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Abstract

Matrix elds are becomingincreasingly important in digital imag-
ing. In order to perform shape analysis, enhancemen or segmema-
tion of such matrix elds, appropriate image processingtools must
be dewveloped. This paper extends fundamenal morphological opera-
tions to the setting of matrices, in the literature sometimesreferred
to astensorsdespite the fact that matrices are only rank two tensors.
The goal of this paper is to introduce and explore two approacesto
mathematical morphology for matrix-v alued data: One is basedon a
partial ordering, the other utilises nonlinear partial di erential equa-
tions (PDEs).
We start by presening de nitions for the maximum and minimum of
a set of symmetric matrices since these notions are the cornerstones
of the morphological operations. Our rst approacd is basedon the
Loewner ordering for symmetric matrices, and is in cortrast to the
unsatisfactory componert-wise techniques. The notions of maximum
and minimum deduced from the Loewner ordering satisfy desirable
propertiessuch asrotation invariance, presenation of positive semidef-
initeness, and cortin uous dependenceon the input data.
Theseproperties are also sharedby the dilation and erosionprocesses
governed by a novel nonlinear system of PDEs we are proposing for
our secondapproac to morphology on matrix data. These PDEs are
a suitable counterpart of the nonlinear equations known from scalar
continuous-scalemorphology. Both approadies incorporate informa-
tion simultaneously from all matrix channelsrather than treating them
independertly. In experimerts on arti cial and real medical positive
semide nite matrix-valued imageswe cortrast the resulting notions
of erosion, dilation, opening, closing, top hats, morphological deriva-
tives,and shock Iters stemming from thesetwo alternatives. Using a
ball shaped structuring elemen we illustrate the properties and per-
formance of our ordering- or PDE-driven morphological operators for
matrix-v alued data.

Keyw ords: Mathematical morphology dilation, erosion,matrix-valuedim-
ages,di usion tensor MRI, Loewner ordering, nonlinear partial di erential
equation

Intro duction

0.1 Motiv ation and Short Overview

Mathematical morphology has met the needsof the image processingcom-
munity for nearly four decades. The story of successhas started in the
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sixties with Serra'sand Matheron's pioneeringwork on binary morphology
[26, 35], and cortinued with generalisationsto greyscalemorphologyin the

eighties and proposedextensionsof morphologicalconceptsto vector-valued

imagesand imagesequencesThe variety in mathematical morphologyis well

documerted in many monographs,e.g. [20, 27, 36, 37, 38] and conference
proceedingse.g. [16, 21, 39, 25, 15.

Newertheless,the treatment of matrix-valued imagesis still at its infancy,
despitethe fact that matrix elds have gainedimportancein recen years:

First, di usion tensor magneticresonane imaging (DT-MRI) [4] is a

modern but commonly used medical imaging technique that measures
a3 3 positive semide nite matrix- eld: A so-calleddi usion tensoris

assignedto ead voxel. This diusion tensor describkes the di usiv e

property of water molecules. As sud it re ects the geometry and

organisation of the tissue under examination and is a very valuable

tool for the diagnosisof multiple sclerosisand strokes[30].

Secondthe conceptof tensorshasbeenestablishedasfruitful in image
analysisitself [17]: The structure tensor [13], for instance, (also called
Forstner interest operator, secondmomern matrix or scatter matrix)
is usedfor corner detection [19], but also for motion [5] and texture
analysis[31].

Third, in civil engineeringand solid medanics anisotropic behaviour
is often descrited satisfactorily by inertia, di usion and permittivit y
tensorsand stress-strainrelationships

This variety of applications createsthe needto dewelop appropriate tools for
the processingand analysis of tensor respectively matrix data: As in the
scalarcaseedgesand shapesmust be detected,noiseremoved and structures
must be enhanced.Treating the channelsindependerily is a strategy which
is simple and closeat hand. Along this line shift-invariant linear Iters [44]
and adaptive nonlinear Iters [18] for DT-MRI data have beendesigned with

the drawbadk of ignoring any relation betweenthe di erent matrix channels.
More advanced approates have been basedon the smoothing of derived
joint expressionsud asthe eigervaluesand eigervectors of the matrix eld

[11, 40] or its fractional anisotropy [29]. Again this boils down to scalar-
or/and vector-valued ltering with all its seriousshortcomings.

Unlike vectors, matrices can be multiplied making, in e ect, matrix-valued
polynomials and even functions of matrices a very useful notion that deci-
sively rely on the strong interplay betweenthe di erent matrix ertries. We



emphasiseoncemore that in our opinion only conceptsof morphological I-

ters for matrix data that take full advantage of the rich algebraicstructure
o ered by matriceswill leadto corvincing results.

