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Abstract

Detecting optical 
o w means to �nd the apparent displacement
�eld in a sequenceof images. As starting point for many optical 
o w
methods servesthe socalled optical 
o w constraint (OFC), that is the
assumption that the gray value of a moving point does not change
over time. Variational methods are amongst the most popular tools
to compute the optical 
o w �eld. They compute the 
o w �eld asmin-
imizer of an energy functional that consistsof a data term to comply
with the OFC and a smoothness term to obtain uniquenessof this
underdetermined problem. In this article we replace the smoothness
term by projecting the solution to a �nite dimensional,a�ne subspace
in the spatial variableswhich leadsto a smoothing and givesa unique
solution aswell. Weexplain the mathematical details for the quadratic
and nonquadratic minimization framework, and show how alternative
model assumptionssuch as constancy of the brightness gradient can
be incorporated. As basis functions we consider tensor products of
B-splines. Under certain smoothnessassumptionsfor the global min-
imizer in Sobolev scales,we prove optimal convergencerates in terms
of the energyfunctional. Experiments are presented that demonstrate
the feasibility of our approach.

Keyw ords: optical 
o w, optical 
o w constraint, variational methods, pro-
jection methods, tensor product B-spline

MSC2000 Classi�cation: 65F22,68T45

1 In tro duction

In digital imageanalysis,motion detection in imagesequencesis an impor-
tant problem for tasks ranging from robot navigation to video compression.
A key concept for characterizing motion in an image sequenceis the no-
tion of optical 
o w, the apparent displacement �eld betweencorresponding
structures in subsequent images. The existing literature about optical 
o w
problems is enormous. Thus, we only give a short overview which by far is
not completeand refer the reader to [28, 38, 41] for more detailed surveys.
Horn and Schunck [20] werethe �rst to present an approach for a solution of
the optical 
o w problem by minimizing an energyfunctional. The formula-
tion of this functional relieson two fundamental assumptions:the constancy
of brightnessover time and a smoothnessassumption. Theserequirements
have beenmodi�ed in numerousways [1, 2, 4, 14, 15, 22, 29, 30, 32, 36, 42],
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but are still the starting point for todays variational solvers. Also in 1981
Lucasand Kanade[24] presented anotherapproach which computesthe opti-
cal 
o w �eld by solvinga local leastsquaresproblem. The idea to seeoptical

o w problems in the framework of inverseproblems is not far fetched. Yet
in 1988 Bertero, Poggio, and Torre [7] published a very nice overview of
ill-p osedproblems in image analysis. They formulated the computation of
optical 
o w as inverseproblem and presented an approach by minimizing a
Tikhonov-Phillips functional. Sincethe development of new solvers for the
optical 
o w determination was very rapid in recent years,criteria to evalu-
ate and comparethe di�erent methods becameof growing importance. We
quote Barron, Fleet, and Beauchemin [6] and Galvin et al. [16] as standard
referencesconcerning the evaluation of a number of classicaloptical 
o w
methods. More recently, a variational method by Brox et al. [10] and subse-
quent modi�cations [3, 11, 12, 33]have led to highly accurateresults. In spite
of their complexity, at the heart of such methods is still the minimization of
an energyfunctional consistingof a data and a regularization term.

The popularity of variational methods for regularizing the ill-p osedproblem
of optical 
o w estimation servesalsoasstarting point for our considerations.
The goal of the present paper is to introduce an alternative regularization
conceptinto the application �eld of optical 
o w estimation. In the ill-p osed
problemscommunity, Natterer proved in [31] that projection methods have
a regularizing e�ect, seealso Louis [23]. Although such a regularizing e�ect
hasalsobeenmentioned by Szeliskiand Coughlanin a paper on spline-based
image registration [39], a mathematical investigation of projection methods
for optical 
o w estimation is missingso far. In the present work we address
this problem. The idea is to minimize a functional in a �nite dimensional,
a�ne subspace.Thus, the resulting optical 
o w �eld is uniquely determined
as solution of a system of equations and has any desired properties if we
only choosethe subspaceand the corresponding basisfunctions properly. In
order to make the basicprinciples as clear as possible,we stick to relatively
simple optical 
o w assumptions.Thus, our goal is rather to introducea new
direction of optical 
o w methods than to compete with the current state-
of-the-art. Projection methods o�er a number of properties that might be
appealing in the optical 
o w context, for exampleregularity estimatesor the

exibilit y to incorporate certain constraints in an elegant way. In the area
of inverseproblemsprojection methods are alsousedto get asymptotic error
estimatesfor solvers as e.g. in the article of Rieder and Schuster [34].

