Universitat des Saarlandes

Fachrichtung 6.1 { Mathematik

Preprint Nr. 221

A Variational Approach to the Registration
of Tensor-Valued Images

Sebastiano Barbieri, Martin Welk and Joachim Weickert

Saarbracken 2008






Fachrichtung 6.1 { Mathematik Preprint No. 221
Universiat des Saarlandes submitted: 19.09.2008

A Variational Approach to the Registration
of Tensor-Valued Images

Sebastiano Barbieri
School of Engineering Science
Simon Fraser University
8888 University Drive
V5A 1S6, Burnaby, BC, Canada
sha6l@sfu.ca

Martin Welk
Mathematical Image Analysis Group
Faculty of Mathematics and Computer Science, Saarland Uravsity
Campus E1.1, 66041 Saarbracken, Germany
welk@mia.uni-saarland.de

Joachim Weickert
Mathematical Image Analysis Group
Faculty of Mathematics and Computer Science, Saarland Urevsity
Campus E1.1, 66041 Saarbracken, Germany
weickert@mia.uni-saarland.de



Edited by

FR 6.1 { Mathematik
Universitat des Saarlandes
Postfach 15 11 50

66041 Saarbnicken
Germany

Fax: + 49 681 302 4443
e-Mail:  preprint@math.uni-sb.de
WWW:  http://www.math.uni-sb.de/



Abstract

We present a variational framework for the registration of tensor-
valued images. It is based on an energy functional with four érms:
a data term based on a di usion tensor constancy constraint,a com-
patibility term encoding the physical model linking domain deforma-
tions and tensor reorientation, and smoothness terms for dermation
and tensor reorientation. Although the tensor deformation model em-
ployed here is designed with regard to di usion tensor MRI d&a, the
separation of data and compatibility term allows to adapt the model
easily to di erent tensor deformation models. We minimise the energy
functional with respect to both transformation elds by a mu ltiscale
gradient descent. Experiments demonstrate the viability and potential
of this approach in the registration of tensor-valued imags.

1 Introduction

Image registration denotes the transformation of multiplemages of the same
object into a common coordinate system [10]. It is of partidar importance
in medical imaging where data from di erent imaging modaliies or images
taken at di erent times need to be fused to allow diagnosisusgery or treat-
ment planning.

Registration involves two tasks: rst, to nd a map that yiel ds for each loca-
tion in the template image the corresponding location in theeference image;
second, to deform the template image accordingly such thahé coordinates
of corresponding locations in the reference and deformedrplate image are
identical. From the computer vision viewpoint, the rst task is a correspon-
dence problem, similar to optic ow or stereo vision, while ie second one
consists in a geometric transformation commonly known as wang.
Compared to the case of scalar-valued images, like compused tomography
or standard magnetic resonance (MR) images, registratior ensor elds [16]
involves a substantial additional di culty: While deformi ng scalar-valued
images comes down to a simple relocation of values in the ineagomain
(which usually will entail a resampling and thus some interplation), the
values of tensor elds refer to the geometry of the underlyg domain, and
have therefore to be modi ed to conform with the transformabn of the
domain. The local deformation that takes e ect here is giveby the Jacobian
of the location map. Moreover, this induced transformatiorof tensors does
not only a ect the warping step but needs to be accounted forleeady in
establishing the correspondence map.

Our contribution.  This paper is dedicated to a variational framework for
the registration of tensor-valued images that combines theorrespondence
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and warping problems in a single minimisation task solved by gradient de-
scent procedure. A preliminary version of this framework lsbeen presented
at the CVPR workshop Tensors in Image Processing and Computer Vision
[3].

In this approach, directional information is used throughot the method by
consistently integrating reorientation information. The physical model un-
derlying the relation between domain transformation and tesor reorientation
is tailored to basic requirements of DT-MRI processing butat speci cally
adjusted to empirical (biological, physiological) paranters.

An advantage of the variational approach is that it makes theassumptions
of the model explicit and permits to manipulate them in a higly exible
way. In this sense our model is generic: For example, the pigel model
for tensor deformation could well be replaced with a re ned wdel based
on the physiology of neural tissue, or likewise with a comptdy di erent
transformation behaviour if required so by the physical naire of some tensor
imaging application.

