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Abstract
Matrix �elds are becomingincreasingly important in digital imag-

ing. In order to perform shape analysis, enhancement or segmenta-
tion of such matrix �elds, appropriate image processingtools must
be developed. This paper extends fundamental morphological opera-
tions to the setting of matrices, in the literature sometimesreferred
to as tensorsdespite the fact that matrices are only rank two tensors.
The goal of this paper is to introduce and explore two approaches to
mathematical morphology for matrix-v alued data: One is basedon a
partial ordering, the other utilises nonlinear partial di�eren tial equa-
tions (PDEs).
We start by presenting de�nitions for the maximum and minimum of
a set of symmetric matrices since these notions are the cornerstones
of the morphological operations. Our �rst approach is basedon the
Loewner ordering for symmetric matrices, and is in contrast to the
unsatisfactory component-wise techniques. The notions of maximum
and minimum deduced from the Loewner ordering satisfy desirable
propertiessuch asrotation invariance,preservation of positivesemidef-
initeness,and continuous dependenceon the input data.
Theseproperties are also sharedby the dilation and erosionprocesses
governed by a novel nonlinear system of PDEs we are proposing for
our secondapproach to morphology on matrix data. ThesePDEs are
a suitable counterpart of the nonlinear equations known from scalar
continuous-scalemorphology. Both approaches incorporate informa-
tion simultaneously from all matrix channelsrather than treating them
independently. In experiments on arti�cial and real medical positive
semide�nite matrix-v alued images we contrast the resulting notions
of erosion, dilation, opening, closing, top hats, morphological deriva-
tiv es,and shock �lters stemming from thesetwo alternatives. Using a
ball shaped structuring element we illustrate the properties and per-
formanceof our ordering- or PDE-driv en morphological operators for
matrix-v alued data.

Keyw ords: Mathematical morphology, dilation, erosion,matrix-valued im-
ages,di�usion tensor MRI, Loewner ordering, nonlinear partial di�erential
equation

In tro duction

0.1 Motiv ation and Short Overview

Mathematical morphology has met the needsof the image processingcom-
munity for nearly four decades. The story of successhas started in the
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sixties with Serra'sand Matheron's pioneeringwork on binary morphology
[26, 35], and continued with generalisationsto greyscalemorphology in the
eighties and proposedextensionsof morphologicalconceptsto vector-valued
imagesand imagesequences.The variety in mathematicalmorphologyis well
documented in many monographs,e.g. [20, 27, 36, 37, 38] and conference
proceedings,e.g. [16, 21, 39, 25, 15].

Nevertheless,the treatment of matrix-valued imagesis still at its infancy,
despitethe fact that matrix �elds have gainedimportance in recent years:

� First, di�usion tensor magnetic resonance imaging (DT-MRI) [4] is a
modern but commonly usedmedical imaging technique that measures
a 3� 3 positive semide�nite matrix-�eld: A so-calleddi�usion tensor is
assignedto each voxel. This di�usion tensor describes the di�usiv e
property of water molecules. As such it re
ects the geometry and
organisation of the tissue under examination and is a very valuable
tool for the diagnosisof multiple sclerosisand strokes[30].

� Second,the conceptof tensorshasbeenestablishedasfruitful in image
analysisitself [17]: The structure tensor [13], for instance,(also called
F•orstner interest operator, secondmoment matrix or scatter matrix)
is used for corner detection [19], but also for motion [5] and texture
analysis[31].

� Third, in civil engineeringand solid mechanics anisotropic behaviour
is often described satisfactorily by inertia, di�usion and permittivit y
tensorsand stress-strainrelationships

This variety of applicationscreatesthe needto develop appropriate tools for
the processingand analysis of tensor respectively matrix data: As in the
scalarcaseedgesand shapesmust be detected,noiseremoved and structures
must be enhanced.Treating the channelsindependently is a strategy which
is simple and closeat hand. Along this line shift-invariant linear �lters [44]
and adaptivenonlinear �lters [18] for DT-MRI data have beendesigned,with
the drawback of ignoring any relation betweenthe di�erent matrix channels.
More advanced approaches have been basedon the smoothing of derived
joint expressionssuch as the eigenvaluesand eigenvectorsof the matrix �eld
[11, 40] or its fractional anisotropy [29]. Again this boils down to scalar-
or/and vector-valued �ltering with all its seriousshortcomings.
Unlike vectors, matrices can be multiplied making, in e�ect, matrix-valued
polynomials and even functions of matrices a very useful notion that deci-
sively rely on the strong interplay betweenthe di�erent matrix entries. We
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emphasiseoncemore that in our opinion only conceptsof morphological�l-
ters for matrix data that take full advantage of the rich algebraicstructure
o�ered by matrices will lead to convincing results.
Matrix-v aluedimageprocessingmethodsthat actually exploit the interaction
of the di�erent matrix channelshave beenintroducedfor nonlinear regulari-
sation methods and related di�usion �lters [40, 42]. The resulting nonlinear
structure tensor [42] has shown its use in motion estimation [7], texture
analysis[32] and unsupervisedsegmentation [6]. Matrix-channel interaction
also is an essential part in the approachesto median �ltering [43], to active
contour and meancurvature motion models for tensor �elds [12].