Our paper is organizedas follows. In section 2 we give a short description
of general variational approaches for optical 
o w computation. Section 3
outlines how projection methods can be usedto solve the variation problem,
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wherethe energyfunctional to be minimized essentially consistsof the data
term. We present ideashow to solve the arising systemof linear or nonlinear
equations. In section 4 we prove that the residual error always is optimal
in the sensethat the error is bounded by a multiple of the approximation
module of the applied basis functions. In caseof the application of tensor
product B-splines we are able to present the convergencerates explicitly.
Finally section5 contains somenumerical experiments with tensor products
of piecewiselinear splineswhich show the performanceof the method. The
paper is concludedwith a summary in section6.

2 Variational computation of optical 
o w

Let 
 � R2 denotea rectangular imagedomain. We assumethat a sequence
of images

f (x1; x2; t) ; (x1; x2) 2 
 ; t 2 [0; T]

is given, wheref (x1; x2; t) denotesthe gray value of the pixel x = (x1; x2) at
time t. Recovering the optical 
ow �eld u = (u1(x1; x2; t); u2(x1; x2; t); 1)>

meansto �nd the apparent velocity

(u1; u2)> =
�

@x1

@t
;
@x2

@t

� >

of a structure that moves along its tra jectory (x1(t); x2(t))> . Many optical

o w computations are basedon the so-calledoptical 
ow constraint that
assumesthat the gray value of a pixel does not changeover time. In this
casewe have

0 =
df (x1(t); x2(t); t)

dt
= f x1 u1 + f x2u2 + f t = hu; r f i ; (1)

where r := (@x1 ; @x2 ; @t ) denotesthe spatiotemporal nabla operator. Obvi-
ously the optical 
o w constraint (1) is not su�cien t for a full reconstruction
of u. Thus, onefurthermore postulatessmoothnessconditions for u. In gen-
eral, variational optical 
o w computation with a spatiotemporal smoothness
constraint aims at minimizing an energyfunctional E(u) of the form

E(u) =

TZ

0

Z




�
M (D k f ; u) + � S(r f ; r u)

�
dx dt : (2)

The expressionM (D k f ; u) involvesa k-th order di�erential operator D k f of
f and u and is calleddata term. It is connectedto conservation assumptions
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such as the optical 
o w constraint. A simple and obvious choice would be
M (D 1f ; u) = hu; r f i 2. To get uniquenessa regularization term S(r f ; r u)
is added which also guarantees smoothnessof the optical 
o w �eld u. In
that sense� can be seenas a regularization parameter. The regularizer
S(r f ; r u) also causes�l ling-in e�ects. In regions with almost constant
gray values, the data term is rather small and E(u) is dominated by the
smoothnessterm which �lls in information from other locations. Thus, no
further interpolation is necessary. We refer to Horn and Schunck [20] for
this topic. A list of di�erent data and regularization terms can be found in
Weickert et al. [41].
So far we have not assumedany smoothnesconditions for f and u. In view
of (1) f has to be at least di�erentiable. The smoothnessassumptionsalso
depend on the particular choice of M and S in (2). We will specify the
smoothnessconditions in section4.
Subject of variational optical 
o w computation is the global minimization of
E(u). If E is convex, then there exists a global minimum which we denote
by u � . Very e�cien t methods to calculateu � numerically can be achieved by
discretizing the Euler{Lagrange equation associated to E and a subsequent
solution of the arising systemof linear or nonlinear equationsby multigrid
methods. Thesetechniquesareamongstthe most accuratesolversfor optical

o w problems;seee.g. [18, 17, 43, 9, 27, 13].

3 Pro jection metho ds for solving the mini-
mization problem

Let us now present a novel variational approach for optical 
o w estimation
usingprojection methods. Insteadof minimizing E weconsiderthe functional

E 	 (u) =
1
2

TZ

0

Z



	

�
hu; r f i 2

�
dx dt (3)

for an admissiblefunction 	. A strictly increasingfunction 	 is admissible
if 	 2 C2([0; + 1 )) and 	( s2) is convex in s. The functional E 	 is convex for
admissible	 and hencehas a unique minimizer which we again denote by
u � . The simplest choiceof an admissible	 is 	( t) = t leading to quadratic
minimization problems, but also nonquadratic approaches such as 	( t) =p

� + t with � > 0 are possiblein order to obtain higher robustnessagainst
outliers [21]. Such robust strategiesare frequent in optical 
o w estimation;
seee.g. [5, 8, 19, 26].
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The idea behind projection methods is as follows: We search for a solution
u �

n = ((u�
n)1; (u�

n)2; 1) in a �nite dimensional,a�ne spaceVn = e3 � eVn , where
eVn is a linear subspaceof L p(
 ; R3) with dim eVn = dn < 1 and 1 � p � + 1 .
We de�ne

u �
n := arg min

v 2 Vn
E 	 (v) : (4)

In order to get a meaningful solution and to yield convergenceresults for
n ! 1 , the union of the linear subspaceseVn is supposedto be dense.To be
precise,

