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Summary. The restoration of scalar-valued images via minimization o f an energy
functional is a well-established technique in image processing. Recently also higher-
order methods have proved their advantages in edge preserving image denoising. In
this paper, we transfer successful techniques like the minimization of the Rudin-

Osher-Fatemi functional and the in mal convolution to matr ix elds, where our

functionals couple the dierent matrix channels. For the nu merical computation

we use second-order cone programming. Moreover, taking theoperator structure of
matrices into account, we consider a new operator-based reglarization term. Using

matrix di erential calculus, we deduce the corresponding E uler-Lagrange equation
and apply it for the numerical solution by a steepest decent m ethod.

1 Introduction

Matrix-valued data have gained signi cant importance in recent years, e.g. in
di usion tensor magnetic resonance imaging (DT-MRI) and technical sciences
(inertia, diusion, stress, and permittivity tensors). As most measured data
these matrix-valued data are also polluted by noise and reqiue restoration.
Regularization methods have been applied very successfulfor denoising of
scalar-valued images where recently higher-order methog®.g. in connection
with the in mal convolution [9] have provided impressive results. In this pa-
per, we want to transfer these techniques to matrix elds. Howvever, unlike
vectors, matrices can be multiplied providing matrix-valued polynomials and
also functions of matrices. These useful notions rely dedigely on the strong
interplay between the di erent matrix entries. Thus the cor responding regu-
larization terms should take the relation between the di erent matrix channels
into account.

Filtering methods for matrix elds based on matrix-valued n onlinear par-
tial di erential equations (PDEs) have been proposed in [6] for singular and
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in [7] for Perona-Malik-type di usivity functions. These a pproaches rely on an
operator-algebraic point of view on symmetric matrices asnistances of self-
adjoint Hilbert space operators, and are based on a basic derential calculus
for matrix elds. Since the proposed techniques exploit thegreater algebraic
potential of matrices, if compared to vectors, they ensure ppropriate matrix
channel coupling, and more important, are also applicable ¢ inde nite matrix
elds.

Approaches to positive de nite matrix eld Itering with a d ierential
geometric background have been suggested in [21, 10]. In tinesetting the set
of positive de nite matrices is endowed with a structure of amanifold, and the
methodology is geared towards application to DT-MRI data. Comprehensive
survey articles on the analysis of matrix elds utilizing a wide range of di erent
techniques can be found in [25] and the literature cited theein.

This paper is organized as follows: In Section 2, we start byansidering var-
ious variational methods for denoising scalar-valued imags, in particular we
adapt the in mal convolution technique to our discrete setting and introduce
a corresponding simpli ed version. In Section 3, we turn to the matrix-valued
setting. After giving the necessary preliminaries in Subsetion 3.1, we consider
component-based regularization terms related to the RudirOsher-Fatemi ap-
proach and to in mal convolution in Subsection 3.2. These functionals couple
the di erent matrix channels as originally proposed by [22]. In Subsection 3.3
we introduce a new operator-based functional and derive thecorresponding
Euler-Lagrange equation which contains the Jordan productof matrices. In
contrast to the ordinary matrix product the Jordan product t wo symmet-
ric matrices is again a symmetric matrix. Finally, in Section 4, we present
numerical examples comparing the component-based and theperator-based
approach as well as rst-order and in mal convolution methods.

2 Variational methods for scalar-valued images

First-order methods.

A well-established method for restoring a scalar-valued imgeu from a given
degraded imagef consists in calculating
z

argmin  (f u)? + (jr uj?) dxdy (1)

with a regularization parameter > 0 and an increasing function :[0;1 ]!
R in the penalizing term. The rst summand encourages similaity between the
restored image and the original one, while the second term mards smooth-
ness. The appropriate choice of the function ensures that important image
structures such as edges are preserved while areas with stharadients are
smoothed.

The Euler-Lagrange equation of (1) is given by
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o=f u+ div( %r uj?)r u): (2)

Thus, the minimizer u can be considered as the steady statet( 1 ) of the
reaction-di usion equation

@u=f u+ div( qr ur u) ()

with initial image u( ;0) = f and homogeneous Neumann boundary condi-
tions. For an interpretation of (2) as a fully implicit time d iscretization of a
di usion equation see [19, 23].