Matrix-v aluedimageprocessingnethodsthat actually exploit the interaction
of the di erent matrix channelshave beenintroducedfor nonlinear regulari-
sation methods and related di usion lters [40, 42]. The resulting nonlinear
structure tensor [42] has shown its use in motion estimation [7], texture
analysis[32] and unsupervisedsegmetation [6]. Matrix-channelinteraction
alsois an essetial part in the approatesto median ltering [43], to active
cortour and mean curvature motion modelsfor tensor elds [12].

Encouragedby the numerousexamplesmenioned above where PDE-based

Iter techniqueshave beenextendedto the matrix-valued setting it seems
worthwhile to seart for a matrix-valuedcourterpart for PDE-drivengreyscale
morphology captured in (1).

0.2 Our Contribution

In [9] the basicoperationsdilation and erosionaswell asopeningand closing
have beentransferedto the matrix-valued setting at leastfor 2 2 matrices.
Howewer, the proposedapproadieslack the cortinuous dependenceon the
input matrices which, con rmed by experimerts, rendersthem uselessfor
the designof morphologicalderivatives.

The novel approad in [10] usingthe so-calledLoewnerorderingfor 2 2 ma-
trices overcomesthis inadequacy The non-trivial extensionto higher-order
matrices has beenachieved in [8] taking into accoun the detailed geometric
structure of the coneasseiated with the Loewnerordering.

The goal of this article is two-fold: First, we presen the approad to morpho-
logical operators for matrix-valued imagesbasedon the Loewner ordering.
Second,we proposea novel matrix-valued analogof the nonlinear PDE (1).
The results of the two approateswill be juxtap osedfor a number of mor-
phological operators ranging from the basicdilation/erosion over top-hats to
morphologicalderivativesand Laplacian.

The morphological operationsto be de ned either via Loewner ordering or
via nonlinear PDEs should work on the set Sym(n) of symmetricn n
matrices and have to satisfy conditions sud as:

() Continuous dependenceof the basic morphological operations on the
matrices usedasinput for the aforemenioned reasons,

(iii) presenation of the positive semide nitenessof the matrix eld since
DT-MRI data setsposseghis property,
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(i) rotational invariancein ead voxel:
VM O(Ag; AV = MO(VZALV;:::;VALV) for any
orthonormal matrix V and whereM O standsfor a standard morpho-
logical operation.

The article is structured as follows: The subsequen Section1 givesa brief
accourt of the morphological operations we aim to extend to the matrix-
valued setting. In Section2 we presen the crucial maximum and minimum
operationsfor matrix-valueddata basedon the Loewnerordering. Section3is
dewted to the introduction and discussionof the matrix-valued courterpart
of the nonlinear di usion equation (1). The results of our experimerts with
various morphological operators employing the ordering or PDE approadt
will bejuxtap osedin Section4. We usearti cial matrix- elds astest data for
the sake of better comparability and judgmert. The last Section5 provides
concluding remarks.

1 Morphological and Mathematical
Preliminaries

In order to make this article as self-cortained as possiblewe collect in this
sectionbasicde nitions and facts from morphology matrix theory, and con-
vex analysis. The readerinterestedin a more detailed exposition is referred
to the literature cited below.

1.1 Basic Flat Morphology

Standard morphologicaloperations employ the so-calledstructuring element
to work on imagesrepreserted by scalarfunctions f (x; y) with (x;y) in the

image domain , (x;y) 2 IR?. Greyscaledilation , resp., erosion
w.r.t. B is de ned by
(f B)Y(xy) = supff(x x5y y9j(x5y)2Bg;

(f B)(XY) inf ff (x x%y y9j(x%y9)2Bg

The combination of dilation and erosiongivesrise to various other morpho-
logical operators sud as opening and closing

f B:=(f B) B; f B=(f B) B,;
the white top-hat and its dual, the blacktop-hat
WTH((f):=f (f B); BTH(f):=(f B) f;



nally , the self-dualtop-hat, SDTH(f) := (f B) (f B):
The boundaries of objects are the loci of high greywalue variations in an
image which can be detectedby gradiert operators. The so-calledBeucher
gradient
%)= B) (f B);
aswell asthe internal and external gradient,
%w(f)="f (¢ B);, %)= B) f

are analogsto the norm of the gradiert kr f k if f is consideredas a di er-
ertiable image.
The application of shack Itering to matrix-valueddata callsfor an equivalert
of the Laplaceoperator f = @ f + @yf appropriate for this type of data.
A morpholajical Laplacian has beenintroducedin [41]. Howewer, we usea
variant given by

of = () %(f)=(F B) 2f+(f B):

This form of a Laplacian acts as the secondderivative @ f where stands
for the direction of the steepest slope. Thereforeit allows us to distinguish
betweenin uence zonesof minima and maxima of the imagef , a property
essetial for the designof shock lters.