1[

n=1

eVn = (Lp(
 ; R3) \ f e?
3 g: (5)

Since eVn is a �nite dimensionalsubspace,there is a basisf � n
1 ; : : : ; � n

ng with
eVn = span f � n

1 ; : : : ; � n
ng. To solve problem (4) we usethe expansion

u �
n = e3 +

nX

n=1

� �
i � n

i (6)

to get a minimization problem over Rn :

min
v 2 Vn

E 	 (v) = min
� 2 Rn

1
2

TZ

0

Z



	

�
(he3 +

nX

i =1

� i � n
i ; r f i )2

�
dx dt :

For the sake of simplicity we also write E 	 (� ) for � 2 Rn instead of E 	 (v)
for v 2 Vn . We set

� � := arg min
� 2 Rn

E 	 (� )

and compute � � by solving

r E 	 (� � ) = 0: (7)

Wewill seethat this canbedoneby applying direct methodsor iterativ e tech-
niquessuch as the Newton method. The case	( s2) = s2 plays a particular
role sincehere� � canbedescribed assolution of a systemof linear equations.

Remark 3.1 Natterer proved in [31] that projection methods have a regu-
larizing e�ect and that is why we haveno additional smoothing term in (3).
Furthermore we only consider the spatial approach for optical 
ow computa-
tion, that means our searched approximation u �

n doesnot depend on the time
t. That is why there is no temporal variable in eVn � Lp(
 ; R3).
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3.1 The case 	( t) = t

For 	( t) = t we compute

@E 	 (� )
@� j

=

TZ

0

Z




n
(f t +

nX

i =1

� i h� n
i ; r f i ) h� n

j ; r f i
o

dx dt ; (8)

j = 1; : : : ; n. Hence,(7) is equivalent to solvingthe systemof linear equations
A � � = b with

A j j 0 =

TZ

0

Z



h� n

j ; r f i h� n
j 0; r f i dx dt ; 1 � j; j 0 � n

and

b j = �

TZ

0

Z



f t h� n

j ; r f i dx ; 1 � j � n :

Since

h� ; A � i =
nX

j =1

� 2
j

TZ

0

Z



h� n

j ; r f i 2 dx dt � 0; � 2 Rn ;

the matrix A is symmetric and positiv semide�nite. If we usebasisfunctions
� n

i with small, compact support, A furthermore is sparseand thus iterativ e
solvers as the CG- or CGS-method are appropriate for solving the system.
The choice 	( t) = t is the casewhich we will study thoroughly in section
4. There, we will use tensor product B-splines which have all the desired
properties and which are also usedfor the numerical experiments in section
5. The projection method to solve the variational optical 
o w problem in
case	( t) = t �nally readsas follows:

� Choose a linear, �nite dimensional subspaceeVn and an appropriate
basisf � n

1 ; : : : ; � n
ng.

� Compute A and b, e.g. by using numerical integration.

� Solve A � � = b, e.g. by iterativ e solvers such as CG or CGS [35].

� Compute

u �
n = e3 +

nX

n=1

� �
i � n

i :
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3.2 The case, where 	 is an arbitrary , admissible func-
tion

For arbitrary 	 equation(7) represents a systemof nonlinearequations.Such
systemscan be solved e.g. by Newton's method. The gradient and Hesse
matrix of E 	 read

@E 	 (� )
@� j

=

TZ

0

Z




�
	 0

�
(f t +

nX

i =1

� i h� n
i ; r f i )2

�
(f t +

nX

i =1

� i h� n
i ; r f i ) h� n

j ; r f i
�

dx dt ;

@2E 	 (� )
@� j @� j 0

= 2

TZ

0

Z




�
	 00

�
(f t +

nX

i =1

� i h� n
i ; r f i )2

�
�

(f t +
nX

i =1

� i h� n
i ; r f i )2 h� n

j ; r f i h� n
j 0; r f i

�
dx dt

+

TZ

0

Z




�
	 0

�
(f t +

nX

i =1

� i h� i ; r f i )2
�

h� j ; r f i h� j 0; r f i
�

dx dt ;

where 1 � j; j 0 � n. The system of nonlinear equations(7) can be solved
numerically by the Newton method: Choosean initial guess� (0) 2 Rn and
iterate

� (k+1) = � (k) + � � (k) ; k = 0; 1; 2; : : :

where� � (k) solves

r 2E 	 (� (k))� � (k) = �r E 	 (� (k)) :

3.3 More general data terms

We observe that the functional (3) may alsobe written as

E 	 (u) =
1
2

TZ

0

Z



	