We present here the variational model and demonstrate experentally its
potential as a versatile tool for image registration of terg data.

Related work. Dierent approaches to DT-MRI registration have been
proposed in the literature. One group of approaches treathi¢ correspon-
dence and warping problems independently. In this case, theorientation is
often entirely avoided in the correspondence part by relyghonly on derived
guantities that do not involve directional information [12 15, 19, 13]. From
the so obtained transformation of the image domain one haseh to extract
the reorientation information for the warping step. Based o a single- bre
model, it is often assumed herein that the shape of the tensoremains un-
changed, such that only a rotation needs to be extracted. Sttegies for this
problem are discussed in [1]: rst, the nite-strain methodthat relies on
a polar decomposition of the local deformation matrix of thelomain, and
second, thepreservation of principal directionsapproach in which the e ect
of the transformation on the principal eigenvector of eachehsor determines
the local reorientation. A direct application of the local é&formation to the
tensors, which does not preserve the shapes of the tensossdiscussed in
[13]. An overview of these techniques is found in [7].

An algebraic approach to DT-MRI registration is proposed if§8]. Here, ten-
sor transformation is restricted to rotations, and the corespondence problem
is solved by a local optimisation of transformation parameitrs. Furthermore,
a multi-scale re nement and the inclusion of feature corrg®ndences are
discussed. A feature-based registration approach is alsuihd in [14].



An approach that integrates directional information alrealy into the compu-

tation of correspondences can be found in [17, 18]. It usesiaudion tensor

constancy constraint that combines an a ne domain transfomation with a

rotation of the tensor values by polar decomposition, and ¢ a piecewise
a ne transformation to the image data. A gradient descent méhod pro-

posed in [5] is based on a variational model in which tensoramentation

follows the action of the deformation eld on the principal éggenvector. In

[6] a variational model is proposed that incorporates the fiemation by the

Jacobian of the displacements in the data term.

In [11], registration based on direction-insensitive quaities is compared with

one using the matrix entries. For the registration of DT-MRIdata with data

from other imaging modalities, one can use mutual informain approaches,
see [9]. Here again the warping has to be performed as a sefm@astep. Also

uid dynamics PDEs have been used to attack registration ptalems of this

type [4].

Structure of the paper.  Our variational model is presented in Section 2.
We develop the energy functional in detail and give an outla of the min-
imisation procedure. Section 3 is devoted to the experimeaitevaluation.
A series of experiments in 2D on synthetic and DT-MRI data deonstrates
basic features of the method. By two 3D experiments the vidiy of the
approach for 3D data is veri ed, and a comparison to a nite-sain based
registration procedure is made. A summary and outlook is psented in
Section 4.

2 The Variational Model

Assume we are given two tensor eld®R;T : RY! SPD(d) where SPD()

denotes the cone of symmetric positive de nite reall d-matrices. The
tensor eld R is the reference image, whild is the template image. We
aim at recovering from these images two maps: rst, théelisplacement eld
u:RYI! R that encodes the transformation of the image domaiR®, and

second, thereorientation eld P : R®! G that governs the corresponding
transformation of the tensor values. HereG  GL(d;R) is the group of
admissible transformation matrices.

This separation serves two purposes. On one side, it allowsetvariational

formulation to be simple, because it is not necessary in thisay to solve
the equations that relate both elds for one of them. On the dter side, it

keeps the model generic in the sense that a di erent relatiship between the
two elds that may be imposed in a di erent physical setting @n easily be
plugged into the same model.



2.1 Energy Functional

Following this idea, our variational registration model rguires minimisation
of an energy functional

E[u;P]= D[u;P]+ w;CJ[u; P]+ w,Sy[u] + w3Sp[P] (1)
with four components:

a data term D that enforces the match between the transformation
elds and the tensor elds,

the compatibility term C that encodes the physically motivated relation
between the displacement and reorientation elds,

the displacement smoothness ter8, that implements a regularity as-
sumption on the displacement eld, and

the reorientation smoothness termSp that promotes regularity of the
reorientation eld.