The ideaunderlying shak Itering is applying either a dilation or an erosion
to an image, depending on whether the pixel is located within the in uence
zoneof a minimum or a maximum [24]:

8

> f B; trace( gf) < 0O;
Sgf = S f; trace( gf) = 0;

- f B; trace( gf) > O:

1.2 Contin uous Morphology

In ([34, 33]) nonlinear partial di erential equationswereproposedthat mimic
the processof dilation and erosion. For at morphologywith a ball asstruc-
turing elemen this di usion equationreads

@ = kr uk; 1)

with initial condition u(x;y;0) = f (x;y). Heref isthe original imageon the
image domain and u its transformed versions. The PDE framework for
morphology has its advantages: The sophisticated maciinery of numerical
solution methods for PDEs is at our disposal and, most important, this
cortinuous approad allows for sub-pixel accuracy
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1.3 Convex Matrix Analysis

The set Sym(n) of symmetric n  n-matrices with real ertries is a vector
spacew.r.t. the usual rules for summation and muItipHcation by a scalar.

Sym(n) is endaved with the scalar product hA; &i = trace(A>B) giving
rise to the Frobeniusnorm for matrices: KAk = ,”J &
Symmetric matrices can be regardedas a generalisationof real numbersand
onecande ne functions h of thosematrices[23]: Let diag( 1;:::; ) denote
a diagonalmatrix with entries 1;:::; . Wede ne for a symmetric matrix
A 2 Sym(n) with eigervalue decompmsition A = V diag( 1;:::; »)V~ and
orthogonal matrix V the matrix h(A) by

h(A) := Vdiag(h( 1);:::;h( »)V~ (2)

provided the ;'slie in the domain of de nition of h. We obsene that this
de nition is rotational invariant and presenessymmetry, h(A) 2 Sym(n).
The following exampleis of great importance for the subsequen exposition:
Specifying h as the absolute value function, h(x) = jxj assaiates with a
matrix A its absolute value jAj. This jAj denotesa positive semide nite
matrix and must not be confusedwith the norm or determinart of A.
Symmetric matrices A that satisfy x> Ax 0 for all x 2 IR" are commonly
called positive semide nite. This givesrise to a natural partial ordering
on Sym(n), the so-calledLoewner ordering de ned via the set of positive
semide nite matrices Sym* (n) by

A;B2Symn): A B:; A B2Sym(n)

i.e.A Bifandonlyif A B is positive semide nite.

The notions of maximal and minimal matricesto be introducedin the fol-
lowing chapter will rely on the Loewnerordering. This makesit necessaryo
give a brief account of somenotions from cornvex analysis, for more details
the readeris referredto [2, 22, for example.

A subsetC of a vector spaceV is called cone, if it is stable under addition
and multiplication with a positive scalar. Hence,the set Sym" (n) of positive
de nite matricesis a cone, the ordering cone assaiated with the Loewner
ordering.

A subsetB of a coneC is namedhbaseif everyy 2 C;y 6 0 admits a unique
represemation asy = r x with x 2 B andr > 0. For instance, the set of
positive semide nite matriceswith trace 1 form a baseof Sym" (n). Obsene
that this basefM 2 Sym" (n) : trace(M ) = 1g is corvex and compact.

By far the most important points of a compact corvex set are its extreme
points which can be characterisedas follows: A point x is an extreme point
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of a corvex subsetS V of a vector spaceV if and only if Snfxg remains
COrvex.

The set of all extreme points of S is denotedext(S). All extremepoints are
necessarilyboundary points, ext(S) bd(S). The importanceof the extreme
points becomesapparert in the theoremsof Minkowski and Krein-Milman
which state that ead convex compactset S in a nite dimensional vector
spacecan be reconstructedas the set of all nite convex conbinations of its
extreme points [2, 22]:

S = Eorvexmll(ext(S))
X X
= iejN 2IN;e 2ext(S); i O; fori=1;:::;N; =1
i=1 i=1
All the important information of a convex compact set is captured in its
extreme points.

The (topological)interior of Sym* (n) is the coneof positive de nite matrices,
while its boundary consistsof all matricesin Sym" (n) with a rank strictly
smaller than n. It is known [2] that the matrices vv” with unit vectors
v 2 IR", kvk = 1 are the extreme points of the baseof Sym" (n). They have
by construction rank 1 and for any unit vectorv we nd vv>v=v kvk?= v
which impliesthat 1isthe only non-zeroeigervalue, ertailing trace(vv’)= 1.
Becauseof this extremal property the matricesvv” with kvk = 1 carry the
completeinformation about the baseof Loewnerordering coneand hencethe
coneitself: convexhull(fvv> : v 2 IR"; kvk = 1g) is a basefor the Loewner
ordering cone.

