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Abstract. Recovering a 3-D scenefrom multiple 2-D views is indispens-
able for many computer vision applications ranging from free viewpoint
video to face recognition. Ideally the recovered depth map should be
dense,piecewisesmooth with �ne level of details, and the recovery pro-
cedure shall be robust with respect to outliers and global illumination
changes. We present a novel variational approach that satis�es these
needs.Our model incorporates robust penalisation in the data term and
anisotropic regularisation in the smoothnessterm. In order to render the
data term robust with respect to global illumination changes,a gradient
constancy assumption is applied to logarithmically transformed input
data. Focussing on translational camera motion and considering small
baselinedistancesbetweenthe di�eren t camerapositions, we reconstruct
a common disparit y map that allows to track image points throughout
the entire sequence.Experiments on synthetic image data demonstrate
the favourable performance of our novel method.

Keyw ords: computer vision, variational methods, multi-view recon-
struction, structure from motion, partial di�eren tial equations.

1 In tro duction

Structure from motion is a challenging task in modern computer vision: Extrac-
tion of depth information from the imagesof a single moving camera is useful
for such tasks as robot navigation, augmented reality [14], [13] or face recogni-
tion. In the latter casestructure from motion allows to reconstruct a facefrom a
set of images,obtained by a single moving camera.One of the typical scenarios
in this context is a camera that moves horizontally with a constant speed and
whoseoptical axis is �xed orthogonal to the path of motion. While such a set-
ting simpli�es the computation, it is still di�cult to obtain densereconstructions
that are robust under noiseand illumination changesand provide sharp object
boundaries.



All thesedemandscanbesatis�ed by variational techniques,that haveproved
to be very useful in the context of optic 
o w estimation [2]. The reconstruction
problem is formulated in an energyminimisation framework, under the assump-
tion of global smoothness of the solution. Compared to other methods varia-
tional techniqueso�er a number of speci�c advantages:They allow transparent
modeling without hidden assumptionsor post-processingsteps.Moreover, their
continuousformulation enablesrotationally invariant modeling in a natural way.
The �lling-in e�ect createsdensedepth maps with sub-pixel precision by prop-
agating information over the entire image domain. For these reasonswe aim
here at exploring the performanceof variational methods in the context of 3-D
reconstruction from multiple views.

Sincethe fundamental work of Faugerasand Keriven[5] many di�eren t meth-
ods for multi-view 3-D reconstruction have beenproposed.In most casesa cali-
brated camerasetup is assumedand locally constant intensity of objects in the
sceneis required. In the core of the minimisation procedure there lays either
a gradient descent algorithm such as in [5], [15] or a sophisticated strategy of
successive re�nement of results asapplied in [6]. The results are highly accurate,
however the reported computational times take up to several hours. Comparing
to other methods, that reconstruct 3-D objects from multiple views using varia-
tional framework, like for examplein [9], [8] our method producesnot a complete
model, but only one disparity map. On the other hand the simplicit y of our ap-
proach allows us to study more sophisticated models that help to improve the
robustnessof the method with respect to noiseand varying illumination.

In this paper we focuson a protot ypical scenarioof a facerecognition system
that reconstructs the face surface from images taken by a camera that moves
linearly with constant speed within an orthoparallel setting. This allows us to
exploit a number of ideasthat originate from the computation of optic 
o w �elds.
It is well-known that in the orthoparallel casethe following relation holds:

Z =
b� f
D

: (1)

Here, Z denotesthe depth of a point in the 3-D world, b is the baselinedistance
between successive camera positions, f speci�es the focal length and D is the
disparity, i.e. the distance betweenthe projection of Z on two successive image
planes. Formulating our problem in terms of disparity estimation, we obtain a
scenereconstruction up to a scaling factor that depends on one intrinsic (focal
length) and one extrinsic parameter (baseline).

Since the camera movesslowly with a constant speed,we obtain a seriesof
consecutive disparity maps that are identical. Hence,it is su�cien t to compute
a single joint disparity map.

Our paper is organisedas follows. The next section describesour variational
model and its underlying assumptions in detail. Its PDE formulation is given
by the Euler-Lagrangeequation sketched in Section 3. Experiments in Section4
illustrate the performanceof our approach. The paper is concludedby a summary
in Section 5.