Each term penalises violations of the respective model reggment by a
nonnegative value. The weightsv,, w,, and wz balance the in uences of the
di erent terms. Let us now discuss these four terms in detail

Data term. The requirement that under the displacement and reorient&n
as prescribed byu and P the template T should become as similar as possible
to the referenceR is expressed by thali usion tensor constancy constraint
(DTCC)

(PT) 'T(x+ u(x)P *=R(x): (2)

For the further mathematical derivations it is advantageos to distribute the
actions ofu and P to the two tensor elds, i.e., T(x + u) = PTRP, see also
[8, 17].

Using the Frobenius normk kg of the matrix di erence, we formulate even-
tually 7

D[u;P]=  KT(x+u) PT(X)R(X)P(x)kZdx; (3)

where RY is the image domain.

Compatibility term. This term depends on the physical model for the re-
lationship between displacements and tensor reorientatio Pure translations
do not require reorientation of tensors. The local deformatn of the domain
that needs to be accounted for is expressed by the Jacobiax X u) of the



location map x 7! x + u. Geometrically, its in uence can be decomposed
into three components: rotation, shearing, and scaling.

With focus on DT-MRI data, we assume that scaling of the domaidoes not
a ect the tensors, since absolute di usivities depend ratar on the physiology
of the tissue on a microscopic scale. In contrast, it is natarto demand that
the local rotation should act on the tensors by appropriatgl rotating their
eigensystems.

The most di cult component from the modelling viewpoint is shearing. In
the case of DT-MRI, the way how di usion tensors in tissue chage when
this tissue is sheared may depend on the underlying bre coropition and
the physiology of the bres, and can therefore not be inferteexactly from
the pure second-order tensor model. Based on the assumptitivat only
small shears take place, we propose two versions of the modeie in which
the shearing component of J + u) acts directly on the tensors, and one in
which no shearing at all takes place. The di erence betweerné two lies in
the choice of the matrix groupG: For the rst model it is the group of all
matrices with determinant one,G = SL(d;R), while for the second model we
choose the group of (proper) rotation matrice§& = SO(d).

In both cases, the actual compatibility between the displasment eld and
the reorientation eIdZis measured by

ClU;PI=  K(PI(x+ )" det(I(x+ W) I kg dx; (4)

where | is the unit matrix. For the exponent p, the standard value in this
paper will be 1! This term expresses thatP should equal the inverse of
J(x + u) except for its scaling component that is given by the determant.
In the models without shear, the least-squares error from ting the rotation
matrix P 2 SO(d) to the rescaled Jacobian from Slq; R) also accounts for
the shear.

Smoothness terms. Measured data are inevitably contaminated with
noise, an over tting to which needs to be avoided. This is askved by regu-
larity conditions imposed on the transformation elds.
To enforce regularity of the vector eldu, we use the Euclidean nornk k,
of its spatial gradient, leading to
Z xd
Sulu] = K@uk3 dx : (5)

=1

YIn our paper [3], we usedp = 2 for 2D tensor registration, which seemed to be
advantageous in early experiments. However, the cage= 1 is algorithmically simpler, and
experimental exploration has proven its equal qualitative performance. One comparison
is presented in Section 3.



Similarly, we impose regularity on the reorientation by
Z xd
Sp[P] = K@P K2 dx : (6)
j=1

2.2 Gradient Descent

To minimise the functional (1), we use a gradient descent pcedure. To this
end, we employ the Euler-Lagrange formalism from the calaid of variations
to obtain the variational derivatives of E with respect tou and P.

We must, however, take into account thatu and P are already multi-channel
guantities, thus we need to specify suitable parametrisatns. This is easy
for the displacement eldu as its values belong to a vector space. Here, the

For P, however, we have to parametrise the Lie group S@(or SL(d;R).
We restrict our discussion here to the 2D case with and withoshear, and
the 3D case without shear. Assuming small deformation® (close tol ), the
following parameter sets can be used:

CaseSO(2) (2D, pure rotations): one rotation angle , such that

coS sin
sin coSs

P()= (7)

Case SL(2;R) (2D, rotations and shear): The action of P is decom-
posed into two rotations, with a shear inbetween that leavethe x axis

xed. Representing the rotation angles a%( ), we arrive at the
parametrisation
.. \_ Cos—= sin - 1 0 cos— sin—
PG )= Gint cose 2 1 sin— cos——
2 2 2 2

(8)

in which  corresponds to the \net rotation”, gives the shear direction
and the shear magnitude.