The conceptsmertioned above can be visualisedin the casen = 2, sinceit
is possibleto errbed Sym(2) in IR® via the mapping

1
A= (gij=12 ! p_z(zalZ;aZZ aig;ap + an)

The transform is an isometry and mapsfA 2 Sym(2) : trace(A) = Og onto
the x-y-plane. In gure 1 (a) the the image of the conefor the Loewner
ordering is indicated.
Manipulations with this ordering conewill put usin the position to de ne
suitable notions for maximal and minimal matrices of a given nite set of
symmetric matrices.

2 Morphology for Tensor Fields via Ordering

Before proceedingto de ne suitable notions for maximum and minimum of
a setof matricesit is essetial to clarify what \suitable\ means.To do sowe
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will focuson a modern medicalimageacquisition technique: Di usion tensor
magnetic resonancemaging, DT-MRI.

This method measuresthe probability density function of displacemets of
particles that are subject to a Brownian motion within a sample material.
The structure of material determinesthe movability of the particles, which
is re ected in properties of this probability density. In biomedicalDT-MRI

the particles under consideration are water moleculesperforming random
movemerts in biologicaltissuedueto thermal uctuations. In a rst approx-
imation the probability distributions are assumedo be Gaussiandetermined
by positive semide nite co-variance matrices and zero mean. The corre-
sponding isoprolability surfaces descrike the di usion. They depend on the
quadratic form asseiated with , fx 2 IR® : x> 2x = 1g, and hencethey
are ellipsoids. In this respect the ellipsoids correspnd exactly to the well-
known orbits of electronsin atoms or molecules.

The shape of the ellipsoid provides information about hindering and en-
hancing in uences on the di usion of water moleculesat a voxel and there-
fore about the underlying microstructure of the tissue. The maximal ellip-
soid/matrix of a nite set of ellipsoids/matricesfE; : i = 1;:::;ng should
now re ect, in a minimal manner, the di usion of a water molecule that
underlies all the enhancingin uences represeted by the E;. Likewisefor
the minimal ellipsoid/matrix: It should mirror all the hindering in uences
represeted by E;.

In other words, the maximal ellipsoid should be as small as possibleand
cover all E; while the minimal ellipsoid should be aslarge as possibleand be
contained in all E;.

The maximal and minimal matricesin generalwill not belongto the set of
matricesthey are bounding, and in view of the interpretation asisoprobabil-
ity surfacesthis would not even be desirablefor DT-MRI data.

It isimportant to remark, that this rulesout the straightforward componert-

wiseapproad: It would leadto notions of maximal/minimal matriceswhose
correspnding ellipsoids ful Il neither the \covering\ nor the \containing\

property just mertioned.

For detailed information about the acquisition of DT-MRI data the reader
might consult [3] or more recerily, [1] and the literature cited therein.

Note that sincethe Loewnerordering for symmetric matrices solelyrelieson
guadratic forms, it is a natural conceptto consider,and we will do soin the
next subsection.



2.1 Maximal and Minimal Matrices Iin the Loewner
Ordering

The ordering cone of the Loewner ordering by de nition consistsof all the
matrices that are larger than the zero-matrix at its vertex. A reverted and
translated versionof this conethen characteriseghe matricesthat aresmaller
than the matrix marking its vertex; the penumba P(M) of a matrix M 2
Sym(n) is the set of matricesN that are smallerthan M w.r.t. the Loewner
ordering:

PMM):=fN2Sym(n):N Mg=M Sym (n);

where we usedthe customary notation a+ rS := fa+r s:s2 Sgfora
point a2 V, ascalarr 2 IR and a subsetS V.
Using this geometric description the problem of nding the maximum of a

maximal matrix A we are seartiing for and that dominatesall A; w.r.t the

Loewnerordering.

Howeer, the coneitself is too complicateda structure to be handleddirectly.

Insteadwe assaiate with eaty matrix M 2 Sym(n) a ball in the subspacd A :

trace(A) = Og of all matriceswith zerotrace asa completelydescriptive set

For the sake of simplicity we will assumethat trace(M) 0. The enclosing
ball is constructedin two steps: First, from the statemens above we conclude
that the set M trace(M) corvexhullfvv” :v 2 IR;kvk = 1g is a base
for P(M) cortained in the subspacef A : trace(A) = Og. We obsene that

the idertit'g matrix E is perpendicularto the matricesA from this subspace,
hA;Ei = trace(A) = 0, and hencethe orthogonal projection of M onto

fA :trace(A) = Og is given by

trace(M
m:=M %E:

3)