�
hu; J f ui

�
dx dt (9)

with the structure tensor J f = r f 
 r f . De�ning E 	 as in (9) for a
symmetric tensor �eld J f of rank 2 related to f and de�ned on 
 � [0; T] we
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can alsoapply more generaldata terms. For instance,instead of the optical

o w constraint hu; r f i = 0 we could assumeconstancy of the brightness
gradient [40] leading to

J f =
2X

i =1

(r f x i 
 r f x i ) : (10)

Again using expansion(6) we �nd for 	( t) = t that

@E 	 (� )
@� j

=

TZ

0

Z




n
he3; J f � n

j i +
nX

i =1

� i h� n
i ; J f � n

j i
o

dx dt ; (11)

j = 1; : : : ; n. This results in the systemof linear equationsA � � = b with

A j j 0 =

TZ

0

Z



h� n

j ; J f � n
j 0i dx dt ; 1 � j; j 0 � n

and

b j = �

TZ

0

Z



he3; J f � n

j i dx ; 1 � j � n :

Note that A remains positive semide�nite, since J f was supposed to be
symmetric. A lot of di�erent data terms can be involved in that way. We
again refer to [41] for an overview of various constancyassumptions.

4 Con vergence rates for tensor pro duct B-
splines and 	( t) = t

In this sectionwe investigatethe deviation of the projected solution u �
n from

the global minimizer u � of E 	 , where 	( t) = t and J f = r f 
 r f . Par-
ticularly we will use tensor product B-splinesof arbitrary order m as basis
functions � i and show optimal convergencewith respect to the residual. To
this end we �rst prove continuity of E 	 in Lp(
 ; R3) for all 2 � p � 1 , if
the image sequencef satis�es certain smoothnessconditions. Thesecondi-
tions are expressedby meansof the Sobolev spacesW �;p (
 � [0; T]), � � 0.
They consistof functions f 2 L p(
 � [0; T]) which have weak derivatives in
Lp(
 � [0; T]) up to the order � . For integers� and 2 � p < 1 the norm is
given as

kuk�;p =
� TZ

0

Z




X

jkj� �

kD ku(x; t)kp
2 dx dt

� 1=p

;
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wherek 2 N3
0 is a multi-index. For p = 1 and integer � we have

kuk�; 1 = max
jkj� �

kD kuk1 :

We have that W �; 2 = H � . For a detailed treatise of Sobolev spaceswe refer
to Maz'ja [25].

Lemma 4.1 (Con tin uit y of E 	 )
Let 	( t) = t. The functional E 	 : Lp(
 ; R3) ! [0; + 1 ) is continuous for
any 2 � p � 1 , if f satis�es

� f 2 W 1;2q0
(
 � [0; T]), (q0)� 1 + (p0)� 1 = 1, p0 = p=2 in case2 < p < 1

� f 2 W 1;1 (
 � [0; T]) in casep = 2

� f 2 W 1;2(
 � [0; T]) in casep = 1

More explicitly, under thesesmoothnessconditions for f there existsa con-
stant Cp > 0 suchthat

jE 	 (u)j � Cp kuk2
p ; u 2 Lp(
 ; R3) : (12)

Pro of: Obviously the boundednessestimate (12) implies the continuity of
E 	 , henceit is su�cien t to prove (12). For 	( t) = t and u 2 L p(
 ; R3) we
have

jE 	 (u)j �
1
2

TZ

0

Z



jhu(x); r f (x; t)ij 2 dx dt

�
1
2

TZ

0

Z



ku(x)k2

2 kr f (x; t)k2
2 dx dt

by the Cauchy-Schwartz inequality. To continue we take into account the
smoothnessconditions for f as listed in the theorem. Note that all these
conditions imply the existenceof r f .
In casep = 2 we postulate f 2 W 1;1 (
 � [0; T]) and thus

jE 	 (u)j �
1
2

T kf k2
1;1

Z



ku(x)k2

2 dx ;

which yields (12) with Cp := Tkf k2
1;1 =2.

In casep = 1 we have that f 2 W 1;2(
 � [0; T]) and immediately obtain

jE 	 (u)j �
1
2

kf k2
1;2 kuk2

1
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and thereforeCp := kf k2
1;2=2 in (12).

For all other p with 2 < p < 1 we usethe H•older inequality. De�ne p0 :=
p=2 and let q0 the reciprocal of p0, that is the unique number q0 satisfying
1=p0+ 1=q0 = 1. An application of the H•older inequality gives

jE 	 (u)j �
1
2

� TZ

0

Z



kuk2p0

2 dx dt
� 1=p0 � TZ

0

Z



kr f k2q0

2 dx dt
� 1=q0

=
1
2

T2=p kf k2
1;2q0

� Z



kukp

2 dx
� 2=p

and we again obtain (12), whereCp := T2=pkf k2
1;2q0=2 in this case. �

Under the smoothnessconditions of lemma 4.1 the functional E 	 is Fr�echet
di�erentiable.