CaseSO(3) (3D, pure rotations): Making use of Euler angles, , ,
we parametriseP by

10 10 . 1
1 0 0 cos 0 sin CcoSs sin O

P(;:; )= @ cos sin A@ 0o 1 0 A@sin cos OA:
0 sin cos sin O cos 0 0 1

(9)



Denoting by F the integrand of the energy functional, the gradient descén
in 2D with the arti cial time t reads

@ d d _

@.lfll - &Fulx + d_yFuly I:Lll ’

@ _d d |

@%‘2 - d_XFUQX + d_yFLIzy I:LI2 ’

@ _d d |

oo ety F (10)
@ d d _

@t ax < F dyF ko

@ _dp v 9 £,

@t dx dy

where the last two equations are omitted when no shear is useéinalogously,
the equations in the 3D case read

@ _d d d |
@%Il - &Fulx + @Fuly + EFU;LZ Ful ’
d d d
@;[Jz = &Fuzx + WFU% + EFUZZ Fu, ;
@ d d d
@%:Jg = d_XFu3x + @Fu3y + &FU3Z I:LI3 1
@ d d d (11)

@ d_ _d_ d |
@t = &F + @F + EF F ;
@ d d d

@t ax oy T B
To compute these gradient descents, we use explicit (forvaaEuler) discreti-
sations. Higher order schemes bear no advantage as we aim ateady state.
We discretise spatial derivatives by Sobel operators.
Note that the evaluation of T(x + u) involves a resampling which is per-
formed here by bilinear interpolation. While some interpdation artifacts
implied by this proceeding could be reduced by using a shapetdarpola-
tion approach, see e.g. [2], bilinear interpolation appesito be closer to the
physical sampling process which also leads to partial vol@re ects in the
measurements.

Multiscale procedure. A disadvantage of the gradient descent approach
is that it can be trapped in local minima, preventing it particularly from
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Figure 1: Colour coding schemes for visualisation of tens@ld transforma-
tions. Left: (a) Displacement vectors in 2D.Right: (b) Scale for rotation
angles and shear factors.

capturing correctly large displacements (i.e., larger thal to 2 pixels). Even
when it converges to nd large displacements, it is slow in B case. To
improve convergence in this situation, we use a simple mudtiale procedure:
We perform the registration for a sequence of Gaussian-sntioed image pairs
(R; Tw); (Rk 15Tk 1);::55(Ro; To) whereRo = R, To= T andR; = G, Ry,
T, = G, Ty with GaussiansG , of decreasing standard deviation y >

k 1>:...> 1> 0, initialising the transformation elds in step i < k with
the results of the preceding step + 1.

3 Experiments

We start with experiments in 2D. To visualise our results, weepresent tensor
elds by ellipse glyphs where the directions and lengths ohe principal axes
of each ellipse represent eigenvectors and eigenvalues @ torresponding
symmetric positive de nite tensor. Colours encode the domant eigenvector
direction. Displacement elds are converted into colour irages using the
colour coding scheme shown in Figure 1(a). Angles and shear factors
of the reorientation eld are represented in separate coloumages using the
scale given in Figure 1(b).

Weight parameters have been chosen manually in all of our eeqiments.
Further investigation will be necessary to address a posgbautomatic choice
of these parameters.