Second,the extreme points of the baseof P(M) are lying on a spherewith
certer m and radius

r

1
r:=kM trace(M)vv> mk= traceM) 1 o 4)
Consequetly, if the certer m and radius r of a spherein fA 2 Sym(n) :

trace(A) = Og are given the vertex M of the assaiated perumbra P(M) is
obtained by

1
M=m+£q7E: (5)
n 1 1

n
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Figure 1: (a) Left: Image of the Loewner cone Sym* (2). (b) Middle:
Cone covering four perumbras of other matrices. The tip of ead conerep-
reserts a symmetric 2 2 matrix in IR®. Each of the cones(and henceits
generatingmatrix) is uniquely determinedby its circular base. The minimal
disc covering the smaller discs belongsto the selectedmaximal matrix A.
(c) Right: The maximum (largest ellipse) and minimum (smallest ellipse)
of two 2 2-matrices.

With this information at our disposal, we canreformulate the task of nding

minesthe matrix A that dominatesthe A;. It is minimal in the sensethat
there is no smalleronew.r.t. the Loewnerordering which hasthis \covering
property” of its perumbra.
This is a non-trivial problem of computational geometryand we tackle it by
usinga sophisticatedalgorithm implemened by B. Gaertner[14]. Givena set
of points in IRY it is capableof nding the smallestball enclosingthesepoints.
Hencefor eaty i = 1;:::;m we samplewithin the set of extreme points
fA; trace(A;)vv” g of the baseof P(A;) by expressingv in 3d-spherical
coordinates,v = (sin cos ;sin sin ;cos )with 2[0;2 [; 20 [.
Again we have the opportunity of visualisationin the caseof 2 2-matrices.
Then the extremepoints are the matricesvv” with v> = (cos'; sin' ) where
2 [0;2 [. Hencethe aforemenioned descriptive sets are discs in the
x-y-plane determining the perumbras assaiated with the set of matrices.

perumbral conewhosevertex represets the desiredmaximal matrix A, see
gure 1 (b). This minimal coneis found by calculating the smallestcircle, its

The geometricpoint of view allows us to connectthe maximum of matrices
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w.r.t. the Loewnerordering to the maximum of real numbers. To this end
recall the formula

1 1. .
max(ay; ap) = E(al"' ap) + >lar @) (6)

valid for any real numbers a; and a,. Then an elememary calculation, fur-
nishing the smallestenclosingsphereof two spheresyevealsthat the maximal
matrix dominating A; and A, obtained through

1 1. )
max(A1;Az) = > (Ar+ Ay + élAl Ajj (7)

indeed coincideswith the maximal matrix induced by the Loewner order-
ing. Note that an extensionof this algebraicapproad to setsof symmetric
matrices with more than two elemeits is not feasible. Formula 7 and the
correspnding expressionfor the minimum will play a vital role in the PDE-
framework for morphology

Let us summarisethe above constructionin four steps: In orderto determine

the maximal matrix A to a given setof matricesfA1;:::;Ang
1. calculatetheir projectionsa;, i = 1;:::;m accordingto (3),
2. determine the radii ri, i = 1;:::;m, of the basesof their perumbras

through (4),

3. determine the certre and radius of the smallest ball enclosingthese
bases,

4. recover the vertex of the assaiated perumbral conevia formula (5).

The minimal elemen A is obtained through the formula

inspired by its well-known courterpart for real numbers. The construction
of maximal and minimal elemeits ensurestheir rotational invariance, their
positive semide nitenessand cortinuity. These properties are passedon to
the above mertioned morphologicaloperations.

3 PDE-Based Morphology for Tensor Fields

3.1 Matrix-V alued PDEs for Dilation and Erosion

As mertioned in the introduction the nonlinear PDEs that createa dilation
and erosionprocesscorrespnding to a ball-shaped structuring elemen for
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greyvalue imagesare given in [34] and read

q
@i = kruk=  j@uj*+ j@Quj*+ j@Quj? (8)

with initial condition u(x;y;z;t) = f(x;y;z). This equation cortains the
gradiert operatorr = (@; @; @)~ WiH‘I its partial derivativesand the Eu-
clidean vector norm k(vi;v2;v3)”k := = vZ2+ v3 + v2. For both we have to
nd suitable analogsfor matrices.

It isimportant not to considera matrix norm asthe extensionof the vector
norm in (8). We rather give the expressionson the right hand side of (8)
a new meaningin the framework of symmetric matrices aiming at a truly
matrix-valued nonlinear partial di erential equation as the courterpart of
the scalarPDE (8).

To this end we have to clarify what a partial derivative, the absolute value
and a squareroot of a symmetric matrix is.

We de ne the equivalert @ of the partial derivative @, spatial or temporal,

.....

_@U = (@Ui;j )i;j =1:n (9)

.....