In this paper, we are mainly interested in the frequently apdied ROF{
model introduced by Rudin, Osher and Fatemi [18] which useste function

()= "= s @

For this function, Ftehql functional (1) is strictly convex and the penalizing
functional J(u) = uz + u§ dxdy is positively homogeneous, i.eJ(u ) =
J (u) for > 0. Since in (4) is not di erentiable at zero, we have to use
its modi ed version p
()= £+ (5)

with a small additional parameter " if we want to apply (3).

For digital image processing, we consider a discrete versioof (1). Let us
introduce this discrete version in matrix-vector notation. For the sake of sim-
plicity, we restrict our attention to quadratic images f 2 R™" . We transform
f into a vector f 2 RN with N = n? in the following way

0 1
fo

vecf .= % : X;
fn 1
where f; denotes thej-th column f. The partial derivatives in (1) are dis-
cretized by forward di erences. More precisely, we introdwce the di erence
matrix Dy = BX with Dy :== 1, D,Dy:=D I, and
y

0 il 00 1
il 00
D = % 2: (6)

0 0 0 :::
0 0 0 ::: 0
0 0 0 i

oo

(ST
oro

Here A B is the Kronecker product (tensor product) of A and B. Now our
discrete version of (1) reads

arg min Sjif  uk?, +  jiiDaujk; )
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wherejD1uj 2 RN is de ned componentwise byjDiuj = (Dyu)? +(Dyu)? =2
For computations it is useful to consider the dual formulation of (7). Since
we will need the dual form of various similar functionals later, let us consider
more generally

1 2 L
arg min Sjjf - uks, + jjLlujk,; (8)
P 1=2
with L 2 RPNN and jwj(j) = Pow( +kN)2 ~ ,j =1;:::;N. For
L := D; the functional (8) coincides with (7). Since the penalizingfunctional
J(u) = jjjLujk-, is positively homogeneous, its Legendre{Fenchel dual is
the indicator function of the convex set

C:=fv:hv;wi J(w); 8w2RNg

and the minimizer 0 of (8) is given by & = f cf , where ¢ denotes the
orthogonal projection of f onto C. It can be proved, see, e.g. [], that

C:=fL"V: kjVjky 1g 9)
and consequentlyu’=f LTV, whereV is a solution of
ki L'Vk: ! min st kjVjk, (10)

This minimisation problem can be solved by second-order camprogramming
(SOCP) [13], or alternatively by Chambolle's descent algoithm [8, 12].

Higher order methods.

For various denoising problems higher-order methods withdnctionals includ-
ing higher-order derivatives have proved useful. In partizlar the drawback of
so-called staircasing known from the ROF{model can be avoidd in this way.
An example is shown in Fig. 1.

Here we focus only on the in mal convolution method introduced by
Chambolle and Lions [9]. We consider

argurznér,] %jjf uk?, + (J1 J2)(u); (11)
where
(J1 J2)(u) = ul:ipszRN fJi(ur) + J2(uz2) @ U+ Uz = ug
denotes the so{calledin mal convolution of J; and J,. Note that the in mal

convolution is closely related to the dilation operation in morphological image
processing. In this paper, we will only deal with

Ji(u) = 1kjDiujk-;; and Ja(u) = 2KkjDaujk-,; (12)
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where D, = = is a discrete second-order derivative

Dyy D'D Iy
operator. Alternatively, we can also usej(Dj, ;Dy,;Dy,;Dy,)" uj which is
related to the Frobenius norm of the Hessian olu. It is easy to check that for

(12) the in mum in (11) is attained, so that (11) can be rewrit ten as

arg min %jjf up uzk?2+ 1KjD1usjk, + 2kjDougjk-,: (13)

U us2RN

Using that (J; J2) (u) = J;(u) + J,(u) for proper convex functionals, the
minimizer O of (11) is given by = f .\ .G T, whereJ; are the indica-
tor functions of the convex setsG associated withJ;, i = 1;2. Consequently,
by (9), we obtain that 4 = f v, wherev is the solution of

ki vki ! min st: v=DIVy= DjVy; (14)
kjVijkiy 1 kj\Vajka 2

Now we have that

r_ o Dx0
Consequently, assuming thatV; = gx g \,; we may rewrite (14) as
y
1
K DIVKZ | min st kj V5 jke o (15)
D,V
k]Vj kl 2

Note that this minimisation problem is similar but not equiv alent to (14).
The solution of (14), (15) or of the primal problem (13) can be computed
by SOCP. In our numerical experiments we prefer the dual sefihg since it
allows for a much faster computation with standard softwarefor SOCP than
the primal problem.