Lemma 4.2 (Fr �echet-di�eren tiabilit y of E 	 )
Adopt the assumptionsmade in lemma 4.1. Then E 	 : Lp(
 ; R3) ! R is
Fr�echet-di�erentiablefor 	( t) = t. The Fr�echet-derivativeE 0

	 : Lp(
 ; R3) !
L (Lp(
 ; R3); R) is given by

E 0
	 (u)v =

TZ

0

Z



hu; r f i hv ; r f i dx dt ; u; v 2 L p (
 ; R3) :

Especially for v = u we have

E 0
	 (u)u = 2E 	 (u) ; u 2 Lp(
 ; R3) : (13)

Pro of: Let v 2 C1
0 (
 ; R3). We compute

@E 	 (u + � v)
@� j � =0

=
1
2

n @
@�

TZ

0

Z



hu + � v ; r f i 2 dx dt

o

j � =0

=
n TZ

0

Z



hu; r f i hv ; r f i dx dt + �

TZ

0

Z



hv; r f i 2 dx dt

o

j � =0

=

TZ

0

Z



hu; r f i hv ; r f i dx dt =: E 0

	 (u)v :

10



To prove that this in fact is the Fr�echet derivative we verify that

lim
kv kp ! 0

kE 	 (u + v) � E 	 (v) � E 0
	 (u)vkp

kvkp

= lim
kv kp ! 0

kvk� 1
p

TZ

0

Z



hv; r f i 2 dx dt

� lim
kv kp ! 0

Cp kvkp = 0;

wherewe used(12). �

Remark 4.3 By appropriate Taylor expansionsonecan easily showthat E 	

is Fr�echet-di�erentiablefor all admissible	 with

E 0
	 (u)v =

TZ

0

Z



	 0(hu; r f i 2) hu; r f i hv ; r f i dx dt ; u; v 2 L p(
 ; R3) :

By now we did not specify the linear subspaceeVn � Lp(
 ; R3) and the basis
functions f � n

1 ; : : : ; � n
ng. To get a sparsematrix A we want the functions � n

i

to be compactly supported. On the other hand they are supposedto have
good approximation propertiesand to besmooth to yield a smooth 
o w �eld.
B-splinessatisfy all theseconditions. To construct the setof knots associated
to the B-splineswe set 
 := [0; 1]2 and assumef (x1; x2; t) to be given for

(x(j )
1 ; x(j 0)

2 ) =
�

(j � 1)=d;(j 0� 1)=d
�

; 1 � j; j 0 � d ; (14)

where d2 represents the number of pixels. The B-spline of order m corre-
sponding to the knots f x(j )

1 g is recursively de�ned as

N m
j (x) = (x � x(j )

1 ) N m� 1
j (x) + (x(j + m)

1 � x) N m� 1
j +1 (x) m � 2

and

N 1
j (x) =

�
1; x(j )

1 � x � x(j +1)
1

0; otherwise

We have that N m
j 2 Cm� 2([0; 1]) and supp N m

j = [x(j )
1 ; x(j + m)

1 ]. Moreover, the
B-splines form a partition of unity. A detailed outline of the construction
and properties of B-splinesare found in the book of Schumaker [37]. Note
that our knot sequencesx(j )

1 , x(j 0)
2 are equidistant with step sized� 1. With
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the help of N m
j we de�ne the basisof the linear subspace.For 1 � j; j 0 � d

and m � 1 let

� (� );m
j;j 0 (x1; x2) := (N m

j 
 N m
j 0 )(x1; x2) � e� � = 1; 2;

where N m
j 0 denotesthe B-spline of order m associated to the knots f x (j 0)

2 g
and e� are the standard unit vectors in R3. E.g.

� (1) ;m
j;j 0 = (N m

j 
 N m
j 0 ; 0; 0) :

Finally we de�ne the linear subspaceeVn as

eVn := W m
d := span

n
� (� );m

j;j 0 : � = 1; 2; 1 � j; j 0 � d + m � 2
o

�
�

Lp(
 ; R3) \ f e?
3 g

�
:

The linear subspaceW m
d is generatedby tensor product B-splines and we

have dim W m
d = 2(d + m � 2)2. Figure 1 shows a B-spline of order 2, which

is a piecewise,linear spline and a graphic of a tensor product B-spline.
To make the notation clear we state three minimizing solutionsof di�erent

kind. Again

u � := argminf E 	 (u) : u = e3 + Lp(
 ; R3)g

is the global minimizer. Corresponding to the spaceW m
d

u �
d;m := argminf E 	 (u) : u = e3 + W m

d g

meansthe solution in the �nite dimensional,a�ne spacee3 + W m
d , which was

formerly denotedby u �
n . At last

~u �
d;m := argminfk u � � ukp : u 2 e3 + W m

d g

is the best approximation of u � in e3 + W m
d . Our aim is to �nd an estimate

for the error
jE 	 (u � ) � E 	 (u �

d;m )j : (15)

We recall that 	( t) = t in our considerations. From the approximation
theory of tensor product B-splineswe know that

ku � � ~u �
d;m kp � K d� min f �;m g ku � k�;p ; (16)

if u 2 W �;p (
 ; R3) for a constant K > 0, seeSchumaker [37, Chapter 12.3].
The main result of this sectionconsistsof the proof that the error (15) has
a convergenceof the sameorder as in (16).