Encouragedby the numerousexamplesmentioned above wherePDE-based
�lter techniques have been extended to the matrix-valued setting it seems
worthwhile to search for a matrix-valuedcounterpart for PDE-drivengreyscale
morphologycaptured in (1).

0.2 Our Con tribution

In [9] the basicoperationsdilation and erosionaswell asopeningand closing
have beentransferedto the matrix-valued setting at least for 2� 2 matrices.
However, the proposedapproaches lack the continuous dependenceon the
input matrices which, con�rmed by experiments, renders them uselessfor
the designof morphologicalderivatives.
The novel approach in [10]usingthe so-calledLoewnerordering for 2� 2 ma-
trices overcomesthis inadequacy. The non-trivial extensionto higher-order
matriceshasbeenachieved in [8] taking into account the detailed geometric
structure of the coneassociated with the Loewnerordering.
The goalof this article is two-fold: First, wepresent the approach to morpho-
logical operators for matrix-valued imagesbasedon the Loewner ordering.
Second,we proposea novel matrix-valued analogof the nonlinear PDE (1).
The results of the two approacheswill be juxtaposedfor a number of mor-
phologicaloperatorsranging from the basicdilation/erosion over top-hats to
morphologicalderivativesand Laplacian.
The morphologicaloperations to be de�ned either via Loewnerordering or
via nonlinear PDEs should work on the set Sym(n) of symmetric n � n
matrices and have to satisfy conditions such as:

(i) Continuous dependenceof the basic morphological operations on the
matrices usedas input for the aforementioned reasons,

(iii) preservation of the positive semide�nitenessof the matrix �eld since
DT-MRI data setspossesthis property,
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(iii) rotational invariancein each voxel:
V > M O(A1; : : : ; An )V = M O(V > A1V; : : : ; V > AnV) for any
orthonormal matrix V and whereM O standsfor a standard morpho-
logical operation.

The article is structured as follows: The subsequent Section1 givesa brief
account of the morphological operations we aim to extend to the matrix-
valued setting. In Section2 we present the crucial maximum and minimum
operationsfor matrix-valueddata basedon the Loewnerordering. Section3 is
devoted to the introduction and discussionof the matrix-valued counterpart
of the nonlinear di�usion equation (1). The results of our experiments with
various morphological operators employing the ordering or PDE approach
will be juxtaposedin Section4. Weusearti�cial matrix-�elds astest data for
the sake of better comparability and judgment. The last Section5 provides
concludingremarks.

1 Morphological and Mathematical
Preliminaries

In order to make this article as self-contained as possiblewe collect in this
sectionbasicde�nitions and facts from morphology, matrix theory, and con-
vex analysis. The reader interestedin a more detailed exposition is referred
to the literature cited below.

1.1 Basic Flat Morphology

Standard morphologicaloperationsemploy the so-calledstructuring element
to work on imagesrepresented by scalar functions f (x; y) with (x; y) in the
image domain 
, (x; y) 2 
 � IR2. Greyscaledilation � , resp., erosion 	
w.r.t. B is de�ned by

(f � B ) (x; y) := sup f f (x � x0; y� y0) j (x0; y0) 2 Bg;

(f 	 B ) (x; y) := inf f f (x � x0; y� y0) j (x0; y0) 2 Bg:

The combination of dilation and erosiongivesrise to various other morpho-
logical operators such as opening and closing,

f � B := (f 	 B ) � B ; f � B := (f � B ) 	 B ;

the white top-hat and its dual, the blacktop-hat

WTH (f ) := f � (f � B ) ; BTH( f ) := (f � B ) � f ;
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�nally , the self-dualtop-hat, SDTH(f ) := (f � B ) � (f � B ) :
The boundaries of objects are the loci of high greyvalue variations in an
image which can be detectedby gradient operators. The so-calledBeucher
gradient

%B (f ) := (f � B ) � (f 	 B ) ;

as well as the internal and external gradient,

%�
B (f ) := f � (f 	 B ) ; %+

B (f ) := (f � B ) � f

are analogsto the norm of the gradient kr f k if f is consideredas a di�er-
entiable image.
The application of shock �ltering to matrix-valueddata callsfor an equivalent
of the Laplaceoperator � f = @xx f + @yy f appropriate for this type of data.
A morphological Laplacian has been introduced in [41]. However, we usea
variant given by

� B f := %+
B (f ) � %�

B (f ) = (f � B ) � 2 � f + (f 	 B ) :

This form of a Laplacian acts as the secondderivative @� � f where � stands
for the direction of the steepest slope. Therefore it allows us to distinguish
between in
uence zonesof minima and maxima of the image f , a property
essential for the designof shock �lters.
The ideaunderlying shock �ltering is applying either a dilation or an erosion
to an image,depending on whether the pixel is located within the in
uence
zoneof a minimum or a maximum [24]:

SB f :=

8
><

>:

f � B ; trace(� B f ) < 0;

f ; trace(� B f ) = 0;

f 	 B ; trace(� B f ) > 0:

1.2 Con tin uous Morphology

In ([34, 33]) nonlinearpartial di�erential equationswereproposedthat mimic
the processof dilation and erosion.For 
at morphologywith a ball asstruc-
turing element this di�usion equation reads

@ut = � kr uk; (1)

with initial condition u(x; y; 0) = f (x; y). Heref is the original imageon the
image domain 
 and u its transformed versions. The PDE framework for
morphology has its advantages: The sophisticatedmachinery of numerical
solution methods for PDEs is at our disposal and, most important, this
continuous approach allows for sub-pixel accuracy.
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1.3 Convex Matrix Analysis

The set Sym(n) of symmetric n � n-matrices with real entries is a vector
spacew.r.t. the usual rules for summation and multiplication by a scalar.
Sym(n) is endowed with the scalar product hA; B i :=

p
trace(A> B) giving

rise to the Frobeniusnorm for matrices: kAk =
q P n

i;j =1 a2
ij .

Symmetric matricescan be regardedasa generalisationof real numbersand
onecande�ne functions h of thosematrices[23]: Let diag(� 1; : : : ; � n ) denote
a diagonalmatrix with entries � 1; : : : ; � n . We de�ne for a symmetric matrix
A 2 Sym(n) with eigenvalue decomposition A = V diag(� 1; : : : ; � n ) V > and
orthogonal matrix V the matrix h(A) by

h(A) := V diag(h(� 1); : : : ; h(� n )) V > (2)

provided the � i `s lie in the domain of de�nition of h. We observe that this
de�nition is rotational invariant and preservessymmetry, h(A) 2 Sym(n).
The following exampleis of great importance for the subsequent exposition:
Specifying h as the absolute value function, h(x) = jxj associates with a
matrix A its absolute value jAj. This jAj denotesa positive semide�nite
matrix and must not be confusedwith the norm or determinant of A.
Symmetric matrices A that satisfy x> Ax � 0 for all x 2 IRn are commonly
called positive semide�nite. This gives rise to a natural partial ordering
on Sym(n), the so-calledLoewner ordering de�ned via the set of positive
semide�nite matrices Sym+ (n) by

A; B 2 Sym(n) : A � B :, A � B 2 Sym+ (n);

i. e. A � B if and only if A � B is positive semide�nite.
The notions of maximal and minimal matrices to be introduced in the fol-
lowing chapter will rely on the Loewnerordering. This makesit necessaryto
give a brief account of somenotions from convex analysis, for more details
the readeris referredto [2, 22], for example.
A subsetC of a vector spaceV is called cone, if it is stable under addition
and multiplication with a positive scalar. Hence,the set Sym+ (n) of positive
de�nite matrices is a cone, the ordering coneassociated with the Loewner
ordering.
A subsetB of a coneC is namedbase if every y 2 C; y 6= 0 admits a unique
representation as y = r � x with x 2 B and r > 0. For instance, the set of
positive semide�nite matriceswith trace 1 form a baseof Sym+ (n). Observe
that this basef M 2 Sym+ (n) : trace(M ) = 1g is convex and compact.
By far the most important points of a compact convex set are its extreme
points which can be characterisedas follows: A point x is an extremepoint
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of a convex subsetS � V of a vector spaceV if and only if S n f xg remains
convex.
The set of all extremepoints of S is denotedext(S). All extremepoints are
necessarilyboundarypoints, ext(S) � bd(S). The importanceof the extreme
points becomesapparent in the theoremsof Minkowski and Krein-Milman
which state that each convex compact set S in a �nite dimensionalvector
spacecan be reconstructedas the set of all �nite convex combinations of its
extremepoints [2, 22]:

S = convexhull (ext(S))

=

(
NX

i =1

� i ei j N 2 IN; ei 2 ext(S); � i � 0; for i = 1; : : : ; N;
NX

i =1

� i = 1

)

All the important information of a convex compact set is captured in its
extremepoints.
The (topological) interior of Sym+ (n) is the coneof positivede�nite matrices,
while its boundary consistsof all matrices in Sym+ (n) with a rank strictly
smaller than n. It is known [2] that the matrices v v> with unit vectors
v 2 IRn , kvk = 1 are the extremepoints of the baseof Sym+ (n). They have
by construction rank 1 and for any unit vector v we �nd v v> v = v � kvk2 = v
which implies that 1 is the only non-zeroeigenvalue,entailing trace(v v> )= 1.
Becauseof this extremal property the matrices v v> with kvk = 1 carry the
completeinformation about the baseof Loewnerorderingconeand hencethe
coneitself: convexhull( f v v> : v 2 IRn ; kvk = 1g) is a basefor the Loewner
ordering cone.