3 Variational methods for matrix-valued images

In this section, we want to transfer the regularization methods for scalar{
valued images reviewed in the previous section to matrix{véued images. While
it seem to be straightforward to replace the square of scalavalues in the
data tting term by the squared Frobenius norm, the penalizing term may
be established in di erent ways as we will see in the Subseatins 3.2 and 3.3.
First we need some notation.
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Fig. 1. Top: Original image (left), noisy image (right). Bottom: Denoised image
by the ROF method (7) with = 50 and by the modied in mal convolution
approach (15) with 1 = 50, > = 180 (right). The ROF based image shows the
typical staircasing e ect. The performance of the inf-conv method is remarkable.

3.1 Preliminaries.

Let Sym,, (R) be the vector space of symmetricomn m matrices. This space
can be treated as a Euclidian vector space with respect to thdrace inner
product

hA;Bi :=tr AB = (vecA,; vedB);

where (; ) on the right-hand side denotes the Euclidian inner vector poduct.
Then
PA; Al =tr A® = KAKZ = kvecAk;

is the squaredFrobenius norm of A. In addition to this vector structure matri-
ces are (realizations of) linear operators and carry the caesponding features.
In particular they can be applied successively. Unfortunatly, the original
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matrix multiplication does not preserve the symmetry of the matrices. The
Jordan{product of matrices A;B 2 Sym,, (R) de ned by

A B:= :—ZL(AB + BA)

preserves the symmetry of the matrices but not the positive emi-de niteness.

In Sym,, (R), the positive semi-de nite matrices Symy, (R) form a closed
convex set whose interior consists of the positive de nite natrices. More pre-
cisely, Synj, (R) is a cone with base [1, 4, 5]. In our numerical examples we
will only consider the casesm = 2 and m = 3 where the positive de nite
matrices can be visualized as ellipses, resp. ellipsoidsei A 2 Sym; (R) can
be visualized as the ellipsoid

fx2R3:x"A ?x=1g

whose axis lengths are given by the eigenvalues éf.

3.2 Component-based regularization

In the following, let F : R? I Sym, (R) be a matrix eld. In this
subsection, we transfer (1) to matrix-valued images in a waythat emphasizes
the individual matrix components. We will see that for this approach the
denoising methods from the previous section can be translad in a direct
way. However, the specic question arises whether these mhbds preserve
positive de niteness.
Instead of (1) we are dealing with
Z

argmin  kF UkZ + tr(UZ+ UJ) dxdy; (16)

where the partial derivatives are taken componentwise. Thepenalizing term
J(U) in (16) was rst mentioned by Deriche and Tschumperk [22]. Rewriting
this term as
z z X0
J(U) = kUyxk2 + kUykZ dxdy = ruf r ug dxdy (17)
ik =1

we see its component-based structure implied by the Frobemis norm. How-
ever, due to the sum on the right{hand side, is applied to coupled matrix
coe cients and we should be careful here. By [3], the Euler{Lagrange equation
of (17) is given by

0=F U+ @( Atr(UZ+ U)Uc+ @( Atr(UZ+ U)Uy :  (18)

Again, we are only interested in the function given by (4).
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For computations we consider the discrete counterpart of (), where we
once more replace the derivative operators by simple forwar di erence oper-
ators

X 11
argmin  SkF(i;j)  UGj)kE + 3 (U); (19)
i;j =0
’X ! 1=2
J(U) = kUG;j) UG Lj)kE +kUGj) UG DkE
i;j =0
with U( 1;j) = U(i; 1) = 0. The functional in (19) is strictly convex and
thus has a unique minimizer.

We say that the discrete matrix eld F : Z2 ! Sym; (R) has all eigenval-

ues in an interval | if all the eigenvalues of every matrixF (i;j ) of the eld

lie in I . By the following proposition, the minimizer of (19) preserves positive
de niteness.

Proposition 1. Let all eigenvalues ofF : Z2 ! Symy, (R) be contained in
the interval [ min; max]- Then the minimizer U of (19) has all eigenvalues in

[ min: max]-

The proof in the appendix is based on Courant's Min-Max prindple and
the projection theorem for convex sets.