Due to the linearity of matrix multiplication and di erentiation the applica-
tion of @

presenessymmetry: U 2 Sym(n) =) @U 2 Sym(n),

is rotational invariant:
@(WUW?) = W(@U)W~ holds for any constart orthogonal matrix
W.

We remenber the de nition of a function of a symmetric matrix %iven in
2. Then, by using the speci cations h(x):] = jxj? and h(x) = " X, we

have equipped the matrix-valuedexpression j@QUj2 + j@Uj2 + j@Uj2 with
meaning. With this at our disposalit is now possibleto establishthe matrix-
valued courterpart of (8):

_ 94— - -
@k = jQUj*+[@Uj*+ j@Uj? (10)

where\+\ governsthe dilation-like, and \{\ rules the erosion-like di usion
process.
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The expressionon the right againis rotational invariant and producespos-
itiv e, resp., negative semide nite matrices depending on the choice of the
positive , resp., negative sign. Equation (10) truly exploits the matrix struc-
ture of the data sinceit describes a highly correlated system of nonlinear
partial di erential equationsin n  n unknowns.

3.2 A Matrix-V alued Variant of the Osher-Sethian-
Scheme
Inspired by numerical schemesfor hyperbolic conseration laws Osher and

ethian[28] proposedfor the two-dimensionalscalardilation equation@u =
(@u)2 + (@u)? the numerical appraximation

ui )Y i )™ _

2
0 + max

i i) i -iy(n) i -iy(n) i) 2
_ min u(i;j) ui Lj) ; u@i+ 1;j) u(i;j) 0

hl hl
i D™ uGp o 2 Wi i 2
+ min ’ ! 0 + max ’ ' :0
h2 hz
2 » !
_ ui; )™ u@ - 3j)™ L U LH™ i)™ *
- hl hl
Iy, 1 ,31=
O (n) (n) i i)
L UED™ u@i n® T Ui+ )0 u@)®™ g
h2 h2

where, for instance, u(i; j )(™ stands for the value of the function u at (i
hi;j hy) at n-th time step of size . We have also usedthe abbreviations
u* = max(u;0) and u = min(u;0). Aside from the obvious extensionto
three dimensionswe realise,that this schemecan be reinterpreted in terms
of symmetric matrices:

The schemerequiresto perform subtractions and scalar multiplications, to
rise to the power of 2, to take the squareroots, and to determine the maxi-
mum and minimum of two matrices. With the preparationsin the subsection
above all theseoperations are at our disposal alsoin the caseof symmetric
matrices. So we are allowed to replacethe scalar function u by the n n
matrix U to obtain a matrix-valued sthemefor the matrix-valued PDE (10):
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u(i; j; k™D Ui j; k)™

_ 4 UGER® UG LR T Ui L™ Uk T
- s hs
', P
Ui k)™ UG k)™ Y A L CR LN
s s
'y 1,312
UGiji k)™ UGij k- )™ L UGGk+ )0 UGG ™ T
s s

It is conveniert to useformula (7) to calculate the maximum and its well-
known analogmin(Ay; Ay) = %(A1+ A, jA:1 Ajj) to calculatethe minimum
of two matricesA; A, 2 Sym(n).

The numerical appraximation for the PDE of the erosiondi ers from the one
for dilation only by afactor 1 andthe exdangeof minimum and maximum
operations. Henceit posesno further challengeand a detailed exposition is
skipped herefor the sake of brevity.

4 Exp erimen tal Results
and their Comparison

In our numerical experimerts we usean articial 20 20 20-eld aswell
asan 128 128 30 eld of 3-D positive de nite matrices originating from
a 3-D DT-MRI data set of a human head, see gures 2, 7.

The data arerepreseted asellipsoidsvia the level setsof the quadratic form
fx> Ax : x 2 IR3g assa@iated with a matrix A 2 Sym* (3). In usingA 2 the
length of the semi-axesof the ellipsoid correspnd directly with the three
eigervaluesof the positive de nite matrix.

The arti cial data constitute a cross-like structure where the ellipsoidsin
the certer of the crossare lense-shapd, the onesin the arms of the crossare
strongly elongated,while those outside the crossare simple balls.

For the ordering-basedmorphological operators a ball-shaped structuring
elemen of radius 2, in the sequelabbreviated by BSE(2), was used. As
pointed out in the previoussection3.2the proposedmatrix partial di erential
equations(10) aresolved numerically by a matrix-valuedversionof the Osher-
Sethian-sbemefor dilation and erosion.