3.1 Synthetic 2D Experiment

In our rst experiment (Figure 2), we use a synthetic 2D data st containing
a \ bre" as reference image (a). The template image (b) is olatined from
it by a consistent 3 rotation applied to the domain and tensors. A caveat



Figure 2: Registration of a synthetic tensor eld.(a) Top left: Clipping (rows
0 to 19, columns 54 to 73) from a 127 127 synthetic tensor eld featuring a
simpli ed \ bre", used as reference image.(b) Top middle: Template image
obtained by 3 rotation of (a). (c) Top right: Result of variational registra-
tion with deformation model involving rotation and shear. (d) Second row,
left: Displacement eld computed in the registration process (alLl27 127
pixels). (e) Second row, middle: Rotation angle from the reorientation
eld. (f) Second row, right: Shear factor . (g) Bottom left: Registration
result using the deformation model involving only rotatios. (h) Bottom mid-
dle: Displacement eld computed in registration with rotation-only model.
(i) Bottom right: Rotation angle from rotation-only model. Inserts in (e),
(f) and (i) show correct parameter values (3 0:0).



about this test image pair is that the correspondence map isramatically
underdetermined

For registration, we set the weights in (1) asv; =2 10°, w, =5 10/, w3 =
4 10’. Our complete 2D model with rotation and shear yields the régtered
image (c). No multiscale procedure has been used here. In f(d{ve show
the displacement eld and two components of the reorientabn eld. Due
to the mentioned underdetermination of the example, the maa attains an
optimum with nonzero shear. In particular, the vertically periodic structures
visible in (e, f) indicate that the process slightly over tsand matches aliasing-
type structures generated by the resampling of the rotatedada. Sub gures
(g{i) show the results of registration with the rotation-only model.

As a measure of registration quality we use the value of the @daterm D [u; P]
for the computed displacement and reorientation elds. By his means, we
can compare dierent registration models. As this measureoald, how-
ever, be misled by over tting, its utilisation is restricted to cases with equal
smoothness parameters. Table 1 comprises values of the digam for regis-
tration with and without shearing and, for comparison, for anodel that does
not account for reorientation as well as for the known corrédisplacement
and reorientation eld (ground truth). The nonzero error mesured in the
latter case is caused by the resampling in generating the datnd in the
registration itself.

As expected, the model with reorientation reduces the errazonsiderably.
Since by construction the data t a pure rotation model, it isnaturally that
the gain by including shear is smaller. Nevertheless, the derdetermination
of the correspondence allows a further improvement by a nasp shear.?

2In [3], where p = 2 was used in the compatibility term, data term measurements for
the registration results were signi cantly lower than those reported here. It is only in this
synthetic example that such a large di erence betweerp =1 and p = 2 is observed. It can
be ascribed to the dramatic underdetermination of the corrspondence map by the given
data.

Table 1. Data term values measured to assess registrationaljty for the
bre images from Figure 2(a,b) by di erent models.

Model with rotation and shear| 2:14 10*
Model with rotation only 3:04 10¢
Model without reorientation 4:60 10°
Ground truth 1:29 10
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Figure 3: 127 127 elds of 2D tensors extracted from two DT-MRI data
sets of the same human brain. The data set in (a) was obtainedittv 10
times averaging, while that in (b) was measured without avaging, which
leads to a great di erence in noise level.

3.2 Real-World 2D Experiments

For our next three experiments, we use 2D tensor elds extréed from two
DT-MRI data sets of the same human brain. The 2 2 tensors are made
up by the components of the 3 3 tensors referring to the section plane.
Figure 3 shows the images in a grey-value representation, evh each of the
2 2 tiles of each image represents one matrix component.

We start by a setup similar to our synthetic experiment, regtering the 2D
DT-MRI image from Figure 3(b) to a rotated version. The orighal image
serves as reference, and a copy rotated by & template. Adapting to the
higher noise level, we setv; =3:6 10, w, =9 10/, w3 =7:2 10°. We use
the multiscale procedure withk = 4 and standard deviations 40; 2:0; 1:0; 0:5.
In Figure 4 we show reconstructed displacement and reori@tion elds to-
gether with clippings of the template and registered imageiperposed to the
reference image. Accuracy measurements are compiled in MER. It can
be seen in the colour-coded display, Figure 4(e,f) that thengle and shear
estimates in most of the image area approximate the correaground truth)
values 3 and 0, respectively. Histograms shown in Figure 5 con rm thi
Signi cant deviations occur only in those outer regions oftte data set which
are dominated by noise tensors close to zero.
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- % ®u = & = 8 7