The conceptsmentioned above can be visualisedin the casen = 2, sinceit
is possibleto embed Sym(2) in IR3 via the mapping

A = (aij ) i;j =1 ;2  !
1

p
2

(2a12; a22 � a11; a22 + a11)> :

The transform is an isometry and maps f A 2 Sym(2) : trace(A) = 0g onto
the x-y-plane. In �gure 1 (a) the the image of the cone for the Loewner
ordering is indicated.
Manipulations with this ordering conewill put us in the position to de�ne
suitable notions for maximal and minimal matrices of a given �nite set of
symmetric matrices.

2 Morphology for Tensor Fields via Ordering

Before proceedingto de�ne suitable notions for maximum and minimum of
a set of matrices it is essential to clarify what \suitable\ means.To do sowe
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will focuson a modern medicalimageacquisition technique: Di�usion tensor
magnetic resonanceimaging, DT-MRI.
This method measuresthe probability density function of displacements of
particles that are subject to a Brownian motion within a samplematerial.
The structure of material determinesthe movabilit y of the particles, which
is re
ected in properties of this probability density. In biomedicalDT-MRI
the particles under consideration are water moleculesperforming random
movements in biological tissuedue to thermal 
uctuations. In a �rst approx-
imation the probability distributions areassumedto be Gaussiandetermined
by positive semide�nite co-variance matrices � and zero mean. The corre-
sponding isoprobability surfaces describe the di�usion. They depend on the
quadratic form associated with �, f x 2 IR3 : x> � � 2x = 1g, and hencethey
are ellipsoids. In this respect the ellipsoidscorrespond exactly to the well-
known orbits of electronsin atoms or molecules.
The shape of the ellipsoid provides information about hindering and en-
hancing in
uences on the di�usion of water moleculesat a voxel and there-
fore about the underlying microstructure of the tissue. The maximal ellip-
soid/matrix of a �nite set of ellipsoids/matrices f E i : i = 1; : : : ; ng should
now re
ect, in a minimal manner, the di�usion of a water molecule that
underlies all the enhancingin
uences represented by the E i . Likewisefor
the minimal ellipsoid/matrix: It should mirror all the hindering in
uences
represented by E i .
In other words, the maximal ellipsoid should be as small as possibleand
cover all E i while the minimal ellipsoid shouldbe aslargeaspossibleand be
contained in all E i .
The maximal and minimal matrices in generalwill not belong to the set of
matricesthey are bounding, and in view of the interpretation asisoprobabil-
it y surfaces,this would not even be desirablefor DT-MRI data.

It is important to remark, that this rulesout the straightforward component-
wiseapproach: It would lead to notions of maximal/minimal matriceswhose
corresponding ellipsoids ful�ll neither the \covering\ nor the \containing\
property just mentioned.
For detailed information about the acquisition of DT-MRI data the reader
might consult [3] or more recently, [1] and the literature cited therein.
Note that sincethe Loewnerordering for symmetric matricessolelyrelieson
quadratic forms, it is a natural conceptto consider,and we will do so in the
next subsection.
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2.1 Maximal and Minimal Matrices in the Lo ewner
Ordering

The ordering coneof the Loewner ordering by de�nition consistsof all the
matrices that are larger than the zero-matrix at its vertex. A reverted and
translated versionof this conethen characterisesthe matricesthat aresmaller
than the matrix marking its vertex; the penumbra P(M ) of a matrix M 2
Sym(n) is the set of matricesN that are smaller than M w.r.t. the Loewner
ordering:

P(M ) := f N 2 Sym(n) : N � M g = M � Sym+ (n) ;

where we usedthe customary notation a + r S := f a + r � s : s 2 Sg for a
point a 2 V, a scalarr 2 IR and a subsetS � V.
Using this geometricdescription the problem of �nding the maximum of a
set of matrices f A1; : : : ; Am g amounts to determining the minimal penum-
bra covering their penumbras P(A1); : : : ; P(Am ). Its vertex represents the
maximal matrix A we are searching for and that dominatesall A i w.r.t the
Loewnerordering.
However, the coneitself is too complicateda structure to behandleddirectly.
Insteadweassociatewith each matrix M 2 Sym(n) a ball in the subspacef A :
trace(A) = 0g of all matrices with zero trace as a completelydescriptiveset.
For the sake of simplicity we will assumethat trace(M )� 0. The enclosing
ball is constructedin two steps:First, from the statements aboveweconclude
that the set

�
M � trace(M ) � convexhull f v v> : v 2 IR; kvk = 1g

	
is a base

for P(M ) contained in the subspacef A : trace(A) = 0g. We observe that
the identit y matrix E is perpendicular to the matricesA from this subspace,
hA; Ei =

p
trace(A) = 0, and hencethe orthogonal projection of M onto

f A : trace(A) = 0g is given by

m := M �
trace(M )

n
E : (3)

Second,the extremepoints of the baseof P(M ) are lying on a spherewith
center m and radius

r := kM � trace(M )v v> � mk = trace(M )

r

1 �
1
n

: (4)

Consequently, if the center m and radius r of a spherein f A 2 Sym(n) :
trace(A) = 0g are given the vertex M of the associated penumbra P(M ) is
obtained by

M = m +
r
n

1
q

1 � 1
n

E : (5)
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Figure 1: (a) Left: Image of the Loewner cone Sym+ (2). (b) Middle:
Conecovering four penumbras of other matrices. The tip of each conerep-
resents a symmetric 2 � 2 matrix in IR3. Each of the cones(and henceits
generatingmatrix) is uniquely determinedby its circular base.The minimal
disc covering the smaller discs belongsto the selectedmaximal matrix A.
(c) Righ t: The maximum (largest ellipse) and minimum (smallest ellipse)
of two 2 � 2-matrices.