12



Figure 1: B-splines of order 2 (left picture) and a tensor product B-spline
N 2

j 
 N 2
j 0 (right picture).
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Theorem 4.4 (Estimate of the residual error)
Adopt all notations made so far as well as the smoothnessassumptionsfor
f stated in lemma 4.1. Let 	( t) = t. If u � 2 W �;p (
 ; R3) for � � 0 and
2 � p � 1 , then there existsa constant K p > 0 suchthat

jE 	 (u � ) � E 	 (u �
d;m )j � K p d� min f �;m g ku � k�;p : (17)

Furthermore we haveu �
d;m 2 Cm� 2(
 ; R3).

Pro of: First we show that there exists a constant M p > 0 satisfying

kE 0
	 (u)kL p ! R � M p kukp ; (18)

if u 2 Lp(
 ; R3). Assertion (18) results from

kE 0
	 (u)kL p ! R = sup

kv kp � 1

�
�
�

TZ

0

Z



hu; r f i hv ; r f i dx dt

�
�
�

� sup
kv kp � 1

� TZ

0

Z



hv; r f i 2 dx dt

� 1=2 � TZ

0

Z



hu; r f i 2 dx dt

� 1=2

� sup
kv kp � 1

p
2E 	 (v)

p
2E 	 (u) �

p
2Cp

p
2Cp kukp

setting M p := 2Cp. Here,we used(12). By construction we have that

0 � E 	 (u � ) � E 	 (u �
d;m ) � E 	 (~u �

d;m ) : (19)

From (16) we know that ~u �
d;m ! u � as d ! 1 and thus

k~u �
d;m kp � C ; d > 0 (20)

for a certain C > 0. Furthermore, if we use the fact that E 0
	 is linear

as mapping between L p(
 ; R3) and L (Lp(
 ; R3); R), then putting together
(13), (18), (19) and (20) yields

jE 	 (u � ) � E 	 (u �
d;m )j � jE 	 (u � ) � E 	 (~u �

d;m )j

�

�
�
�
�
1
2

E 0
	 (u � )(u � � ~u �

d;m )

�
�
�
� +

�
�
�
�
1
2

E 0
	 (u � � ~u �

d;m )~u �
d;m

�
�
�
�

�
1
2

kE 0
	 (u � )kL p ! R ku � � ~u �

d;mkp +
1
2

kE 0
	 (u � � ~u �

d;m )kL p ! R k~u �
d;mkp

�
1
2

Mp (ku � kp + C) ku � � ~u �
d;m kp ;
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what proves(17) with K p := M p(ku � kp + C)=2.
The smoothnessstatement is obvious, since u �

d;m is a �nite sum of vector
�elds having components which consist of tensor product B-splines of this
very regularity. �

Remark 4.5 Theorem 4.4 on the one hand showswhy we could omit the
regularization term in the functional E 	 . Since the solution is a �nite sum
of smooth functions, it hasthe sameregularity as the basis functions. On the
other hand the residual error jE 	 (u � ) � E 	 (u �

d;m )j tends to zero as d ! 1
of the sameorder as the approximation module of the applied B-splines. In
that sensewe say that the projection method has optimal convergence rate
whenusingB-splines. A further advantageis the small support of the splines
which yields a sparse systemmatrix A . Thus, the arising systemof linear
equationsA � � = b can be solved iteratively, e.g. by the CG-method.

A look at the proof of theorem 4.4 shows that the residual error jE 	 (u � ) �
E 	 (u �

n )j is alwaysof the sameorderasthe approximation power of the applied
basisfunctions, sincethat error can be boundedby a multiple of ku � u �

nk.

Corollary 4.6 Adopt the notations from section 3 and the smoothnessas-
sumptionsfor f listed in lemma 4.1. Let 	( t) = t. Further supposethat (5)
is satis�ed. Then, the residualerror jE 	 (u � ) � E 	 (u �

n )j is of the sameorder
as the approximation module of eVn .