Figure 4: Registration of a 127 127 eld of 2D tensors extracted from a
DT-MRI dataset of a human brain as reference image and a copyptated
by 3 as template. (a) Top left: Reference image, rows 55 to 66, columns
29 to 40 shown. (b) Top middle: Template image, same area.(c) Top
right. Registered image, same area(d) Bottom left: Displacement eld.
(e) Bottom middle: Rotation angle from the reorientation eld. (f) Bottom
right: Shear factor. Inserts in (e), (f) show ground truth parametevalues.

3000 : : : . : 3000
2500 | | ] 2500 | |
2000 | ] 2000 | s
1500 | ] 1500 |
1000 | ] 1000 |
0 : : ‘ : . ob— : : : :
4 0 1 2 3 4 5 004 -002 0 002 004

Figure 5: Histograms of estimated deformation parametersif 2D tensors.
(a) Left: Rotation angles from Figure 4(e). (b) Right: Shear factors from
Figure 4(f).
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Figure 6: Registration of two 127 127 elds of 2D tensors extracted from
di erent DT-MRI data sets of a human brain. (a) Left: Colour-coded dis-
placement eld that shows an approximately constant shift letween the two
images. (b) Middle: Rotation angle from the reorientation eld. (c) Right:
Shear factor from the reorientation eld. { Inserts in (b), (c) show ground
truth values.

While the improvement by a model accounting for reorientatin is again
evident, the remaining mismatch is much larger than in the sythetic model
due to the high spatial variation of the data and resulting lege resampling
error.

We turn now to register the two di erent 2D DT-MRI images onto each other.
As both data sets were acquired during a single measuremettiere is only
a slight displacement, and virtually no reorientation between them. Using
the same parameters as before, we obtain the values shown igufe 6. In
this case, there is no signi cant in uence of the reorientabn, which indicates
that also no substantial over tting takes place.

In our last 2D experiment, we use the same two 2D DT-MRI imagess before
but rotate the reference image by 3 The weight parameters are the same
as before. Results are found in Table 3 and the Figure 7. In thtep row
(standard setting), a good capture of rotation is achieveadithe central region
where most anisotropic tensors reside (white matter). Onédeerves, however,

Table 2: Data term measurements for the registration of a 2D DMRI data
set and its rotated version by di erent models.

Model with rotation and shear| 1:02 1P
Model with rotation only 1:70 10°
Model without reorientation 2:39 10°
Ground truth 0:89 1¢°
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that angles are somewhat underestimated. The middle row demstrates the
importance of the compatibility term in our model: By setting its weight to
zero, the displacements are still fairly well estimated butleformations are
estimated reasonably only in a part of the image domain. Fittlg, the bottom
row shows a result obtained by the model from [3] with exponem = 2 in
the compatibility term. With a suitably adapted value of the compatibility
weight wq, results of both models (top row and bottom row) look almost
identical.

3.3 Experiments with 3D Data

In our rst 3D experiment (Figure 8) we register a rotated volume taken
from one of our DT-MRI data sets onto its unrotated counterp#, using the

SO(3) reorientation model. For the visualisation of exemply data we use
ellipsoid glyphs analogous to the ellipse glyphs mentionebove for the 2D
case. For the transformation elds we apply the 2D colour cadg within the

planes shown. The results show that the homogeneous rotatield and cor-

responding displacements are captured well, again with amderestimation
of reorientation angles, see also the histograms in Figure 9

Our second 3D experiment (Figure 10) consists in registegrequally sized
volumes from both our DT-MRI data sets. First we use our varigonal model

with SO(3) reorientation. Similarly as in the registrationof 2D sections, the
displacement eld is dominated by an almost constant transition, whereas
the rotation angles range around zero, with absolute valuest exceeding
0:1, see also the histogram in Figure 11(a). In order to visuaésthe small
deviations from zero, the angles have been ampli ed by a fawt 10 before
applying the colour scale.