With this information at our disposal,we can reformulate the task of �nding
a suitable maximal matrix A dominating the matrices f A1; : : : ; Amg: The
smallest sphereenclosingthe spheresassociated with f A1; : : : ; Amg deter-
mines the matrix A that dominatesthe A i . It is minimal in the sense,that
there is no smalleronew.r.t. the Loewnerordering which hasthis \covering
property" of its penumbra.
This is a non-trivial problem of computational geometryand we tackle it by
usinga sophisticatedalgorithm implemented by B. Gaertner [14]. Givena set
of points in IRd it is capableof �nding the smallestball enclosingthesepoints.
Hence for each i = 1; : : : ; m we sample within the set of extreme points
f A i � trace(A i )v v> g of the baseof P(A i ) by expressingv in 3d-spherical
coordinates,v = (sin � cos ; sin� sin ; cos� ) with � 2 [0; 2� [;  2 [0; � [.

Again we have the opportunit y of visualisation in the caseof 2� 2-matrices.
Then the extremepoints are the matricesvv> with v> = (cos'; sin' ) where
' 2 [0; 2� [. Hence the aforementioned descriptive sets are discs in the
x-y-plane determining the penumbras associated with the set of matrices.
The penumbras of the matrices f A1; : : : ; Amg are covered with the minimal
penumbral conewhosevertex represents the desiredmaximal matrix A, see
�gure 1 (b). This minimal coneis found by calculating the smallestcircle, its
descriptiveset,enclosingthe discsstemmingfrom the matricesf A1; : : : ; Amg.
The geometricpoint of view allows us to connectthe maximum of matrices
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w.r.t. the Loewnerordering to the maximum of real numbers. To this end
recall the formula

max(a1; a2) =
1
2

(a1 + a2) +
1
2

ja1 � a2j (6)

valid for any real numbers a1 and a2. Then an elementary calculation, fur-
nishing the smallestenclosingsphereof two spheres,revealsthat the maximal
matrix dominating A1 and A2 obtained through

max(A1; A2) =
1
2

(A1 + A2) +
1
2

jA1 � A2j (7)

indeed coincideswith the maximal matrix induced by the Loewner order-
ing. Note that an extensionof this algebraicapproach to setsof symmetric
matrices with more than two elements is not feasible. Formula 7 and the
corresponding expressionfor the minimum will play a vital role in the PDE-
framework for morphology.

Let us summarisethe above construction in four steps: In order to determine
the maximal matrix A to a given set of matrices f A1; : : : ; Amg

1. calculate their projections ai , i = 1; : : : ; m accordingto (3),

2. determine the radii r i , i = 1; : : : ; m, of the basesof their penumbras
through (4),

3. determine the centre and radius of the smallest ball enclosingthese
bases,

4. recover the vertex of the associated penumbral conevia formula (5).

The minimal element A is obtained through the formula

A =
�
max(A � 1

1 ; : : : ; A � 1
m )

� � 1

inspired by its well-known counterpart for real numbers. The construction
of maximal and minimal elements ensurestheir rotational invariance, their
positive semide�nitenessand continuity. Theseproperties are passedon to
the above mentioned morphologicaloperations.

3 PDE-Based Morphology for Tensor Fields

3.1 Matrix-V alued PDEs for Dilation and Erosion

As mentioned in the introduction the nonlinear PDEs that createa dilation
and erosionprocesscorresponding to a ball-shaped structuring element for
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greyvalue imagesare given in [34] and read

@ut = � kr uk = �
q

j@xuj2 + j@yuj2 + j@zuj2 (8)

with initial condition u(x; y; z; t) = f (x; y; z). This equation contains the
gradient operator r := (@x ; @y ; @z)> with its partial derivativesand the Eu-
clidean vector norm k(v1; v2; v3)> k :=

p
v2

1 + v2
2 + v2

3. For both we have to
�nd suitable analogsfor matrices.

It is important not to considera matrix norm as the extensionof the vector
norm in (8). We rather give the expressionson the right hand side of (8)
a new meaning in the framework of symmetric matrices aiming at a truly
matrix-valued nonlinear partial di�erential equation as the counterpart of
the scalarPDE (8).
To this end we have to clarify what a partial derivative, the absolutevalue
and a squareroot of a symmetric matrix is.
We de�ne the equivalent @� of the partial derivative @� , spatial or temporal,
of a scalar function for a matrix-valued function U(x; y; z; t) = (Ui;j ) i;j =1 ;:::;n

by componentwiseapplication of @� :

@� U := (@� Ui;j ) i;j =1 ;:::;n (9)

Due to the linearity of matrix multiplication and di�erentiation the applica-
tion of @�

� preservessymmetry: U 2 Sym(n) =) @� U 2 Sym(n),

� is rotational invariant:
@� (WUW > ) = W(@� U)W > holds for any constant orthogonal matrix
W.