2 Variational Framew ork

We assumea single camera that acquires images while moving slowly with a
constant speed along the x-axis. Thus, approximately the same displacement
�eld (disparit y map) � (x; y) occurs betweeneach pair of subsequent framesand
can be recovered as minimiser of a single energy functional:

E (� ) = ED (� ) + �E S (� ) ; (2)

whereED (� ) is a data term, ES (� ) is a smoothnessterm, and the regularisation
parameter � > 0 determines the desiredamount of smoothness.

Let f i (x) denote the grey value of frame i at location x = (x; y). In order
to render our method robust against noise, we �rst convolve with a Gaussian
K � of standard deviation � > 0. By applying a logarithmic transform to the
result, the multiplicativ e e�ects of global illumination changesare transformed
into additiv e perturbations. This leadsto the imagesgi (x ) for i = 1,...,N , which
serve as input data for our variational approach.

For the data term ED (� ) wechoosea gradient constancyassumptionbetween
corresponding structures within consecutive frames gi and gi +1 :

r gi +1 (x + �; y) = r gi (x; y) : (3)

It ignores any additiv e perturbations on gi (x ) caused by global illumination
changesbetweenconsecutive frames f i (x ). Penalising deviations from this con-
stancy assumption betweenall consecutive frame pairs in a statistically robust
way [7] can be achieved by useof the data term

ED (� ) =
Z




1
N

N � 1X

i =1

	
�

jr gi +1 (x + �; y) � r gi (x; y)j2
�

dx ; (4)

where 
 � R2 denotesour rectangular image domain, and 	 (s2) :=
p

s2 + � 2 is
a L 1 penaliserwith a small regularising constant � > 0 ensuringdi�eren tiabilit y.

Since the baseline distance between consecutive frames is supposed to be
small for our application, we can simplify our data term by the Taylor lineari-
sations

@x gi +1 (x + �; y) � @x gi +1 (x; y) + @xx gi +1 (x; y) � ;

@y gi +1 (x + �; y) � @y gi +1 (x; y) + @xy gi +1 (x; y) � :

Intro ducing the matrices

J i =

 
(gi +1

xx )2 + (gi +1
xy )2 (gi +1

x � gi
x )gi +1

xx + (gi +1
y � gi

y )gi +1
xy

(gi +1
x � gi

x )gi +1
xx + (gi +1

y � gi
y )gi +1

xy (gi +1
x � gi

x )2 + (gi +1
y � gi

y )2

!

and the vector w := (� (x ); 1)> allows to reformulate the data term in a compact
way as a sum of robusti�ed quadratic forms:

ED (� ) =
Z




1
N

N � 1X

i =0

	
�
w> J i w

�
dx : (5)



The role of the smoothness term ES (� ) in our energy functional is to pe-
nalise deviations from smoothnessin the unknown disparity �eld � (x ). Instead
of a standard quadratic smoothness term (based on the L 2 norm), we use the
anisotropic image-driven regulariser of Nagel and Enkelmann [12]:

ES (� ) =
Z



r � > D(r g)r � dx : (6)

Here, D(r g) is a normalised and regularised projection matrix orthogonal to
r g. It is given by

D(r g) =
1

jr gj2 + 2� 2

�
g2

y + � 2 � gx gy

� gx gy g2
x + � 2

�

with somesmall regularisation parameter � .
Now we can write down the complete energy functional by combining the

data term (5) and the smoothnessterm (6):

E (� ) =
Z




� 1
N

N � 1X

i =0

	
�
w> J i w

�
+ � r � > Dr �

�
dx : (7)

3 Euler-Lagrange Equation

From the calculus of variations [4] we know that a necessarycondition for a
function � (x; y) to be a minimiser of the energy functional (7) is given by the
Euler-Lagrangeequation

N � 1X

i =0

1
N

	 0
�

w> J i w
�

(J i
11 � + J i

12) � div(D (r g)r � ) = 0

with re
ecting boundary conditions.
This nonlinear partial di�eren tial equation can be solvedwith the help of two

nested�xed point iterations: The outer loop �xes nonlinearities with previously
computed values of � , while the inner loop solves the resulting linear problem
with the well-known successive overrelaxation (SOR) method [16].

4 Exp erimen ts

We evaluate the performanceof the algorithm with the help of two synthetic se-
quencescreated in OpenGL: The �rst one illustrates a femalehead,as shown in
Figure 1, while the secondone represents a more challenging task { reconstruc-
tion of a tree illustrated in Figure 2. The performanceof the method was tested
on original sequencesand versionswith varying illumination as well as variants
with noise. Moreover, the results for the original sequenceswere compared to
the publicly available two-frame graph cuts method of Kolmogorov and Zabih
[10].