Pro of: This statement follows from the proof of theorem4.4. The last es-
timate in this proof is still valid if we replacethe special approximation ~u �

d;m

by e3 + Pn (u � � e3), wherePn : Lp(
 ; R3) ! eVn is the orthogonal projection
onto eVn . That meansthat jE 	 (u � ) � E 	 (u �

n )j is bounded by a multiple of
ku � � (e3 + Pn(u � � e3))kp. This factor tends to 0 for n ! 1 by (5) and
describesthe approximation module of eVn . �

5 Numerical exp erimen ts

We perform the method described in section 3.1 by meansof several test
sequencesusing the classicaloptical 
o w constraint with J f = r f 
 r f as
well as the gradient constancyassumptionwith (10). In all experiments we
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chose	( t) = t. As basis functions we use piecewiselinear tensor product
B-splinesassociated with the knots f x(j )

1 g, f x(j 0)
2 g from (14),

� (� );2
j;j 0 (x1; x2) := (N 2

j 
 N 2
j 0)(x1; x2) � e� ; � = 1; 2 (21)

which span the linear subspace

W 2
d = span

n
� (� );2

j;j 0 : � = 1; 2; 1 � j; j 0 � d
o

of dimension2d2.

5.1 The classical optical 
o w constrain t

For an image sequencef (x1; x2; t) we have to solve the system A � � = b,
whereA 2 R2d2 � 2d2

, b 2 R2d2
are given as

A (� � )
(j j 0);(kk0) =

TZ

0

Z



h� (� );2

j;j 0 ; r f i h� (� );2
k;k0 ; r f i dx dt (22)

=

TZ

0

Z



f x � (x1; x2; t) N 2

j (x1) N 2
j 0(x2) f x � (x1; x2; t) N 2

k (x1) N 2
k0(x2) dx dt ;

where1 � � ; � � 2 and 1 � j; j 0; k; k0 � d, comparesubsection3.1. Note that
A (� � )

(j j 0);(kk0) 6= 0, only if jj � kj � 1^ jj 0� k0j � 1 sincesupp N 2
j \ supp N 2

k = ;

for jj � kj > 1. Hence,A (� � ) 2 Rd2 � d2
in fact is sparseand block tridiagonal.

The right-hand sideb 2 R2d2
is given accordinglyas

b(� )
(j j 0) = �

TZ

0

Z



h� (� );2

j;j 0 (x1; x2); r f (x1; x2; t)i f t(x1; x2; t) dx dt ; (23)

where� = 1; 2 and 1 � j; j 0 � d. Having the solution � � of A � � = b at hand
we may compute

(u �
d;2)� (x1; x2) =

dX

j;j 0=1

� � ;�
j j 0N 2

j (x1) N 2
j 0(x2) ; � = 1; 2: (24)

Sincethe piecewiselinear B-splinesN 2
j have the interpolation property, i.e.

N 2
j (x(k)

1 ) = � j k , where � j k denotesthe Kronecker symbol, we deducefrom
(24) that

(u �
d;2)� (x(j )

1 ; x(j 0)
2 ) = � � ;�

j j 0 ;
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which simpli�es the visualization of u �
d;2 at the pixels f (x(j )

1 ; x(j 0)
2 )g.

In our numerical experiments we compute the matrix entries A (� � )
(j j 0);(kk0) as

well as the right-hand side b (� )
(j j 0) using the trapezoidal sum with step size

1=(2d) in x1 and x2 and � t = T=N in the time variable t, whereN denotesthe
number of imageframesin the sequencef . The stepsize1=(2d) waschosento
preserve the block tridiagonal structure of A (� � ) . The derivativesf x � , f t were
computedusingthe central di�erential quotient of order2. Finally the arising
system of linear equationsA � � = b was solved applying a preconditioned
CG-method where we used the Jacobian preconditioner. All sequencesf
consistof N = 20 framesof imageswith 64� 64 pixels, that meansd = 64.
We assumedT = 1, what meansthat we normalized the frame distance in
time to 1. Figures 2{4 show the �rst image of the sequencef (x (j )

1 ; x(j 0)
2 ; 0)

as well as the �eld u �
d;2 calculated as in (24). The imagesequencein �gure

2 consistsof a Gaussianfunction moving from the upper left corner towards
the center of the image. The spheresequenceilluminates a rotating sphere
with bright spots. The taxi sequence�nally consistsof a taxi driving a right
turn. The motion �eld is clearly visible in all theseexperiments. In 3 some
regionsseemto be stationary though there is a motion. The reasonis, that
in these regions the brightnessdoes not changeover time. A higher order
splineor another function for 	 might help. The optical 
o w in the lower left
corner of �gure 4 comesfrom the fact that there is another car entering the
picture from the left. Figure 5 furthermore shows the optical 
o w between
two subsequent framesonly. Especially the optical 
o w of the taxi sequenceis
contaminated by noise. To denoisethe input data we apply a pre-smoothing
step to the imagesequencef (x1; x2; t) with a Gaussian�lter