We remember the de�nition of a function of a symmetric matrix given in
2. Then, by using the speci�cations h(x) = jxj2 and h(x) =

p
x, we

have equipped the matrix-valuedexpression
q

j@xUj2 + j@yUj2 + j@zUj2 with
meaning. With this at our disposalit is now possibleto establishthe matrix-
valued counterpart of (8):

@Ut = �
q

j@xUj2 + j@yUj2 + j@zUj2 (10)

where \+\ governs the dilation-lik e, and \{\ rules the erosion-like di�usion
process.
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The expressionon the right again is rotational invariant and producespos-
itiv e, resp., negative semide�nite matrices depending on the choice of the
positive , resp.,negative sign. Equation (10) truly exploits the matrix struc-
ture of the data since it describes a highly correlated system of nonlinear
partial di�erential equationsin n � n unknowns.

3.2 A Matrix-V alued Varian t of the Osher-Sethian-
Scheme

Inspired by numerical schemesfor hyperbolic conservation laws Osher and
Sethian[28] proposedfor the two-dimensionalscalardilation equation@tu =p

(@xu)2 + (@yu)2 the numerical approximation

u(i; j )(n+1) � u(i; j )(n)

�
=

=

" �
min

�
u(i; j )(n) � u(i � 1; j )(n)

h1
; 0

�� 2

+
�

max
�

u(i + 1; j )(n) � u(i; j )(n)

h1
; 0

�� 2

+
�

min
�

u(i; j )(n) � u(i; j � 1)(n)

h2
; 0

�� 2

+
�

max
�

u(i; j + 1)(n) � u(i; j )(n)

h2
; 0

�� 2
#1=2

=

2

4

 �
u(i; j )(n) � u(i � 1; j )(n)

h1

� �
! 2

+

 �
u(i + 1; j )(n) � u(i; j )(n)

h1

� +
! 2

+

 �
u(i; j )(n) � u(i; j � 1)(n)

h2

� �
! 2

+

 �
u(i; j + 1)(n) � u(i; j )(n)

h2

� +
! 2

3

5

1=2

:

where, for instance, u(i; j )(n) stands for the value of the function u at (i �
h1; j � h2) at n-th time step of size � . We have also usedthe abbreviations
u+ = max(u; 0) and u� = min(u; 0). Aside from the obvious extension to
three dimensionswe realise,that this schemecan be reinterpreted in terms
of symmetric matrices:
The schemerequires to perform subtractions and scalar multiplications, to
rise to the power of 2, to take the squareroots, and to determine the maxi-
mum and minimum of two matrices. With the preparationsin the subsection
above all theseoperations are at our disposal also in the caseof symmetric
matrices. So we are allowed to replacethe scalar function u by the n � n
matrix U to obtain a matrix-valuedschemefor the matrix-valued PDE (10):
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U(i; j; k)(n+1) � U(i; j; k)(n)

�
=

=

2

4

 �
U(i; j; k)(n) � U(i � 1; j; k)(n)

h1

� �
! 2

+

 �
U(i + 1; j; k)(n) � U(i; j; k)(n)

h1

� +
! 2

+

 �
U(i; j; k)(n) � U(i; j � 1; k)(n)

h2

� �
! 2

+

 �
U(i; j + 1; k)(n) � U(i; j; k)(n)

h2

� +
! 2

+

 �
U(i; j; k)(n) � U(i; j; k � 1)(n)

h3

� �
! 2

+

 �
U(i; j; k + 1)(n) � U(i; j; k)(n)

h3

� +
! 2

3

5

1=2

:

It is convenient to use formula (7) to calculate the maximum and its well-
known analogmin(A1; A2) = 1

2(A1+ A2 � jA1 � A2j) to calculatethe minimum
of two matricesA1; A2 2 Sym(n).
The numerical approximation for the PDE of the erosiondi�ers from the one
for dilation only by a factor � 1 and the exchangeof minimum and maximum
operations. Henceit posesno further challengeand a detailed exposition is
skipped herefor the sake of brevity.