In general4 iterations with atime stepsizeof 0.5wereperformed,resulting in
a stoppingtime of 2 which correspndsto the sizeof the structuring elemen.
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In the scalar setting the di usion processegovernedby (8) are followed by
a threshold operation. Howewer, we refrainedfrom doing soin orderto avoid
additional parametersand their arbitrariness, especially in the matrix-valued
setting. The price to pay will be the presenceof blurring, sincethe Osher-
Sethian-sbeme already createsblurring in the scalar case,and one cannot
expect any better in the more complicated matrix-valued setting.

Due to the complexity of the not yet fully optimised proceduresthe running
time to obtain dilation and erosionis about two orders of magnitude longer
than in the caseof comparablecalculationswith grey value data.

This blurring e ect of the the numerical sthemeis responsiblefor discrepan-
ciesin the experimertal results for the arti cial data in the caseof closing
and opening operations, gure 3, and consequetly alsoin the caseof the
top hat operations, gure 4. Howeer, this discrepancyis not as prominent
for the medicalimagesas can be seenin gures 8 and 9.

The imageat the top of gure 2 displays the certral sliceof the original data
cube wherethe z-direction is perpendicular to the imageplane. Figure 7 (a)
exhibits a 128 128layer of the medical data while (b) displays an enlarged
sectionnear the upper right corner of (a).

In both casesthe imagesbelov shawv the e ect of dilation and erosionwith
both the ball-shaped structuring elemen BSE(2) and their imitations with
the nonlinear PDEs (10). The results of both approadesare quite similar
and reasonable.As it is expected from scalar-\alued morphology the shape
of details in the dilated and eroded imagescorrespnd to the shape and size
of the structuring elemer.

Clearly visible in the imagesof the right column of gures 2 and 7 is the
blurring e ect of the PDE-basedapproad. In view of the di usiv e properties
of the Osher-Sethiansdheme,this doesnot comeas a surprise.

Howewer, we beliewe this blurring e ect of the the numerical shemeto be
responsiblefor discrepanciesn the experimertal results concerningthe arti-
cial data in the caseof closingand opening operations, gure 3, and con-
sequetly alsoin the caseof the top hat operations, gure 4. Howeer, this
discrepancyis not asprominert for the medicalimagesascan be seenin g-
ures 8 and 9. Obviously the concatenationof dilation and erosionenhances
the negative e ects of the blurring introducedby the numerical sthheme.
Fortunately, when it comesto the Beuder gradiert as well as the internal
and the external gradiert, the results from both approadeso er a striking
similarity. As visible in gures 5 and 10 the gradierts (especially the one-
sidedgradierts) stemmingfrom both approadesare ableto detect edge-lile
features. The PDE-basedresults look like slightly blurred versionsof the
ordering basedoutcome.
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Figure 2: (a) Top: Certral 2-D layer of an arti cial 3-D positive de nite

left: Dilation basedon Loewner ordering. (c)

(b) Middle

matrix eld.

Erosion based

righ t. Erosiondriven by PDE. We chose

the ball-shaped structuring elemen BSE(2) and stopping time 2.

left:

Dilation driven by PDE. (d) Bottom

righ t:
on Loewnerordering. (e) Bottom

Middle

16



Figure 3: (@) Top left: Closing basedon Loewner ordering. (b) Top
righ t: Closingdrivenby PDE. (c) Bottom left: OpeningbasedonLoewner
ordering. (d) Bottom right: Openingdriven by PDE. We chosethe ball-
shaped structuring elemen BSE(2) and stopping time 2.
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Figure 4: (a) Top left: WTH basedon Loewnerordering. (b) Top right:

WTH driven by PDE. (c) Middle left: BTH basedon Loewnerordering.
(d) Middle right: BTH driven by PDE. (e) Bottom left: SDTH based
on Loewnerordering. (f) Bottom right: SDTH driven by PDE. We chose
the ball-shaped structuring elemen BSE(2) and stopping time 2.
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Figure 5: (a) Top left: Beuder gradiert basedon Loewnerordering. (b)

Top right: Beuder gradiert driven by PDE. (c) Middle left: Internal
gradiert basedon Loewnerordering. (d) Middle right: Internal gradiert
driven by PDE. (e) Bottom left: External gradiert basedon Loewner
ordering. (f) Bottom right: External gradiert driven by PDE. We chose
the ball-shaped structuring elemen BSE(2) and stopping time 2.
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Figure 6: (a) Top left: MorphologicalLaplacianbasedon Loewnerordering.
(b) Top right: Morphological Laplaciandrivenby PDE. (c) Bottom left:
Shack Itering basedon Loewnerordering. (d) Bottom right: Shock |-
tering driven by PDE. We chosethe ball-shaped structuring eleme BSE(2)
and stopping time 2.
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The Laplacian , which is computed as the di erence of the external and
internal gradiert, producespositive de nite matrices as well as inde nite
and negative de nite ones. This is the explanation for the void areasin the
gures 6 (a) and 11 (b): Non-positive de nite matrices cannot be displayed
as ellipsoidsand henceare omitted. The e ect of the Laplacian g and its
usefor steeringa shaock Iter canbe seenin gures 6 and 11: While applying
dilation in pixels wherethe trace of the Laplacianis negative, the shack Iter
actsasan erosionwhere\er the trace of the Laplacianis positive. The output
are imageswhereregionswith larger and smaller eigervalues are separated
more clearly than in the original image. This is true for both approades
sincethere is a strong similarity betweenthe correspnding results.