To see how the methods from Section 2 carry over to matrix elds, we
rewrite (19) in matrix-vector form. To this end, let N = n? andM := m(m+
1)=2. We reshapeF :Z2 ! Sym, (R) into the vector

"1;1 vec (Fl;l)

0
:'1;m vec (Fi;m)
"2;2 vec (Fz;z)
f=8. 2 RMY
"2;m vec (Fz;m )

mm VeC (Fm;m )
P 2 fork 6 |
where Fiy := (Fu (is] )] o and g o= 1 otherwise’

Then (19) becomes

1 ) . .
arguzrrgaanN > ki uks, + Kj(lw Di)ujk,: (20)
This problem has just the structure of (8) with L := Iy D 2 R?MN:MN

and p=2M. Thus it can be solved by applying SOCP to its dual given by
(10).
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Similarly, we can transfer the in mal convolution approach to the matrix-
valued setting. Obviously, we have to nd

arg min }kf uq U2k«22+ 1kj(|M Dl)Uljk‘l‘l' 2kj(|M Dz)uljk‘ll
Ui;u,2 RMN 2

In our numerical examples we solve the corresponding modi @ dual problem

ki (v DI)VK ! min st kj Iy gxgy Viki 1
kjVjky 2. (21)

by SOCP.

3.3 Operator-based regularization

In this subsection, we introduce a regularizing term that enphasises the
operator structure of matrices. For A 2 Sym,, (R) with eigenvalue decom-

positon A = QQ T, let (A) = Q ( )Q", where :=diag( 1;:::; n
and ( ):=diag( ( 1);:::; ( n)).- We consider the following minimisation
problem 7

argmin  kF UKE + tr (UZ+ U7) dxdy: (22)

In contrast to (16) the trace is taken after applying  to the matrix U2 + Uyz.
By the next proposition we have that the functional in (22) with  de nied
by (4) is strictly convex:

Proposition 2. For given F : R? I Sym,(R) and (s?) = ps_z, the
functional in (22) is strictly convex.

The proof is given in the appendix.

An example in [20] shows that the solution of (22) does in genal not
preserve positive de niteness. The next proposition showshat the functional
(22) has an interesting Gateaux derivative.

Proposition 3. Let be a dierentiable function. Then the Euler-Lagrange
equations for minimizing the functional (22) are given by

0=F U+ @ qUZ+U) U +@ AUZ+U) U, : (23

The proof of the proposition is provided in the appendix and nmakes use of
matrix di erential calculus. In contrast to (18) the Jordan product of matrices
appears in (23) and the function Cis applied to matrices.

We apply Proposition 3 to compute a minimizer of (22) by solving the
corresponding reaction{di usion equation for t ! 1
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U=F U+ @ qU7+U) U +@ AuZ+U}) U, (24)

with  asin (5), homogeneous Neumann boundary conditions and ini&l value
F by a di erence method. More precisely, we use the iterative sheme

ukd =1 U+ F+ @ 6N U +@ 6N Ul  (25)

with su ciently small ime step size  and G :=  q(U{)2+(U{)2). The
inner derivatives including those in G were approximated by forward di er-
ences and the outer derivatives by backward di erences so tht the penalizing
term becomes

1 UGi+1;j) UGj) ug;j) U@ 1j)

L G(i;j ) hy G(i Lj) ~

o L oggy YEIFD UG gy gy UG UG D
h2 h2 h2

where h;j, i = 1;2 denote the pixel distances inx and y{direction. Alter-

natively, we have also worked with symmetric dierences for the deriva-
tives. In this case we have to replace e.gG(i;j ) in the rst summand by
G(i +1;j)+ G(i;j ))=2 and G is now computed with symmetric di erences.

Finally, we mention that a di usion equation related to (24) was examined
in [6]. Moreover, in [24] an anisotropic di usion concept fa matrix elds was
presented where the function was also applied to a matrix.

4 Numerical Results

Finally, we present numerical results demonstrating the peformance of the
di erent methods. All algorithms were implemented in MATLA B. Moreover,
we have used the software package MOSEK for SOCP.

SOCP [15] amounts to minimize a linear objective function siject to
the constraints that several a ne functions of the variable s have to lie in a
second-order coneC’**  R"*! de ned by the convex set

X
ct = = (X151 X0 Xne1 )" D kxka  Xpaa
Xn+1

With this notation, the general form of a SOCP is given by

_ X+ _

inf f™x st A}'X b 2C" s i=10n (26)
x2 RN G X+ di

Alternatively, one can also use the rotated version of the sindard cone:

n (0]
T
KM2 = X Xns1iXnsz 2 R™2 0kxkE  2Xne1 Xnsz
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This allows us to incorporate quadratic constraints. Problem (26) is a convex
program for which e cient, large scale solvers are availabk [17]. For rewriting
our minimisation problems as a SOCP see [20].