4 Exp erimen tal Results
and their Comparison

In our numerical experiments we usean arti�cial 20� 20� 20-�eld as well
as an 128� 128� 30 �eld of 3-D positive de�nite matrices originating from
a 3-D DT-MRI data set of a human head,see�gures 2, 7.
The data are represented asellipsoidsvia the level setsof the quadratic form
f x> Ax : x 2 IR3g associated with a matrix A 2 Sym+ (3). In using A � 2 the
length of the semi-axesof the ellipsoid correspond directly with the three
eigenvaluesof the positive de�nite matrix.
The arti�cial data constitute a cross-like structure where the ellipsoids in
the center of the crossare lense-shaped, the onesin the arms of the crossare
strongly elongated,while thoseoutside the crossare simple balls.
For the ordering-basedmorphological operators a ball-shaped structuring
element of radius 2, in the sequelabbreviated by BSE(2), was used. As
pointed out in the previoussection3.2the proposedmatrix partial di�erential
equations(10) aresolvednumerically by a matrix-valuedversionof the Osher-
Sethian-schemefor dilation and erosion.
In general4 iterations with a time stepsizeof 0.5wereperformed,resulting in
a stopping time of 2 which correspondsto the sizeof the structuring element.
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In the scalarsetting the di�usion processesgovernedby (8) are followed by
a threshold operation. However, we refrainedfrom doing soin order to avoid
additional parametersand their arbitrariness,especially in the matrix-valued
setting. The price to pay will be the presenceof blurring, sincethe Osher-
Sethian-schemealready createsblurring in the scalar case,and one cannot
expect any better in the more complicatedmatrix-valued setting.
Due to the complexity of the not yet fully optimised proceduresthe running
time to obtain dilation and erosionis about two ordersof magnitude longer
than in the caseof comparablecalculationswith grey value data.

This blurring e�ect of the the numerical schemeis responsiblefor discrepan-
cies in the experimental results for the arti�cial data in the caseof closing
and opening operations, �gure 3, and consequently also in the caseof the
top hat operations, �gure 4. However, this discrepancyis not as prominent
for the medical imagesas can be seenin �gures 8 and 9.
The imageat the top of �gure 2 displays the central sliceof the original data
cube wherethe z-direction is perpendicular to the imageplane. Figure 7 (a)
exhibits a 128� 128layer of the medicaldata while (b) displays an enlarged
sectionnear the upper right corner of (a).
In both casesthe imagesbelow show the e�ect of dilation and erosionwith
both the ball-shaped structuring element BSE(2) and their imitations with
the nonlinear PDEs (10). The results of both approachesare quite similar
and reasonable.As it is expected from scalar-valued morphology, the shape
of details in the dilated and eroded imagescorrespond to the shape and size
of the structuring element.
Clearly visible in the imagesof the right column of �gures 2 and 7 is the
blurring e�ect of the PDE-basedapproach. In view of the di�usiv e properties
of the Osher-Sethianscheme,this doesnot comeas a surprise.
However, we believe this blurring e�ect of the the numerical scheme to be
responsiblefor discrepanciesin the experimental results concerningthe arti-
�cial data in the caseof closingand opening operations, �gure 3, and con-
sequently also in the caseof the top hat operations, �gure 4. However, this
discrepancyis not asprominent for the medical imagesascan be seenin �g-
ures 8 and 9. Obviously the concatenationof dilation and erosionenhances
the negative e�ects of the blurring introducedby the numerical scheme.
Fortunately, when it comesto the Beucher gradient as well as the internal
and the external gradient, the results from both approacheso�er a striking
similarity. As visible in �gures 5 and 10 the gradients (especially the one-
sidedgradients) stemmingfrom both approachesare able to detect edge-like
features. The PDE-basedresults look like slightly blurred versionsof the
ordering basedoutcome.
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Figure 2: (a) Top: Central 2-D layer of an arti�cial 3-D positive de�nite
matrix �eld. (b) Middle left: Dilation basedon Loewner ordering. (c)
Middle righ t: Dilation driven by PDE. (d) Bottom left: Erosion based
on Loewnerordering. (e) Bottom righ t: Erosiondriven by PDE. We chose
the ball-shaped structuring element BSE(2) and stopping time 2.
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Figure 3: (a) Top left: Closing based on Loewner ordering. (b) Top
righ t: Closingdrivenby PDE. (c) Bottom left: Openingbasedon Loewner
ordering. (d) Bottom righ t: Opening driven by PDE. We chosethe ball-
shaped structuring element BSE(2) and stopping time 2.
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Figure 4: (a) Top left: WTH basedon Loewnerordering. (b) Top righ t:
WTH driven by PDE. (c) Middle left: BTH basedon Loewnerordering.
(d) Middle righ t: BTH driven by PDE. (e) Bottom left: SDTH based
on Loewnerordering. (f ) Bottom righ t: SDTH driven by PDE. We chose
the ball-shaped structuring element BSE(2) and stopping time 2.
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Figure 5: (a) Top left: Beucher gradient basedon Loewnerordering. (b)
Top righ t: Beucher gradient driven by PDE. (c) Middle left: Internal
gradient basedon Loewnerordering. (d) Middle righ t: Internal gradient
driven by PDE. (e) Bottom left: External gradient based on Loewner
ordering. (f ) Bottom righ t: External gradient driven by PDE. We chose
the ball-shaped structuring element BSE(2) and stopping time 2.
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Figure 6: (a) Top left: MorphologicalLaplacianbasedon Loewnerordering.
(b) Top righ t: MorphologicalLaplacian driven by PDE. (c) Bottom left:
Shock �ltering basedon Loewner ordering. (d) Bottom righ t: Shock �l-
tering driven by PDE. We chosethe ball-shaped structuring element BSE(2)
and stopping time 2.
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The Laplacian � m which is computed as the di�erence of the external and
internal gradient, producespositive de�nite matrices as well as inde�nite
and negative de�nite ones. This is the explanation for the void areasin the
�gures 6 (a) and 11 (b): Non-positive de�nite matrices cannot be displayed
as ellipsoidsand henceare omitted. The e�ect of the Laplacian � B and its
usefor steeringa shock �lter canbe seenin �gures 6 and 11: While applying
dilation in pixels wherethe trace of the Laplacian is negative, the shock �lter
actsasan erosionwherever the trace of the Laplacian is positive. The output
are imageswhere regionswith larger and smaller eigenvaluesare separated
more clearly than in the original image. This is true for both approaches
sincethere is a strong similarity betweenthe corresponding results.

