If all non-mask pixels were included as unknowns, the resulting
discretisation would correspond to the standard 5-point stencil FDM formulation of the
Laplace equation.

Once the vertex setX 8 Y is de�ned, we construct a Delaunay triangulation [195]. The
Delaunay property, which maximises the minimum angle in the triangulation, is bene�cial
for numerical stability, as it improves the conditioning of the system matrices used in
both inpainting and tonal optimisation [208]. Additionally, this approach eliminates the
need to store mesh connectivity explicitly, since the mesh can be reconstructed directly
from the mask pixelsX and unknown verticesY [195].

We employ alinear FEM scheme: the reconstructed image is piecewise-linear within each
triangle and continuous across edges and vertices. Grey or colour values are prescribed at
mask pixels, while values at unknown vertices are computed by solving the linear system
derived from the FEM formulation in (3.11). Typically, we select as many unknown
vertices as there are mask pixels, i.e.,SYS� SX S, since our goal is to haveSX S� SYSP N ,
whereN � width � heigh, in order to get a highly e�cient method.

Given a Delaunay mesh containing at least one mask pixel, the system matrix in
(3.11) is symmetric and positive de�nite. Consequently, the solution can be e�ciently
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FDM inpainting FEM inpainting Delaunay triangulation

Figure 3.1: Harmonic inpainting with FDM and FEM. Note the logarithmic singu-
larity suppression. Right: Delaunay triangulation used as the FEM mesh.

approximated using the conjugate gradient method [206]. The �nal image is obtained by
linearly interpolating the solution within each triangle, in order to assign values to the
remaining non-mask pixels that are not part of the mesh.

3.1.6 Experiments

In our experiments, we have tested mask densities of 4% and 10%, i.e.,SX S� 4%� N
and SX S� 10%� N . As mentioned, we choose the FEM mesh such thatSYS� SX S, which
results in a relatively well-conditioned system, as only half of the points are unknowns.
In contrast, achieving such conditioning with FDM would require a mask density of 50%.
Moreover, the resulting system is signi�cantly smaller { approximately one-tenth to
one-�fth of the size of the corresponding FDM system. This leads to an inpainting that is
more than ten times faster for a 256� 256 image compared to its FDM counterpart, with
the performance gap increasing as image resolution grows (the better conditioning plays
a signi�cant role). The experiments w.r.t. performance were carried out on a system
with a Ryzen 4800HCPU, however, the factor 10 doesn't generally change even on other
hardware.

Representative inpainting results are shown in Fig. 3.1, Fig. 3.2, and Fig. 3.3. Notably,
the logarithmic singularities characteristic of harmonic inpainting are absent in all cases
{ this is due to the regularising e�ect of choosingSX S� SYSP N . Additional results on
the acceleration of spatial and tonal optimisation with FEM inpainting are presented in
Chapter 4.

3.1.7 Extensions

Since the publication of [58], we have explored several extensions, all of which have
yielded negative results. Speci�cally, we have conducted experiments with the following
approaches:
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FEM original

Figure 3.2: FEM reconstructions with a 4% mask density and tonal optimisation.
Note the lack of logarithmic singularities.
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