In our experiments both sequencescontain up to 8 imageswith small dis-
placements of up to one pixel betweensuccessive camerapositions. The ground
truth maps were obtained by rescaling and transforming the original OpenGL
Z-bu�ers into disparity maps.Consequently , for comparisonwith a ground truth
we compute the averageabsolutedisparity error (AADE)

AADE =
1

M

MX

i =1

jd truth
i � d estimate

i j ;

where M denotesthe number of pixels.
There are just two model parametersthat require adjustment: A smoothness

parameter � and a standard deviation of a Gaussian� for the preprocessingstep.
Other numerical parameters were kept �xed and constant for all experiments.
The computation in all caseswas stopped when the normalised L 1 norm of the
updates at a certain iteration k becamesu�cien tly small:

P
i j� k

i � � k � 1
i j

P
i � k

i
< �

In our experiments values for � vary between10� 6 to 10� 8. The averagetime,
required for the evaluation of our experiments on an Intel Pentium 4 CPU with
3.2 GHz is in the order of 10 to 40 minutes (for 8 imagesdegradedwith Gaussian
noise).More sophisticatedsolverssuch asmultigrid methods,however, may allow
even for runtimes of lessthan a second[3].

4.1 Face sequence

In this experiment we were using 8 imagesof a head scene,created in 3DS Max
8.0 and imported to OpenGL. The performanceof the algorithm was tested on
the original sequence,its degradedversion, contaminated with Gaussian noise
of � = 25 and a sequencemade from the same scenebut under conditions of
varying illumination (seeFigure 1). In all experiments weobservedthat the main
details of the headhave beenreconstructed in a realistic way: One can recognise
that the reconstructed object represents a human facewith clearly shaped nose,
lips and eye slots. All experiments in this subsectionhave beencarried out with
two slightly di�eren t error measures:Once, the overall AADE of the computed
disparity map was used;the other time, the AADE measurement was restricted
to the faceregion by using a mask shown in the Figure 1. Table 1 shows optimal
parameters and error measuresfor the �rst setting, while Table 2 presents the
results for the secondsetting. Further on we observe that the results are fairly
robust under noise and varying illumination: All essential features of the face
remain recognisableand in accordancewith the ground truth map.

Additionally we have investigated the in
uence of the number of imageson
the reconstruction quality. The clear di�erence in error measurements con�rms
our expectations: A larger number of imagesproducesmore stable results, since



Table 1. Results for the Head scene. AAD E f = Average absolute disparit y error
computed for the whole disparit y map. Disparit y values for these experiments vary in
the interval (0.1, 1). The parameters � and � have been optimised.

2 Frames 4 Frames 6 Frames 8 Frames Noise, 8 Fr. Illum., 8 Fr.
� 0.5 0.12 0.06 0.05 4.9 0.6
� 2.5 2.7 2.8 2.9 5.7 1.7

AAD E f 0.0357 0.0298 0.0284 0.0286 0.0819 0.0387

the amount of correspondencesand, therefore, the reliabilit y of the result in-
creases.

Fig. 1. Head sequence, top to bottom, left to right. First row: Original frame 1, frame
7 of a sequencewith varying illumination, frame 1 of the sequencedegraded with
Gaussian noise of � = 25. Second row: Typical results of reconstruction for 8 imagesof
the original sequence,the sequencewith illumination changes,and the noisy sequence.
Thir d row: Graph cuts result (8 disparit y levels), ground truth and mask.



Table 2. Results for the Head scene. AAD Em = Average absolute disparit y error
computed for the face only. Disparit y values for these experiments vary in the interval
(0.1, 1). The parameters � and � have been optimised.