f � ;� (x; t) =
� � 2� � 1

(2� )3=2

TZ

0

Z



e� k x 0� x k 2

2� 2 e� j t 0� t j 2

2� 2 f (x0; t0) dx dt ;

x = (x1; x2) ; x0 = (x0
1; x0

2) ; (25)

where we chose� = 1=d, � = 2� t. Figure 6 shows that the pre-smoothing
in fact leadsto a better result. The bright spots of the moving sphereare
clearly visible as well as the 
o w �eld resulting from the car entering from
the left in the taxi sequence.
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Figure 2: The left imageshows the �rst frame of a test sequenceconsisting
of a Gaussianfunction which moves from the upper left corner towards the
imagecenter. The optical 
o w �eld which emphasizesexactly this motion is
displayed in the right image.

Figure 3: The left imageshows the �rst frame of a test sequenceconsisting
of a rotating sphere. The optical 
o w �eld is displayed in the right image.
They are somestripesvisible, wheredoesnot seemto be any motion though
there is one.
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Figure 4: The left imageshows the �rst frame of a test sequenceconsisting
of a taxi making a right turn. From the left another car is entering the image
frame. The optical 
o w �eld can be seenin the right image. Both motions
are clearly visible.

Figure 5: Optical 
o w betweenthe frames10 and 11 of the spheresequence
(left) and the taxi sequence(right) without a pre-smoothing step.
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Figure 6: Optical 
o w betweenthe frames10 and 11 of the spheresequence
(left) and the taxi sequence(right) with the pre-smoothing (25) asdenoising.

5.2 The gradien t constancy assumption

Now we assumethe gradient of brightness to be constant. That meanswe
minimize E 	 as in (9) with

J f =
2X

i =1

(r f x i 
 r f x i )

Using again the pieciewiselinear tensorproduct B-splines(21) asbasisfunc-
tions we have to solve the systemA � � = b, where

A (� � )
(j j 0);(kk0) =

TZ

0

Z



h� (� );2

j;j 0 ; J f � (� );2
k;k0 i dx dt

=

TZ

0

Z



[J f (x1; x2; t)]� � N 2

j (x1) N 2
j 0(x2) N 2

k (x1) N 2
k0(x2) dx dt

for 1 � � ; � � 2, 1 � j; j 0; k; k0 � d, comparesubsection3.3. Again A (� � ) 2
Rd2 � d2

is sparseand block tridiagonal. The right hand sidereadsas

b(� )
(j j 0) = �

TZ

0

Z



[J f (x1; x2; t)]3� N 2

j (x1) N 2
j 0(x2) dx dt ;

where � = 1; 2 and 1 � j; j 0 � d. We solve A � � = b. Figure 7 shows the
optical 
o w betweenthe frames10and11of the spheresequence,�gure 8 that
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Figure 7: Optical 
o w betweenthe frames10 and 11 of the spheresequence
using the gradient of brightness constancy assumption. Left : Without
smoothing. Right : Including smoothing (25).

of the taxi sequencewherethe gradient of brightnessconstancyassumption
wasapplied. Wecomparedthe resultswith and without the smoothing of the
image data accordingto (25). Figure 9 displays the optical 
o ws averaged
over time of the sphereand the taxi sequenceof �gures 3, 4 but now with
the gradient of brightnessconstancyassumptionas structure tensor.

6 Conclusions

This article shows how optical 
o w can be calculated using a variational
approach together with projection methods. If 	( t) = t, these projection
methods always have optimal convergencerates in the sensethat the resid-
ual error is of the sameorder as the approximation power of the applied
basis functions. The method is easy to implement and �rst numerical re-
sults illustrate the feasability of the concept. In view of the error estimate
(17) improvements can be expected when applying higher order B-splines,
e.g. cubic splines(m = 4), or imageswith higher resolution (larger d). An
additional pre-smoothing step of f can also lead to better reconstruction
results. In order to make the basic ideas behind projections methods for
optic 
o w estimation astransparent aspossible,we have focusedon a proof-
of-conceptthat keepsthe model assumptionsrelatively simple and allows a
detailed mathematical analysisof the convergencerates. However, it is clear
that projection approachesallow to integratealsomoresophisticatedmodels.
Performing more research in this direction appearsto be promising asfuture
work. Particularly, if special propertiesof the optical 
o w �eld are desirable,
e.g. a certain regularity or the incorporation of additional constaints, projec-
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Figure 8: Optical 
o w between the frames 10 and 11 of the taxi sequence
using the gradient of brightness constancy assumption. Left : Without
smoothing. Right : Including smoothing (25).

Figure 9: Optical 
o w of the sphere(picture to the left) and taxi sequence
(picture to the right) with (10) as structure tensor.
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tion methods canbe an adequateand mathematically elegant tool to achieve
them.
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