We start by comparing the component-based regularization \ith the
operator-based regularization. First we are interested irnthe 1D matrix{valued
function F : Z3g ! Sym; (R) in Fig. 2. We added white Gaussian noise with
standard deviation 0.1 to all components of the original dat in [0; 1]. Then
we computed the minimizer of the component-based functioni(19) (left) and
of the operator-based functional (??) (right) both by SOCP. The latter was
computed using the fact that

- 1=2 . .
tr jUj = maxf 4u?, +(uy; Uz)? ;Juir + U22]g

for U 2 Sym; (R), cf. [20]. The middle of the gure shows the Frgbenius norm
of the di erence between the original and the denoised signia( iNzl kF (i)

0(i)k2 )12 in dependence on the regularization parameter . We remark that
the shapg of the curve and its minimal point do not change if weuse the error
measure iNzl kF (i) O(i)ke instead. The actual minima w.r.t. the Frobenius
norm are given by min = 0:2665 at = 0:8 for (19) and by min = 0:2276 at
= 0:8 for (??). The denoised signals corresponding to the smallest errdn
the Frobenius{norm are shown at the bottom of Fig. 2. It appears that the
operator-based method performs slightly better w.r.t. these error norms. The
visual results con rm this impression. The larger ellipsesobtained by the rst
method (19) slightly overlap while there are gaps between tk smaller ones.
We do not have this e ect for the minimizer of (??) on the right-hand side.

Next we consider the 2D matrix{valued function F : Z%, ! Sym; (R)
in Fig. 3. To all components of the original data in [0,2] we adled white
Gaussian noise with standard deviation 0.6. As in the previos example, we
compare the minimizer of the component-based approach (1&esp. (19) with
those of the operator-based approach (22). For computing tB minimizer of
the rst functional we applied SOCP while the second one was omputed via
the reaction{di usion equation (25) with time step size = 0:00025. The
iterations were stopped when the relative error in the  ,-norm between two
consecutive iterations became smaller than 10° (approximately 20000 iter-
ations) although the result becomes visually static much edier. The middle
row of the gure contains the error plots for both methods. The actual min-
ima w.r.t. the Frobenius norm are given by min =12:19 at =1:75 for (19)
and by min =10:79 at = 1:2 for (22). Hence, with respect to the computed
errors the operator-based method outperforms the compondrbased one. The
corresponding denoised images are shown in the bottom row ¢iie gure.

In the following two examples, we consider bivariate matrixvalued func-
tions which map to Sym;(R). We use ellipsoids to visualize this form of data as
described in Section 3.1. Furthermore, the color of the elpsoid associated with
a matrix A is chosen with respect to the normalized eigenvector corr@®nding
to the largest eigenvalue ofA. Fig. 4 shows a functionF : Z%,! Sym,(R). As
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original

15 15
2 . 2
2 [ 2 4 6 8 10 12 14 16 2 o 2 4 6 8 10 12 14 16
x x
ertor (Frobenius norm) ertor (Frobenius norm)
12 T T T 12 T T T
11 11

Fig. 2. Denoising of a matrix{valued signal. Top : Original signal (left), noisy signal

(right). Middle : Error of the Frobenius norm in dependence on the regularization
parameter for the minimizers of the component-based functional (19) ( left) and the
operator-based functional (??) (right). Bottom : Denoised image for correspond-
ing to the smallest error in the Frobenius norm for the compon ent-based functional
(left) and the operator-based functional (right).
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Fig. 3. Denoising of a Sym,(R){valued image. Top : Original image (left), noisy
image (right). Middle : Error of the Frobenius norm in dependence on the regu-
larization parameter  for the minimizers of the component-based functional (19)
(left) and the operator-based functional (22) (right). Bottom : Denoised image for
corresponding to the smallest error in the Frobenius norm fo r the component-based
functional (left) and the operator-based functional (righ t).
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before, we added white Gaussian noise to all components. Thaatrix compo-
nents of the original data lie in the interval [ 0:5; 0:5] and the standard devi-
ation of the Gaussian noise is 6. The denoising results are displayed in the
last two rows of Fig. 4. We computed the minimizers of the compnent-based
method (19) (top) by SOCP. The smallest error, measured in the Frobenius-
norm, is 1:102 and was obtained for the regularization parameter = 0:11.
In addition, we considered the minimizer of the in mal convolution approach
(21) (bottom). Again we applied SOCP and found the optimal regularization
parametersto be ; =0:14 and , = 0:08 for this method. The corresponding
Frobenius-norm error is 0918. We see that the in mal convolution approach
is also suited for matrix-valued data.