5 Conclusion

In this paper we have extendedfundamental conceptsof mathematical mor-
phology to the caseof 3-dimensionalmatrix-valued data by two completely
di�erent approaches.
Firstly, basedon the Loewner ordering for symmetric matrices notions of
maximum and minimum of a set of symmetric 3� 3-matriceshave beenpro-
posed.Thesenotions extend the corresponding scalar-valued concept. They
exhibit invariance, positivit y, and continuity properties essential for their
use in the designof morphological operations for matrix-valued data. For
this reasonwe have succeededto generalisenot only standard morphological
operationsbut alsomorphologicalderivativesand shock �lters to the matrix-
valuedsetting. The techniqueholdsthe potential to cope with 4� 4-matrices
or larger.
Secondly, we generalisedthe nonlinear PDEs that simulate erosionand di-
lation to the matrix-valued setting. The corresponding nonlinear systemof
PDEs provides a novel way to morphology for matrix �elds.
Thirdly , in order to put thesePDEs to use we introduced a matrix-valued
version of the scalar Osher-Sethian-schemeas a numerical method to solve
the proposedmatrix-valued PDEs.
In the experimental part we have contrasted results achieved by the two
approaches for standard morphologicaloperations as well as morphological
derivatives. Though completelydi�erent in their character the two methods
lead to very similar results in the caseof dilation, erosion,derivatives, and
shock �ltering. They feature the samecharacteristicsas their scalar-valued
counterparts.
The resemblance in the caseof morphological operations that rely on the
concatenationof dilation and erosion,namely closing,opening, and the top
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Figure 7: (a) Top left: A slice of a 3-D matrix �eld extracted from a DT-
MRI data set of a human head. (b) Top righ t: Enlargement of a sectionin
the upper right corner of (a). (c) Middle left: Dilation basedon Loewner
ordering. (d) Middle righ t: Dilation driven by PDE. (e) Bottom left:
Erosion basedon Loewnerordering. (f ) Bottom righ t: Erosion driven by
PDE. We chosethe ball-shaped structuring element BSE(2) and stopping
time 2.
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Figure 8: (a) Top left: Closing based on Loewner ordering. (b) Top
righ t: Closingdrivenby PDE. (c) Bottom left: Openingbasedon Loewner
ordering. (d) Bottom righ t: Opening driven by PDE. We chosethe ball-
shaped structuring element BSE(2) and stopping time 2.
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Figure 9: (a) Top left: WTH basedon Loewnerordering. (b) Top righ t:
WTH driven by PDE. (c) Middle left: BTH basedon Loewnerordering.
(d) Middle righ t: BTH driven by PDE. (e) Bottom left: SDTH based
on Loewnerordering. (f ) Bottom righ t: SDTH driven by PDE. We chose
the ball-shaped structuring element BSE(2) and stopping time 2.
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Figure 10: (a) Top left: Beucher gradient basedon Loewnerordering. (b)
Top righ t: Beucher gradient driven by PDE. (c) Middle left: Internal
gradient basedon Loewnerordering. (d) Middle righ t: Internal gradient
driven by PDE. (e) Bottom left: External gradient based on Loewner
ordering. (f ) Bottom righ t: External gradient driven by PDE. We chose
the ball-shaped structuring element BSE(2) and stopping time 2.
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Figure 11: (a) Top left: Morphological Laplacian basedon Loewner or-
dering. (b) Top righ t: Morphological Laplacian driven by PDE. (c) Bot-
tom left: Shock �ltering basedon Loewnerordering. (d) Bottom righ t:
Shock �ltering driven by PDE. We chosethe ball-shapedstructuring element
BSE(2) and stopping time 2.
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hat operators, is not as striking. We seethe reasonfor that in the blurring
e�ects causedby the Osher-Sethianscheme.
However, the development of discontinuity-preservingnumerical schemesca-
pable of capturing adequatelythe behaviour of morphologicaloperations is
work in progress.
Ongoingresearch comprisesalsothe exploration of the potential of the PDE-
driven approach involving speed functions. The development of more so-
phisticated morphologicaloperations for matrix �elds as well as methods to
improve performanceis work in progress.
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