5 Conclusion

In this paper we have extendedfundamerial conceptsof mathematical mor-
phology to the caseof 3-dimensionalmatrix-valued data by two completely
di erent approades.

Firstly, basedon the Loewner ordering for symmetric matrices notions of
maximum and minimum of a set of symmetric3 3-matriceshave beenpro-
posed. Thesenotions extend the correspnding scalar-\alued concept. They
exhibit invariance, positivity, and corntinuity properties essehal for their
usein the designof morphological operations for matrix-valued data. For
this reasonwe have succeededo generalisenot only standard morphological
operationsbut alsomorphologicalderivativesand shack Iters to the matrix-
valuedsetting. The technique holdsthe potential to copewith 4 4-matrices
or larger.

Secondly we generalisedthe nonlinear PDEs that simulate erosionand di-
lation to the matrix-valued setting. The correspnding nonlinear system of
PDEs provides a novel way to morphology for matrix elds.

Thirdly, in order to put these PDEs to usewe introduced a matrix-valued
version of the scalar Osher-Sethian-deeme as a numerical method to solwe
the proposedmatrix-valued PDEs.

In the experimertal part we have corntrasted results achieved by the two
approadesfor standard morphological operations as well as morphological
derivatives. Though completely di erent in their character the two methods
lead to very similar results in the caseof dilation, erosion,derivatives, and
shack Itering. They feature the samecharacteristics as their scalar-\alued
courterparts.

The resenblance in the caseof morphological operations that rely on the
concatenationof dilation and erosion,namely closing, opening, and the top
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Figure 7: (a) Top left: A sliceof a 3-D matrix eld extracted from a DT-
MRI data setof a human head. (b) Top right: Enlargemen of a sectionin
the upper right cornerof (a). (c) Middle left: Dilation basedon Loewner
ordering. (d) Middle right: Dilation driven by PDE. (e) Bottom left:
Erosion basedon Loewnerordering. (f) Bottom right: Erosiondriven by
PDE. We chosethe ball-shaped structuring elemen BSE(2) and stopping

time 2.
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Figure 8: (a) Top left: Closing basedon Loewner ordering. (b) Top
righ t: Closingdrivenby PDE. (c) Bottom left: OpeningbasedonLoewner
ordering. (d) Bottom right: Openingdriven by PDE. We chosethe ball-
shaped structuring elemen BSE(2) and stopping time 2.
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Figure 9: (a) Top left: WTH basedon Loewnerordering. (b) Top right:

WTH driven by PDE. (c) Middle left: BTH basedon Loewnerordering.
(d) Middle right: BTH driven by PDE. (e) Bottom left: SDTH based
on Loewnerordering. (f) Bottom right: SDTH driven by PDE. We chose
the ball-shaped structuring elemen BSE(2) and stopping time 2.
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Figure 10: (a) Top left: Beuder gradiert basedon Loewnerordering. (b)

Top right: Beuder gradiert driven by PDE. (c) Middle left: Internal
gradiert basedon Loewnerordering. (d) Middle right: Internal gradiert
driven by PDE. (e) Bottom left: External gradiert basedon Loewner
ordering. (f) Bottom right: External gradiert driven by PDE. We chose
the ball-shaped structuring elemen BSE(2) and stopping time 2.
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Figure 11: (a) Top left: Morphological Laplacian basedon Loewner or-
dering. (b) Top right: Morphological Laplacian driven by PDE. (c) Bot-
tom left: Shack Itering basedon Loewnerordering. (d) Bottom righ t:
Shack Itering drivenby PDE. We chosethe ball-shaped structuring elemern
BSE(2) and stopping time 2.
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hat operators, is not as striking. We seethe reasonfor that in the blurring
e ects causedby the Osher-Sethianstheme.

Howe\er, the developmen of discortin uity-preservingnumerical shhemesca-
pable of capturing adequatelythe behaviour of morphological operationsis
work in progress.

Ongoingresearb comprisesalsothe exploration of the potential of the PDE-
driven approad involving speed functions. The dewlopmen of more so-
phisticated morphologicaloperationsfor matrix elds aswell as methods to
improve performanceis work in progress.
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