In our nal experiment, we applied the two component-based nethods (19)
and (21) to a larger data set. Fig. 5 shows the orginal data andhe minimizers
of (19) and (21). The components of the original data lie in [ 400Q 7000] and
we used the regularization parameters = 600 for (19) and ; =500; , =
600 for (21), respectively.

A Proofs

Proof of Proposition 1.  Using that the minimal and maximal eigenvalues
min (A); max (A) of a symmetric matrix A ful ll

min (A) = min v Av; max (A) = max v'Av;
kvk=1 kvk=1

it is easy to check that the set C of matrices having all eigenvalues in
[ min; max] is convex and closed. LetJ be the functional in (19). Assume
that some matrices O(i;j ) are not contained in C. Let PO(i;j ) denote the
orthogonal projection (w.r.t. the Frobenius norm) of O(i;j ) onto C. Then we
obtain by the projection theorem [11, p. 269] that

kF@i:j) POGi)ke k FGj)  OG ke
kPO®:j) PO Dke k O@G:j) O(k;Dke:

Consequently, J (PU) J (0) which contradicts our assumption since the
minimizer is unique. This completes the proof.

Proof of Proposition 2. SincekF  UkZ is strictly convex, it remains to
show that the functional

q_—
JU):=tr U2+ U2

is convex. Moreover, sincel is positively homogeneous we only have to prove
that J is subadditive, cf. [2, p. 34], i.e.,

J(O+U) J(O)+ J(U):
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Fig. 4. Denoising of a Sym;(R)-valued image. Top to Bottom : Original image,
noisy image, minimizer of the component-based method (19) for = 0:11, minimizer
of the component-based in mal convolution approach (21) wi th parameters 1 =
0:14; , = 0:08. Visualization: ellipsoids (left), components of the ma trix-valued
data (right).
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Fig. 5. Denoising of a real-world DT-MRI matrix eld with values in S ym;(R).
Top : Original image. Middle : Minimizer of the component-based method (19) for

= 600. Bottom : Minimizer of the in mal convolution approach (21) for
500, , =600.

1=
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This can be rewritten as

q q —— q_——
tr (Ox + Ux)?2+(0y + Uy)2 tr 02+ 07 +tr Uz + U2

To prove this relation, we recall the de nition of the trace norm, cf. [14, p.
197], which is de ned as the sum of the singular values of a maix A 2 RS!:

KAky =tr( " A A):

Then we have for the symmetric matricesUy; Oy ; Uy; Uy that

O, + U, q

k Uy+ Uy Ky =tr (Ux + Ux)2+(Uy + Uy)2

Sincek ki is a norm it follows that

U)( + U)( UX U)(
o, + U, ke k qu ke + k Uyq Kir
=tr( 02+ 07) +tr( UZ+ U2)

k

and we are done.

Proof of Proposition 3. Let ' (Uyx;Uy) = tr  (UZ+ UZ) . The Euler-
Lagrange equations of (22) are given, for;j =1;:;nandi  j, by

_ Q 2 _@ @' _@ @'
0= gy Uk @x @y = @y @y

For a scalar-valued functionf and ann n matrix X, we set % =

n
@ o : Then, by symmetry of F and U, the Euler-Lagrange equations
ij =

can be rewritten in matrix-vector form as

UF_ 1@ e e e .
2 @x @y @y @y

where W, denotes then n matrix with diagonal entries 1 and other coe -

cients 2, andA B stands for the Hadamard product(componentwise product)

of A and B.

We considerf (X) :=tr (X ?2). Then we obtain by [16, p. 178] and tr (A" B) =

(vecA)"vedB that

Wi (27)

@ix) _ oy 2y @X2), "
vec a@x =vec tr( (X9 ax ) -
@x? "

=vec (vec )'vec

@}f ij =1
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where = 9X?). By [16, p. 182] and since is symmetric this can be
rewritten as

vec@@p)(() =vec W, ((In X)+(X Ipn))vec :
Using that vec(ABC ) =(C™ A)vecB we infer that
vec% =vecW, vecX + X ):
This implies that
@i(Xx) _ :
—ax 2W, ( X)) (28)

Applying (28) with f (Uy) := ' (Uyx;Uy) and f (Uy) := ' (Uyx; Uy), respectively,
in (27) we obtain the assertion.
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