For comparison, we register the same volumes by a di erent rdel: Gradient
descent is performed only for the displacement eld, whilehe reorientation
component is computed by the nite-strain model in each iteation step. The
resulting Euler angles are shown in the bottom row of FigureQl It can be
seen that the reorientation elds are less smooth than beferand vary in

Table 3: Data term measurements for the registration of two2 DT-MRI
data sets, one of them rotated, by di erent models.

Model with rotation and shear| 1:16 1¢°
Model with rotation only 1:42 10°
Model without reorientation 1:51 10°

14



fact up to absolute values of approx. @ , compare also the histogram in
Figure 11(b).

4 Summary and Outlook

We have introduced a exible variational framework for the egistration of
tensor data, based on a functional involving data, compatility, and smooth-
ness terms. We have presented an experimental proof-of-cept with respect
to its applicability on synthetic and real-world data.

A more extensive evaluation of the model in 3D and its compaon to other
registration approaches are part of our ongoing work. We alsaim at inves-
tigating the use of the framework with other physical compability models.
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Figure 7: Registration of two 127 127 elds of 2D tensors extracted from
di erent DT-MRI data sets of a human brain. The test images wee the same
as in Figure 6 but with the reference image rotated by 3 Top row: Standard
model with exponentp = 1 and parametersw; = 3:6 1, w, = 9 10,
w; =7:2 10, (a) Top left: Displacement eld showing a rotation superposed
to the constant shift. (b) Top middle: Rotation angle. (c) Top right: Shear
factor. Middle row, (d){(f): Same but with suppressed compatibility term,
w; = 0. While the displacement eld (d) is almost identical to (a), both
deformation components are substantially misestimatedBottom row, (gX{
(): Model with p = 2 (compare [3]) and parametersn; = 3:6 10/, w, =
9 10/, w; = 7:2 1C. Note that the compatibility weight w; is rescaled to
accommodate the change in the compatibility energy. { Ins&s in angle and
shear elds show ground truth values.
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Figure 8: Registration of 3D tensor data. A 40 40 40 volume from a
human brain DT-MRI data set serves as reference image. Thamelate is a
copy of the same data, rotated rst by 5 around the x-axis and then by 5
around the y-axis. The reorientation model allows only rotations.Top row:
(a) Left: Voxels 20 to 35 inx direction, 5 to 20 iny direction from layer
30 in z direction of the reference volume.(b) Middle: Same voxels from
the template volume. (c) Right: Same voxels from the registered volume.
Second row: (d) Left: Displacement eld in the x-y central plane. (e) Middle:
Displacement eld in the x-z central plane. (f) Right: Displacement eld in
the y-z central plane. Bottom row: Euler angles in thex-y central plane. (g)
Left: Angle . (h) Middle: Angle . (i) Right: Angle . Inserts in (g){(i):
ground truth.
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Figure 9: 3D tensor registration results.(a) Left: Histogram of Euler angles
from Figure 8(g). (b) Right: Histogram of Euler angles estimated by
nite-strain model, see Figure 8(h).
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Figure 10: Registration of 3D tensor data. Reference and t@mate were
40 40 40 regions of the 3D data sets from which also the 2D data in
Figure 3 have been extracted. A 40 40 40 volume from one human brain
DT-MRI data set is registered onto an equally sized volumedm a di erent
DT-MRI measurement of the same subjectTop row: (a) Left: Displacement
eld in the x-y central plane. (b) Middle: Displacement eld in the x-z
central plane. (c) Right: Displacement eld in the y-z central plane. Second
row: Euler angles in thex-y central plane, amplied by a factor 10 (i.e.,
the colour scale from Figure 1(b) covers the interval [0:5 ;0:5]). (d) Left:
Angle . (e) Middle: Angle . (f) Right: Angle . Bottom row: Same Euler
angles for a registration based on a nite-strain model (setext). (g) Left:
Angle . (h) Middle: Angle . (i) Right: Angle .
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Figure 11: Comparison of 3D tensor registration result§a) Left: Histogram
of Euler angles estimated by our variational method, see Figure 10(e)b)
Right: Histogram of Euler angles estimated by nite-strain model, see
Figure 10(h).
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