2 Frames 4 Frames 6 Frames 8 Frames Noise, 8 Fr. Illum., 8 Fr.
� 0.4 0.27 0.21 0.14 4.0 31
� 4.1 3.9 4.0 4.1 10.1 2.2

AAD Em 0.0244 0.0204 0.0193 0.0192 0.0569 0.0371

Finally, let us compare our results to the one obtained by using the graph
cuts method of Kolmogorov and Zabih [10]. Since this method relies on large
displacements, we computed the disparity map betweenthe �rst and the eighth
imageof the noisefree sequenceand divided the obtained result by 7 (number of
imagesminusone).The corresponding disparity map which is presented in Figure
1 illustrates a very precisereconstruction of the silhouette of the headwith clear
distinction of the earsand the neck. However, the main featuresof the facewere
completely lost. Evidently , the algorithm is not able to reconstruct thesefeatures,
becausethis would require to estimate the displacements at the corresponding
locationswith sub-pixel precision.But evenfor relatively largedisplacements it is
well-known that reconstructionsof graph cuts methods for such smoothly varying
surfacessu�er from similar stair-casing e�ects [11], this time, however, due to
the strong non-convexity of typical regularisers.Our observations are con�rmed
by the higher AADE for the graph cuts method for both the face region and
the whole sequencewhich is given by AAD E f = 0:0766and AAD Em = 0:030,
respectively.

4.2 Tree sequence

In this experiment wereconstruct an object of a very complexstructure with �ne
level of details. Additional di�cult y for the algorithm represents a homogeneous
region, that correspondsto the sky above the landscape. As before,we make our
task even more challenging by degrading the original sequencewith Gaussian
noiseof � = 25 and also varying the illumination in the scene.

For the original sequencewe observe a very detailed reconstruction: Sepa-
rate branchesof the tree were estimated in accordanceto the model, the overall
silhouette of the tree was preserved quite well, even the di�erence in depth be-
tween neighbouring leaves appears to be very close to the ground truth map.
The homogeneousregion, corresponding to the sky was also estimated satisfac-
tory: Sincehardly any information is available in the sky region that allows for
a direct estimation of the motion, our method propagatesthis information via
the smoothnessterm. Again, the reconstruction processshows robustnesswith
respect to noise and varying illumination: Both disparity maps show high sim-
ilarit y to the ground truth map with slightly higher values of AADE. In this
experiment the di�erence between AADE values for the original sequenceand
those with noise and illumination change is not so large as in the previous ex-
periment for the head sequence.This can be explained with the complexity of



Fig. 2. Tree sequence, top to bottom, left to right. First row: Original Frame 1, frame 7
with varying illumination, frame 1 degradedwith Gaussiannoiseof � = 25. Second row:
Typical results of reconstruction from 8 imagesof original sequence,with illumination
changesand noise.Thir d row: Graph cuts results for noisefreeand noisy image sequence
(8 disparit y levels), ground truth.

the reconstructed object which leadsto larger errors already in the undisturbed
sequence.

The result of the graph cuts method for the noise free sequencebetween
the �rst and eighth image (see Fig. 2) shows quite accurate reconstruction of
the scene.Separatebranches and overall shape of the tree were reconstructed
very well and in accordancewith the ground truth map. However, once again
small variations of the disparity valuescannot be estimated appropriately (the
di�eren t disparity layerswithin the tree are very well visible). The corresponding
AADE of AAD E = 0:0793 for the graph cuts method is neverthelessclose to
ours. This is due to the accurate spatial reconstruction of the shape of the tree.



Table 3. Results for the Tree sequence. AADE = Average absolute disparit y error.
Disparit y values for these experiments vary in the interval (0.1, 1)

2 Frames 4 Frames 6 Frames 8 Frames Noise, 8 Fr. Illum., 8 Fr.
� 0.7 0.2 0.1 0.03 27.0 0.12
� 1.8 2.0 2.3 2.66 2.7 2.18

AADE 0.0718 0.0644 0.0622 0.0616 0.0635 0.0650

For the noisy image sequence,however, the graph cuts method givesvery poor
results. Although we applied the samepresmoothing strategy as for our stereo
method, the disparity map contains many artifacts and the overall shape of the
tree is very hard to recognise.

As before, we have experimented with smaller data sets of 2, 4 and 6 con-
sequent images.Resulting error measures,presented in the Table 3 show conse-
quent improvement as the number of imagesin the sequencegrows.

5 Summary and Outlo ok

Wehaveproposeda variational technique for a speci�c task of 3-D reconstruction
for multiple views with small baselinedistances.The method has been tailored
towardsapplicabilit y under morechallengingconditions by incorporating various
conceptsthat allow to handle data setswith varying illumination and noise.We
have evaluated the performanceof the approach with two setsof synthetic data
with good results. The phenomenawhich are not taken into account so far are
occlusionsand specular re
ections. This is a part of our ongoing work, whereby
for the handling of specular re
ections ideasfrom [9] and [1] are expected to be
useful. An extensionof our algorithm to arbitrary cameraego-motion is another
topic of current research.
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